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I.MN1)  -i'UiOHY 


PR  10  FACE 


Two  of  tho  most  til-:  ieult  problems  in  applied  el ee tr o m agnatic 3  are  those  o< 
predicting  tho  seaU;  '.ring  characteristics  of  the  convex  metallic  surfaces  of  radar 
targets  and  of  predicting  the  radiation  properties  of  antenna 5  mounted  on,  or  near, 
such  surfaces.  The  Theoretical  Analysis  Section  of  the  electromagnetics  Depart¬ 
ment  is  engaged  in  -he  development  of  numerical  methods  for  the  computation  of 
these  diffraction  phenomena.  With  the  aid  of  tables  of  certain  new  fundamental 
functions,  the  .suiUttiuu  of  many  of  these  problems  can  now  be  treated  by, a  ray- 

«  •  'll  .1“  .  •'  ’• 

tracing  procedure  winch  is  a  logical  extension  of  classical  geometrical  and  physical 
optics.  This  voport  i$  tho  f  irst  of  a  scries  of  reports  on  the  theory  and  applica¬ 
tions  of  these,  functions.! 

'! 

The  first  volume  is  primarily  concerned  with  the  development  of  the  mathematical 

tools  to  be  employed  in  the  applications  yddeh  will'  be  discussed  in  later  volumes. 

Emphasis  is  placed;  upon  Chef  definition  bfi,  and  dev  i  vain  in  of.  properties  of,  a.  class 

(>f  diffraction  ifiP'i*, nils  which -are  rAiutedptbsolutions  of' the  parabolic  partial 

different  (a  fi  equation  U  ;  •■)■■■  iU^  V  yl)  Oij  The.  recoil  work  of  the  Soviet  physicist 

V,  A,  Focl-T Lli.e.,pa rlfpr  work  pf ipm  dnrfPoi  anil  Bremnfev,  ibid  a  ninnhor  of  other 

classic  results  j|i  11  ill I'lVajg-U.cm  IhuoT'V  arc  shown  to  be  snccial  eases  of  the  general 
;!  i .. '  .  ..  i.  • 

theory  which  'developed". 

i  ■  .  ■ 

The  Aeeitadfvol^ivte  wil  1  consist  of  tables  and  graphs  of  the  diffraction  integrals, 

and  will  'fiJsso  injbiud|  certain  auxiliary  tables  which  facilitate  the  ciotn  pututkni  of; 

j]  '  '  li '  “  ■'  ■  ' 

the  class  of  functions  discussed  in  the  first  volume.  Tn  the  third  volume,  the 

classical  exact  soiw.ons  for  spheres  and  cylinders  will  bo  expressed  ill  the  form 

of  asymptotic  expansions  in  which  Die  coefficients  are  expressed  in  terms  of  the 

functions  defined  and  studied  in  the  first  volume.  A  .sample  of  the  results  to  be 
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obtained  in  the  third  volume  it;  given  in  Section  18  of  tlie  0 rst  voluir  e.  These 
asymptotic  expans  ibiiff'ktndsiT-udlty  to  nunuvrioal  results,  whereas  tie  exact 
solutions  converge  too  slmvly  to  be  used  for  numnrie.it i  purposes  wh<  t\  the  rmiif  of 
curvature  greatly  exceeds  the  wavelength,  This  approach  is  only  us:ful,  however i 
when  the  exact  solution  is  alretidy  liiioVvn 


A  j-artnrhation  procedure  will  I  to  used  in  the  fourth  volume  to  rederive  Some  of  the 
resu’ts  of  the  third  vo.lurho  without  recourse  to  Liu:  exact  solutions.  The  analysis 
will  then  be  extended  to  certain  geometries  for  which  ex  ict  solutions  are  not 
readily  obtained.  Further  nppllcatiojix  and  generali/.ati.-ns  will  be  given., in  later 
volumes  in  t1'-,.  series.  .1 


Thti, dovelopn.  util  of  the  properties  oi'flho  diffraction  iivegrals  in  the  first  volume, has 
been  patterned  after  the  classical  treatments  of  BosSpi  functions,  Legendre  poly¬ 
nomials,  and  similar  special  functions" in  physics.  The  mathematical  ph  sieists  of  . 
the  19th  century  boldly  introduced  these  classical  special,  functions  and  thereby  i id 


a  firm  foundation  for  c!(Hli  century  jresoa  rob  in  Itoundi.ry  value  problems  for  spheres 

'I  n 

and  circular  cylinders.,  .However,.; most  of.  the  practical  problems  in  diffraction 
theory  lie  in  ihy  so- cal  led  "high  frcl,(uency,'i‘ region  where  the  classicist  solutions 

....  v  v;  '  1 1!  '.v,  . .  v  ■  ■■■•,'<.  •*  ‘  • 

fail  to  converge  readily  ip, yield  numerical  results.  During  the  last  fifty  years  many 
authors  have  sought  to  providopmdlmdm  hir  the-  .oval. .a!  tm  <i#  these  problems  in  which 
the.  si/.e  of  the  diffracting  obslifide  is,  large  pompath’d  to  wayol/rngth.  o,  gg.i  rjt 

19.J.4,  Love- (Hof,  28-). surveyed  this  field  anil  wrob\'f  "UlVfortutptdly ,  too'  <VursHoh 
has  been  investigator.!'  by  different  methods  without .i%idoc|unt'v-po  -ordinpllon  and  the 
result’s  thi  .  have  boon  obtained  are  safmnvbnt  discordant.  "  The  difficulties  of  the 


■problem  of  cp-ordinatic-u  has  boon, furiboj*  onb.Hiieod  in  robibpi  years  jjy  the  Increased 
activity  in  this  field  which  have  been  Created  primarily  by  applications  of  diffraction 
theory  to  the  radiation  and  scattering  of  microwaves.  We  have  compa  • .  d  the  notations 
of  some  of  the  leading  authors  and  have  introduced  a  set  oi  standard  notations.  We 
have  tried  to  r«  .lure  some  of  the  spirit  of  Ihe  classicists  (if  the  nineteenth  century 
by  systematically  developing  a  thorough  knowledge  of  representations  and  properties 
of  the  functions  .  i. 


i  v 
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The  derivations  may,  at  first  reading, create  the  impression  of.  constituting 
interesting  exorcises  in  advanced  calculus.  Wa  readily  admit  that  we  enjoyed 
these  exercises,  and  we  invite  our  readers  to  join  us  in  later  volumes  to  witness 
the  numerous  applications  which  cun  be  made  with  the  results  of  these  exercises. 

The  size  and  complexity  of  our  compilation  makes  it  vain  to  hope  that  errors  of 
judgement,  or  mistakes  have  been  avoided.  We  will  be.  glad  to  receive  corrections 
or  suggestions  Which  can  be  employed  in  our  future  work  in  this  field. 
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ABSTRACT 


I 


I 

i 

i 


This  study  involves  a  generalization  of  the  ray-tracing  techniques  of  geometrical 
optics  through,  the  introduction  of  a  class  nf  universal  functions  which  can  be  used  to 
predict  the  amplitude  and  phase  of  an  electromagnetic  wave  reflected  or  diffracted  by 
a  convex  metallic  surface.  These  diffraction  integrals  are  generalizations  of  functions 
previously  used  in  studies  of  radio-wave  propagation  around  the  earth's  surface  by 
van  der  Pol,  Bremmer,  Pryce,  Fock,  Pekeris,  Rice  and  other  recent  authors.  The 
functions  are  'defined  as  Fourier  integrals  having  combinations  of  Airy  integrals  in 
the  integrands.  The  Airy  integrals,  and  particularly  the  history  of  notations  for  these 
functions  are  discussed  in  considerable  detail.  The  present  study  differs  from  other 
studies  in  that  it  emphasises  the  role  played  by  the.  Taylor  and  Laurent  expansions 
for  these  functions.  'Thei  difficult  "transition"  regions  are  readily  handled  by  sum¬ 
ming  certain  divergent  series  by  means  of  classical  summation  techniques- 

•  -  "  V'”  . l!  "  "  A-  ....  >  "  '  .  r  S',  ' 

.  A  \1  h  <  ,1  -xi  i  ■  ,  ■;  I  ■I" 

AayrnptdtiC  expah.si,6ris  oi' ra^i^tion  fields  from  slot. antennas  on  a  circular  cylinder 

i'i.  ji.  t  i  ’*  -  '■  •  ' .  ”,  .. «  ii  .  - 

- a** . . - -  11 "  ■  -  " 


ave  presented  ;asj  atji  examplii  of  the  application  of  these  integrals 
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Many  of  the  methods  a.nd  concepts  employed  in  this  report  were  learned  or  con¬ 
ceived  'while  the  author  was  a  member  of  the  staff  of  the  Air  Force  Cambridge  ■: 
Research  Center  during  lS).r>-l-lS).r>7.  The  author  is  indebted  t  his  former  as  so-;: 
ciatcs ,  particularly  It.  K.  Hiatt  and  C.  J.  glutton,  .for  their  encouragement  and; 
support  of  this  research  during  this  study  phase.  The  author:  wishes  to  express,  his 
thanks  to  A,  ft.  Dunbar  Lor  his  .support,  encouragement,  and  “helpful  suggestion^ 

during  the  course  of  this  work  at  l.IVSKD.  "  '  •  * 

«  ■■  ! 

i  ■■  .  ii  ■■  I, 

The  results  srimmnri/.ed  in  this  report  represent  a  large  investment  of  efforts 
by' utility  persons.  Ill  the  early  stages  of  this  work,  the  author  received  analytical 
aiid'®OiT'i.'Utfttiona-I  , assistance  .froiri  M.  It.  Sherry,  R.  B.  M:lek,  O.  IS.  Reynolds;, 

M,  A.  IliliJS,  ,  and  1’.  bonovan  ofd'lu*.  Air  bhroe  Cambridge  Research  ':, 

Cpriteivj  Two  AFf|||tC  punti'tiotors,  l|ie  -ba'rl^s  Mathematical  Laboivtiiories  and  Uic| \ 
-Dtitaaiatj  ciCorpo  ration  jjGtlsA  iontr,i  billed  to  the  studies  made  by  this  author  prior  |o 
joining  |{/MftD  in  .civirJy •  ijd)5H.  '  t  •_  •“  i;  .. •  ■ 

'j  It.  f;  I;  S'1  ■■  ■'  ■'  jij 

The  eorvfl'ioieiilw  in'ithh  Taylor  series  for  f (A ) ',  g(§)  ,  p<£)  ,  q(4)  we'rry  nvaitiatodt.  f 

'  ..  ..  •  !i  ,  »:  r  j;  i  •• 

during  the  seeopd  ||ulif  of lyv  !B.  L.  Gardner!  and  R.  L,  Mgpqn,.  Th4  asymptotic  i( 

expansions  of  thesiii!  functions  were  ohLainodduring'  this  same  lijnc'willT  the  d' assist-  '  ‘j; 

i  ■■  p  "  ;  •  .  ...  y 

aneeofM.  -  A.  Ft\sla*j  RropeI’ties;:and  representations  of  f^(i;),  and  ) !:  have  been 

obtained  wllliMho. collaboration, of  ', T':  G.  HiUhouse.  Similar  studies  i»f  r  G)  and 

s.  (!•)  W,ere  made  V/ilh  the  collaboration  of 'll.  I..  Mason.  The  afiymptotie  expansions 

in  ScVctibn  18  woro;  obtained  by  K,  ft.  Yee  and  A.  ;F.  Riedel,  Additional  valuable 

assistance  in  the  fijntm  of  computations,  preparation  of  tables,  and  curve  plotting  lias 

i  if  '  i.  " 

been  given  by  D.  W.  Gilloll  and  P.  M.  Polstor.  The  thoroughness  with  which  we 
have  sought  to  tre;ii.t  these  fund  ions  Would  not  have  boon  possible  without  the  cheerful 
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cooperation  of  those  individuals.  The  casual  wa.y  in  which  we  present  some 
properties  [such  as  those  in  Eqs.  (15.33)  through  (15.42)]  has  concealed  the  fact 
that  many  hours  of  tedious  algebraic  manipulation  have  been  necessary  to  arrive 
at  the  stated  result.  The  readers  of  this  report  who  are  familiar  with  these 
tedious  steps  will  appreciate  the  valuable  contributions  of  these  collaborators. 


The  computation  of  the  coefficients  in  the  Taylor  series  for  the  current  distri¬ 
bution  and  reflection  coefficient  functions  would  not  have  been  possible  without 
the  cooperation  of  J.  C.  P.  Miller  of  Cambridge  University  (England)  who  supplied 
un  with  some  unpublished  data  pertaining  to  the  Airy  integral.  He  also  put  us  in 
touch  with  P.  It.  Haines  and  G.  F.  Miller  at  National  Physical  Laboratory 
(Teddington.  England)  vyho  then  completed  and  passed  on  to  us  the  valuable  constants 

•  contained  in  Tables  3  and  4.  We  arc  indebted  to  the  Director  of  National  Physical 
Laboratory  for  permission  to  include  these  unpublished  results  in.  this  report. 

Thanks  are  also  due  the  International  Business  Machines  Corporation  (San  Francisco) 

!;"■  for  their  assistance  in  the. preparation  of  tables  12,  13,  17,  and  18  which  were  com- 
•  •  ■  .  .  (!  V I 

pilt ed  on  the  IBM  (310  electronic  computed.  i.  I;  . 

’  r  ■■  '■  (  ..  \  ■  j] 

10.  A.  BlaHi  hafc'  been  largely  responsible  for  the, creation  of  the  i'avo  ble  eifiviron-j,. 

ment  in  wiiiehAhis  work;. luif-1,  been  conducted'.  "  !  "  J" 

if  The.  author  .to  pleased  to  acknowledge  the  considerable  contribution  of  G.  Unikel  }  ■ 

•  and  W.  B.s.  Teffer ,  who  edited'  thr?  manuscript,  and  I).  M.  price  and,  V.  C.  l3uc>laas,S 

’  ’•  Y{  i  j  ’  ,  .•  •••  ,  ,  jj*  '  ,  ■  •  '  ..  !l 

v  who  prepitr^d-'the  typescript,  from  which  the  report  was  reproduced  by  |  photo rpffset 
I  1.  process.  •  \ ..  ••  ;j  "  '  -  ..  '  ,  "  •''' "  •  v  -  ||.  ' 

i  The  work  leading  to  this  report  has  been  carried  out  under  the  Lockheed  General 
i'.Ttesearch  Program.  ",  , 

i  5  n  .  .  .; 
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NOTATION 

As  it  is  impossible  to  avoid  using  a  large  number  of  different  symbols  during  the 
course  oj;  the  work,  some  of  the  symbols  used. most  frequently,'"  together  with 
their  definitions  .(or  references  to  figures  or  equations  in  the  text  which  define 
them),  are  listed  here  for  the  convenience  of  the  reader.  : 


co 

i  .. 
k; 

.  ■  4  i v 

.  “4,  •!> 

!!  .B|l 


2 

'hl 


angular  frequency 

wavelength  - 

propagation  constant  :(27t/X)  1  ■ 

radius  of  tin;  convex  surface  -  ; 

“cylindrical  polar  coordinates,  referred'  to  .center  of  curvature  (Fig. 
distance  of  source  from  center  of  curvature  (Fig.  3) 

,i  ..  "  *•  ‘  tl 

di&lanbe  of  receiver  from  center  of  curvature .  (Fig.  3). 

, height  of  j, source  alcove  suri'acq  ' (Fig.  2)  “■ 

height  of 'receiver  above  surface  (Fig..  2)  !!  ",  ,  * 


3) 


^2  ,  ..  ...  .....  ! 

]•  ...  <-  ’  l: '■ '  !!;  '  ..  j; j> 

cjj  distance  from  sour  °  tobreeei.ver  measured. along  the  surface  (Fig.  2); 


.  •  <■  K.. 

.  i 

iiO 

Ip 

|i  • 

■  *2 
S 

"  s 

T 


natural  unit  of  distance!  ;! (iki^./k  V  ^  sfce  Kq.  (1.1) 

-  :•  .  .  ,a  ■  ' ,  V  ■■■■  ■  ■  ■■  iji 

(■'{  2 \1  '3  n  '  •  jj; 

4/ 2k  j  '  See  CJq.  (1.  2)  ijj 

’’’  r  tl  -  ■  ■  ' ;  jf . 

distance  from  source  to  point  of  tangency  (Fig.  ,  4)  ,s 

-  11  .  .  ■  1, 

distance  from  reeeiyer,.tq  point  of  tangency  (Big.  4) 

arcienj^th  betw^eft  points  of  tangency .  (Fig.  4) 
eikonal  (Sec.  2) 

natural  uhit  of  length  ("&? Seb  Eq,  (1.,  3) 
natural  unit  of  arclength  [2, ex' /J< )  *  ^  See  Eq .  ( S .  3) 
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R 

I  =  S/S 

o 

9  9 

f  _=  T“  /T“ 

-1,2  1,2-  o 

a 

D. 


°2 

b  =  a  sin  a 


o  o 


f-  r  M  i  ’  "  1 


Y 

Z 

D 

r 

'T>  (cl,  It ,  >  H„) 

.  n  .  I  l 

.;,F(x,  X,,  x  )  l'. 

_  A  6  ...  11 

\';a  £iO<uf  1/:V 

■1  1  /•.» 

.  4  ;*i'(ka/2.)  r  Z 

’  ,i(t)  .i  !; 

...lj  1,4 
i!  ' 

•  ■  I;  ■ 


Bi(t) 


distance  from  source  to  receiver  (Fig.  f>) 

arc  length  measured  in  natural  units  See  Eq.  (1,4) 

Eq.  (1.4) 

angle  of  incidence  or  reflection  (Fig.  6) 
distance  from  source  to  reflection  point  (Fig.  6) 

distance  from  receiver  to  reflection  point  (Fig.  6) 

collision  parameter  (Fig.  7) 

permittivity  and  permeability  of  free  space 

permittivity,  permeability,  arid  conductivity  of  convex  solid 

-  v  ;  !!,.  ....... 

complex  permittivity  [for  exp  (ddtot)  time  dependence"] 

surface  admittance  Eq..  (2 ..;$')  , 

Surface  impedance  Eq.  (2.  |) 

divergence,  facto/  Eq.  (2.6);  .  i..,/"-  "  _ 

reflection  coefficient  Eq,  '(2.7)  .j 

Air/  integrals  Eq.  (2.^  3.4)  -  j  . 

Freeliafer's  diffraction  integral  Eq.  (3.1) 

van  dor  I’ol  Btlmmci!  diffraction  integral1  Eq.  (3.1) 

'*  y  "  \\  :  "  •  .  . . 

•;  /  , "  f  ■■■  ■  ii.  X  ■  '  ,  ■ '  • ' 

ncixiriaii/.ed  impedance  parameter.  Eq.  (4f,,5)"  •  ] 

normalised  impedance  parameter  Eq.,  (4.23,  5. 27)  |!  - 

"•  »>..  .•  ..  j;  ::  ,  '! ...  ■  ” 

Fork's  diffraction  integral  lEq.  (4 . 1?| 

Airy  integrals  E(|.  (4,16) 

;  !  *  •  <kj  i  ...... 

Airy  {illegal.!  ~  J  cos  +  tx^dx 

•  ‘  0  °  ‘‘  ?  . 

o°  *  .  ■  ^ 

tl|e  second.  Airy  integral  —  J  exp(- x  +  ux^  l  sin^g  x'  +  tt)| 


dx 
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F(t)  modulus  of  Airy  integral  Eq.  (4.25) 

X(t)  phase  oC  Airy  integral  Eq.  (4.25) 

G(t)  modulus  of  derivative-' of- Airy -integral  Eq.  (4.20) 

4>(i)  phase  of  derivative  of  Airy  integral  Eq.  (4.20) 

tv  roots  of  Airy  integral  Ai(-o’  )  0 

s  s 

(?s  roots  of  derivatives  of  -dry  !r>tegral  Ai'(~p  )  =  0 

A(q)  form  of  Airy  integral  used  by  Franz  and  Keller  Eq.  (5. 24) 

V  (x , q)  attenuation  function  (Nicholson  functions)  Eq.  (7.2) 

Vj’(x,q)  current  distribution  functions  (Fock  functions)  Eq.  (7.4) 


V2(?>' 

1); 

u(x)  \ 
v(K)  J 

h 

f(x)  \ 

*$:■ 

s(x)  f 

ip' 

P(x)u\ 

d(x)»  | 

!  1 
,i 

■ 

K(r)-  ' 

'i- 

21 

02(i.q)| 

p(x) 

t 

K 

q(x) 

.  “ 
i 

t 

s 

-  •— 

(7.0) 


-  lb:,  (7.15) 

V  (x,  q)j{!  i/Pekerisjuarot  function  Eq.  (V .  14))  ii 


,|  .-i 

■  il 


i:  Eq.  (7.21) 


L° 

'!s 


._  "roots  of  w  (t  )  -  q  w  (t  )  0  Eq.  (7,28) 

„  1  ij^>i,  1  s.. 

■  ;(  /  >ii  - 

ots .'of  Wj  (t^  0  '  Eq.  (7,28) 

no ..  ,  vO)  „ 

t  ,  roots  of  wo  (t  ;j)  -  0  Eq,  (7,37) 

F(4)  =  exp^i  ^  )f  (|)  | 

Q(i)  exj,(i  &  j]  g  (V)  ■ 


current  .distribution  functions  for  ^  <  0 
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nrt 


\i)  2/sf-£  exp [(t  •;  /I?)  +  (i  r/4)]p(£)  ?  reflection  coefficient  functions. 
Q(£)  =  2  /-£  exp [(i  4'Vl2)  +  (i  x/4)]q(4)  to‘ 


J(n»(£) 

K<"><{) 

r”\f . 

S(n|(4> 


Eq.  (7.76) 


J(n>(«)  \ 

m 

K(n)(i) 

m 

t(n)(i) 

m  ' 

g^n^) 

hm  v  ' 

r(n)(«) 

r  m  ' 

B(n)«) 

m 


0(«) 

,y(0 

c(0 


F,q.  (7.79) 


Mi) 

A 


Eq.  (7.88) 


M 

N 


P(  Eq.  (12.0). 

■J 


F(x-yr  ^2  ’  Eq.  (15. 1) 

Ojx.yj,  y2,  q)  ) 


si  ’ 


!’  if 


j 

Sj«  ' 
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Pjtx.y,  *) ) 
G^x.y.q).  j 


Eq.  (15.12) 


f($,  a) 
r(§ ,  o') 
K(4 ,  li) 

q(£,  (5) 
a(S.  0) 


|  Eq.  (15.  26) 

) 


J  (£) 
m 

=  J^0) 
m 

(1) 

*m«> 

f(o) 

m 

«.) 

rm«>. 

«r<°> 

m 

(0 

K  (0 
m 

-  K(0) 
m 

'«> 

g  (4) 

_  *<”> 
bm 

«>■ 

s  (!') 

•/  m 

m 

(4) 

f(n)K) 

Eq.  (15.55) 

iW<«> 

Eq.  (15.  62) 

Eq.  (15.  83) 

•  I 


We  have  used  the  notation  z  or  z^  to  do  note,  respectively,  the  smaller  or 
larger  of  two  quantities  z  . 
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Section  1 

GEOMETRY  OF  DIFFRACTTON  PROBLEMS 


*1 


F 


The  LMSD  general  research  program  in  diffraction  theory  is  directed  toward 
the  development  of  methods  for  the  computation  of  the  diffraction  phenomena 
associ.i.d  with  (a)  the  propagation  of  waves  around,  (b)  the  radiation  of  waves 
from  sources  in  the  vicinity  of,  and  (c)  the  scattering  of  waves  by  convex 
metallic  surfaces.  This  study  involves  a  generalization  of  the  ray-tracing  tech¬ 
niques  of  geometrical  optics  in  a  manner  which  permits  one  to  compute  the  ampli¬ 
tude  and  the  phase  of  n  wave  reflected  or  diffracted  bv  a  convex  metallic  surface 
which  has  tadii  of  curvature  larger  than  several  wavelengths.  The  ordinary  cal-' 
culafcional  procedures  of  geometrical  optics  can  only  be  used  on  these  problems 
wheijt  the  radii  of  curvature  greatly  exceed  the  wavelength  and  when  the  reflection 
point  is  far  from  edges,  shadow  boundaries,  and  other  discontinuities.  The  present 
investigation  involves  the  introduction  of  a  class  of  universal  functions  which  cart 
be  ;u.f!cd  to  predict  the  reflection  phenomena  in  Lh.e.lino-rofVsight  region  and  the 

diffraction  phenomena  in  the  shadow  region.  ,The  functions  which  wo  will  .use  are 
fifi  .  ]f-  "  ;  ■■  ■  .,  j 

derived  f  rom  the  wclli-knowu  diffraction  'formula  which  Was  used  very  extensively 

I;  ■■  .  v  .  “  •  - 

during  World  War  IF  (or  the  construction  of  coverage  diagrams  for  radars  mounted 

■'  "  ■■  "  '  ji  . ’  | 

■labovb  a  spherical  earth  in  a  so-called  "standard  htjjjipfiphore.  "  ,,This  formula  had 

'  hqbn  developed  prior  jto  the’ tjjdO's  by  Nieiiolsun  (^Le|i  d),  Macdipnald- (Ref .  2),  . 

Watson  (Ref.  3),  Vveijidonsky  (Ref.  4),  van  dor  Pol  (Ref.  h)|  and  vail  der  Pol  and 

Brenrt'mor  (Ref.  6).  Iji  this  Report  we  give  a  number  of  exteihSi^ns  to  this  method 


of  treating  diffraction, [by  convex  surfaces. 


i 
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TRANSMITTER 


1  The  Mechanism  of  Diffraction  (After  Booker  and  Walkinshaw,  Ref.  7) 


Above  the  optical  Imri/on,  the  lipid  of  a  transmitter  situated  in  the  vicinity  of  a 
curved  surface  consists  of  a  succession  of  lobes  Unused  by  interference  between 
the;  direct  wave  from  the  source  and  a  wave  which  is  reflected  from  the  surface. 
The  form  of  tfie  diffraction-field  below  the  horizon  under  the  condition  of  prop¬ 
agation  in  a  "standard-atmosphere''  can  be  considered  u>  be  the  field  due  to  a 
leaky  waveguide  having  a  "height"  li  which  is  of  the  order  of 


H 


where  a  denotes  the  radius  of  curvature  of  the  surface,  and  A  denotes  the  wave¬ 
length.  In  Fig.  i  we  represent  this  description  of  the  diffraction  problem  in  the 
manner  employed  by  Booker  and  Walkinshaw  (Ref.  7)  who  refer  to  H  as  the 
"track  width"  of  the  waveguide.  Most  authors  refer  to  the  diffracted  wave  near 
the  surface  as  a  surface  wave.  The  track  width  plays  an  important  role  in  these 
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problems .  The  methods  of  approximation  for  the  expressions  for  the  field 
strength  are  different  according  to  whether  the  detector  is  above  or  below  the 
track  width.  Furthermore,  in  the  vicinity  of  the  track  width,  the  guided  wave 
propagates  at  the  speed  of  light,  whereas  for  points  closer  to  the  surface,  the 
wave  has  a  velocity  which  is  less  than  the  velocity  of  light. 

Most  of  the  studies  which  have  been  made  by  previous  authors  can  be  classed  as 
a  radio  problem  or  as  an  optics  problem.  In  the  radio  problem,  the  source  and 
the  receiver  are  located  at  heights  above  the  surface  which  are  small  in  com¬ 
parison  with  the  radius  of  curvature  of  the  diffracting  surface.  (See  Fig.  2), 


.V"" 


Fig.  .2  Geometry  of  the  Radio  Problem 


In  this  case  it  is  convenient  to  use  the  distance  d  measured  along  the  surface,  and 
the  heights  h  ,  h,  of  the  source  and  the  receiver,  respectively.  It  is  found  con- 

L  Li 

venient  to  define  so-called  natural  Units  of  distance  dQ  and  height  h()  defined  by 


/  2a2 

a/3 

(2 

J/3  . 

a \  \ 

1/3 

(1.1) 

\  k 

)  =l 

\  ka 

)  a  "l 

1:  ' 

l2k2 

r- 

Pf 

),/sm 

/  k 

(  aA  2 
'  Stt2 

y/s 

(1.  2) 
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We  then  define  the  dimensionless  variables 

j  h 

5  d  »  n  h 
o  o 

We  observe  that  H  ^  hQ  ;  i.  e.,  the  track-width  of  the  leaky  waveguide  is  of  the 
order  of  one  natural  unit  of  height. 

In  the  optics  problem,  the  distances  of  the  source  and  receiver  are  large  compared 
with  the  radius  of  curvature  of  the  diffracting  obstacle  (Fig.  3).  In  this  problem 


Fig.  3  Geometry  of  the  Optics  Problem 


the  geometrical  lengths  are  the  distance  T  from  the  source  P  measured  along 
the  tangent  to  the  obstacle,  the  arc  length  S  ori  the  obstacle,  and  the  distance 
T2  along  the  tangent  IT am  the  obstacle  to  the  receiver  (Fig.  4).  We  observe 
that 


T 


1 


S  ■= 


a  (fi  ~ 


cos 


-la  -la 
- cos  — 

r  r 

1  r  2 
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Fig.  4  Definitions  of  T  ,  T0,  S  for  Shadow  Region 

1 


It  is  convenient  to  define  the  natural  units  of  length 


S 


,  .1/3  ■  2  ,1/3  ,  2,  ,1/3 

J  T„  (£)  *  HoH  -  (on). 


and  the  dimensionless  variables 

i  *  -§, 

?  ;  S 


-p* 


■Cl 


T 


2-.: ; 


i.  t,  .  .  V 

.  f  9  :  ‘1 

■  is 


(i.3) 


(1.4) 


We  observe  that  S  is  positive  when  Q  lies  below  the  horizon,  and  negative  when  Q 
lies  above  the  horizon.  In  Fig.  5  wc  illustrate  the  significance  of  S  for  the  case 
when  Q  lies  in  the  line-of-sight  of  P  , 
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HORiZON 


Fig.  5  Definition  of  T^,  T0,  S  for  Line-of-Sight  Region 


For  the  oase  when  Q  lies  well  above  the  horizon,  we  introducn  the  concept  of  a 
direct  wave  passing  from  P  to  Q  along  the  straight  line  of  length  H  which  joins 
P  and  Q  .  We  also  use  the  concept  of  a  reflected  wave  which  passes  from  P  to 
Q  along  the  shortest  path  between  these  points  which  has  one  point  on  the  surface 
of  the  convex  obstacle.  This  path  consists  of  two  straight  lines  of  lengths  and 
D0  as  shown  in  Fig.  6.  In  this  figure  we  also  define  the  angles  a,  p,  y  . 

It  is  also  convenient  to  introduce  the  concept  of  the  collision  parameter  b  ,  which 
is  the  distance  of  closest  approach  to  the  center  of  curvature  of  the  extensions  of 
the  straight  line  segments  and  (Fig.  7).  We  observe  that  b  =  a  sin  a  . 
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Section  2 

LIMITATIONS  OF  THE  CLASSICAL  THEORY  OF  GEOMETRICAL  OPTICS 


For  almost  a  century,  one  of  the  most  challenging  problems  facing  classical 
mathematical  analysts  has  been  that  of  supplying  physicists,  physical  chemists, 
meteorologists,  astrophysicists,  seismologists,  acousticians,  and  electrical 
engineers  with  simple  expressions  which  describe  the  diffraction  phenomena 
associated  with  the  propagation  of  electromagnetic  (light  and  radio),  seismic, 
(elastic),  and  acoustic  waves  in  the  vicinity  of  convex  surfaces  having  radii  of 
curvature  large  compared  with  the  wavelength.  Exact  solutions  in  the  form  of 
Fourier  series  or  series  of  spherical  harmonics  have  been  known  for  circular 
cylinders  and  spheres  since  the  close  of  the  nineteenth  century.  These  series 
are  very  cumbrous  in  form,  and,  although  they  readily  yield  a  physical  solution 
for  a  vdry  small  obstacle,  they  are  quite  useless,  for  obstacles  having  mor;*?  than 
several  wavelengths  in  their  circumference.  Furthermore,  the  restriction  to 
obstacles  having  constant  radii  of  curvature  is  a  severe  restriction. 

The  mathematical  tools  to  be  developed  in  this  volume  are  useful  for  the idjases 
in  which  the  boundary  conditions  on.  the  surface  of  th,e  obstacle  can  be  expressed 
in  terms  of  hla  impedance  boundary  condition.  This  excludes  the  interesting  cases 
of  transparent  obstacles  which  have  attracted  considerable  attention  in  the  fields 

v-  "  j.  ....  '  ;n) 

of  physical  chemistry,  meteorology,  und  astrophysics.  However,  a  large  -bias s 

i*  >  '  .  • 

of  problems  in  radio,  television,  radar,  and  sonar  engineering  can  be  treated  by 
introducing  the  concept  of  an  impedance  boundary .  - 

In  Fig.  8  we  depict  a  discontinuity  in  electrical  properties  across  the  boundary  S 
of  two  homogeneous,  isotropic  media.  We  define  the  complex  permittivity  t  ^  to 
be 

c't  =  e  ^  +  i(o-/cj) 
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Fig.  8  Discontinuity  in  Electrical  Properties 


The  impedance  boundary  condition  to  be  imposed  on  the  fields  E,  H  exterior 
to  the  convex  surface  can  be  expressed  in  the  form 


where  :9/ftn  denotes  the  normal  derivative,  the  subscript  _t  denotes  the  tangential 

components',  and  Y  is  the  surface  admittance 

,  ■ 

>i  •••  •  :i 

and  k  is  the  surface  impedance 

.J  .  .  ‘  : 

'I  .  ■; 

Z 

■r 

The  simplifications  associated  with  the  introduction  of  these  simplified  boundary 
conditions  are  not  enough  because  there  still  remains  the  problem  of  solving  the 
wave  equation.  The  theory  of  geometrical  optics  represents  an  attempt  to  replace 
the  wave  equation  by  a  more  tra-. table  mathematical  model.  This  theory  was 
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developed  by  Hamilton  during  the  first  half  of  the  nineteenth  century.  An  excel¬ 
lent  modern  account  of  the  theory  is  given  by  Freehafer  (Ref.  8).  A  solution 
of  the  scalar  wave  equation 


is  sought  by  writing 


9  2  9 

S/  tb  +  k  n  >  =  0 


ip  -  A  exp  (ikS) 


where  A  and  S  are  real  functions  of  position.  It  is  found  that  these  functions 
must  satisfy  the  relations 


(VS,2  -  V  A„  n2  —  0> 
Ak2 


V2S  +  2(VS)_(VA1  =  0 


.-■I  11  ,  2  2  ■  2 

To  obtain  a  tractable  simplification,  it  is  generally  assumed  that  V  A/Ak  «n 

ii  ■  •  'j 

and  herice  /  !>  ..  <!  . 


■  / 


(VS)2  -  n2 


“  ti , 


This  is  known  as  the.eikonal  equation.  In  free  space  rt -•  1  arid 


(VS)  r 


In  this  case  S  measures  the  linear  distance  of  propagation  of  waves  traveling  in  - 
a  constant  direction.  «  .  - 

One  of  the  most  important  results  of  this  theory  is  the  reflection  formula  for 
reflection  of  waves  from  a  convex  surface  which  has  radii  of  curvature  greatly 
exceeding  the  wavelength  provided  the  reflection  point  is  far  from  edges,  shadow 
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where  a  -  sin  (b/a)  is  the  angle  between  the  normal  to  the.  surface  and  the 
incident  or  reflected  ray. 

During  the  past  ten  years  a  number  of  attempts  have  been  made  to  extend  the 
validity  of  this  reflection  formula  by  seeking  a  representation  in  the  form  of  an 
asymptotic  expansion  of  the  form 


■j/i  FD  exp|r[k(D1  +  D2)  -  ir/4]j  1  *  -J 


^2  ^3 

r*T*^*  ■  •  • 

k  k 


These  results  have  only  a  limited  usefulness  iij  the  line-of-sight  region  and  cannot 
be  used  at  all  as  one  approaches  the  shadow  boundary.  For  example,  if  the  plane 
wave  *=  exp(-ikp  cos  0)  illuminates  a  perfectly  conducting  circular  cylinder,- 

^  i..  1  ■ 

the  secondary  field  is  known  to  be  of  the  f-oflm’  . 


E  x  =  ~ I ekp  [  ik(p  -  2a  cos  0/2)  ] 


Ui  COS  ^  ( /» / li 


_ 3iL _ L  4  _ -JL, _ *  33  _ 

16  ka  cos  0/2  4(ka)2cos6  0/2  *  3;|(ka)2  cos4  0/2 


_ 15 

51  2(l<k)  cos  2  0/2 


;  ♦'  "(;s)  I 


For  0  —  7r,  this  sptiief  is  useless  regardless  of  how  large  k  might  be. 

i;  ■'  __  «  »■?..■  a  ■■■■■•  ■  ;  '  . '  “ 

In  order  td  obtain  a  result  which  is  valid  on  shadow  boundaries  or  horizons,  one 

has  to  abandon  the  concept  of  direct  and  reflected  rays  because  these  rays  coalesce 

at  such  a  boundary,  The  criterion  for  applicability  of  the  optical  concepts  can  be 
1/3 

taken  to  be  (ka/2)  >  3  to  insure  that  the  object  is  large  compared  with  wave- 

length,  and  \/a“  -  b2  >  v  2 a  /k  in  order  to  avoid  shadow  boundaries, 
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Section  3 

A  MATHEMATICAL  MODEL  DISPLAYING 
CHARACTERISTICS  OF  DIFFRACTION  PHENOMENA* 


In  the  hist  section,  we  reviewed  the  results  of  geometrical  optics  and  remarked 
upon  their  limitations.  The  difficulty  was  due  largely  to  the  fact  that  a  solution  of 

{ 

V2U  +  k2u  =  0 


i  had  been  sought  in  the  form- of  a  primary  and  a  secondary  wave 


Uy*  A;,:>  exp  (-ikR)  t  A®:exp[  -ik(Dj  +  D^)  [j 


which  would  satisfy  the  impedance  boundary  condition 


!  -  ikZIJ  r  0 

an 


We  ntiW  want  to  seek  a  solution  of  the  form  . 


"  ■■  U  •  A'  exp '(-ikR)  yj:'  ,  '  ■  1/ 

’which  will  be  valid  on  and  near  the  shadow  boundary  and  which  will  have  the  property 
that,  well  above  the  shadow  boundary,  it. agrees  with -the  optical  result. 


in  this  section  we  will  follow  Freehafer  and  use  an  exp(iwt)  time  dependence. 
In  all  other  sections  of  this  report  wc  use  an  cxp(-ia)t)  time  dependence. 
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A  suitable  mathematical  model  tor  such  a  solution  is  discussed  by  Freehafer 
(Ref.  8)  in  Section  2. 10  of  Vo!,  13  of  the  Radiation  Laboratory  Series.  In  Eq,  (361) 
we  find  the  Fourier  integral 


r  r  yi(T) 

(d,  h1#  h  )  =  l//ci  J  exp  (ird)  y2(h>  +  r)y1(h<+  t)  +  r~ -j~r  y2(h1  +  T)y, 
-DO  L  2} 


where  r  is  defined  by  Eq.  (355) 


'2^2  + 


(3.1) 


r  = 


y1(T)  -  hopy1(r) 
y'2(r)  -  hop'y2(r) 


(3-  2) 


arid  y^J)  ,  y^Q;)  arc  the  Airy  integrals 


y^tt)  = 


00  •  «  130  1  . .  t 

J  exp  [  -  *  X*  -fx]dxv. i/Vir" J_  exp  [  i  ^  x‘  i  i£x  ]  dx 


o 

•00 


'  y 


2(C)  ,T  1/Tjr  j  exp[  -  ~  x'*  -  r,x  ]dx  -  i /-ft  J  oxp[.  i  -  x -  lfik]  (lx 

'  <>  :■  *  ■ 


(3.3) 


(3.4) 


which  are  discussed  at  length  by  Freehafer  in, Section  2.9.  The  quantity 
-11/3 

11  h  =  k  (ka/2)  is  the  standard  unit  of  height  defined  earlier.  The  quantity  p 

'  depends  upon  the  polarization  of  the  wave.  If  tjie  obstacle  has  a  Wave  number  k1  , 

•  r"  ..."  1 

we  can  write  ■ 


Jy  »  i(k2/kj  )  J  k2  -k2  -  ik(<io/e'i)  J  (c’,/^)  -  1  -  ikZ, 

...  ,,  for  vertical  polarization, 

\  “i/'s-i/"ik/(»,1A0)-i  -  IkT, 


(3..  5) 


for  horizontal  polarization,  (3-6) 
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i 

where  denotes  the  complex  permittivity 

-  i  ff/'w 

This  integral  was  first  introduced  in  1941  by  M.  H.  L.  Pryce  (Ref.  9)  in  a  report: 
on  the  limiting  ranges. qf  the  early  British  radar  sets.  Because  of  the  specific 
references  given  to  wavelength  and  power  output  of  these  radar  sets,  this  report 
was  classified  and  received  only  limited  distribution.  The  results  were  summarized 
by  Freehafer;  and  finally,  in  1958,  Pryce  (Ref.  10)  published  a  paper  based  upon  this 
wartime  report. 

•'  m'  •'  '  >  l  . 

(Although  the  work  of  Prvce  and  Freehafer  was  well  known  at  Radiation  laboratory, 

'•  si  J?  ;  ,:i  a  "  ■■  ,i  i 

and  Kerr's  "Propagation  of  Short  Radio  Waves"  was  published  in  1951- ,  tjhe  integral  ' 

1  .  i!  ;i 

representation  for  <T>(d,  h  ,  h  )  given  above  is  not  in  current  use  todigy.  In  the 
nt^xt  section  we  will  introduce  a  different  notation,  adopted  from  the  notation  used 
by  modern  Soviet  writers,  as  a  standard  form  for  this,  integral. ) 

In1  the  work  of  Pryce  and  Freehafer,  two  representations  for  -tf.  were, employed. 

For  d  <  Jh  i  y"h  '  (the  so-oullod  "interference  region"),  it- was  shown  thsjjt.the 

1  '  it 

Fourier  integral  ,  '  '  ~  '» 

•  '  ./■  ■  ,  r  -  y,<T)  ,  '  '  '.  V"  :  .  ' 

v  7=r;  J  e*e  <  ^  r  nir  y>/T  +  WT  +  h2)dT  ■  ! 

has  a  point  of  Stationary  phase  ,t  defined  by:, 

d  =  rT  +  h  t 

o  J 

It  was  shown  that  r  could  be  interpreted  physically  to  be  related  to  the  square  of  ; 
the  cosine  of  the  angle  of  ineider.es  of  the  ray  reflected  from  the  surface  (Fig.  7 
where  a  is  the  angle  of  incidence).  Thus 

_  _  To  T  (ka/2)2^3  cosin' 
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It  was  then  shown  that 

4  (d,  hj ,  h9)  a>  2/?  exp [  -  i(37r/4)  J  ~  exp(-i  cpj 


where  is  the  phage  of  the  "direct  wave" 


+  TD  exp[-i(02 -0^] 


<t>l  =  -  dV12  +  (h1  +  h?)d/2  +  (h2  -  h1)V4d 


(3.7) 


(3.8) 


(j>  is  the  phase  of  the  "reflected  wave" 


■ 

(/hl +  T 

Q 

(/V-To“ 

v/To) 

(/* 

,  f  j  - 
1  o  .  v 

VTo  'V 

(3.9) 


arid  D  is  the  divergence  factor  that  takes  into  account  the  tact  that  a  pencil  of 
parallel  rays  incident  upon  the  convex  surface  diverges  after  reflection 

_7T°) 


D  - 


1  +  T- 


hl  +  To- A)+(^2+To  'x/To 


The  reflectiorji ‘.coefficient  was  shown  to  be 


,.J _ _ 

'2,2 


k ,  cos  rv  -  k  /  k ,  -  k  „ 

■  1  o v  !  o  cos«  -  Z 

tk  /k 
o,/ 


*v  ,  2 

k, cos  « 

II  ,  -  ,  1 


2  ^  2  cos  a  +  Z 
o 


'  Z  =8 


k  /k?-k2 
1  o  V  1  _ 0_ 

■  ,2 


for  vertical  polarisation 


(3.  10) 


•k  COS  O'  ~.j 
0  V 

!*r  o 

"v-T 

cos  a  - 

Y 

/  2 

Y  ,  A: 

’  k. 

0 

kr 
^0 _ 

k  cos  o'  +  i 

o  V 

ik?rk*‘ 

t  $  ° 

cos  ot  i 

Y 

for  horizontal  polarization 


Whore  the  square  roots  indicated  are  to  have  negative  imaginary  parts  when  the 
time  dependence  is  exp(iajt)  as  used  by  Pryce  and  Freehafer. 
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For  d>v/h,  +  yh  (the  so-called  "diffraction  region"),  it  was  shown  that  the  contour 

could  be  closed  by  a  circle  at  infinity  in  the  upper  half-plane  and  then  <i>  could  be 

represented  in  the  form  of  a  scries  of  residues  associated  with  the  zeros 

t  (m  =  1,2,...)  of  the  Airy  function  combination 
m 


■V2<Trr,)-!V>  y2(Tm)  ”  ° 


(3.11) 


It.  was  then' shown  thaL  for  frequencies  of  100  Mc/soc  or  above,  the  roots  required 
could  be  approximated  by 


y2(rm)  -  0 


Tiie  resulting  residue  scries  representation 


"'("■'v'V  -  %  1  “"KA  WW* 

N  m  I 


(3.  12) 


VTm  •'  h) 

Un  (h)  -  i  v  51 - 

™  v'(t  ) 

■  •».,  nT 


was  primarily  used  for  points  deep  inside  the  shadow  where  only  the  first  mode  need 
be  considered .  This  calculation  could  be  made  quite  easily  since  the  first  root  r1 


was  known, 


T)  =  2.  338 1  exp  [  i(2/,/3)  ] 


and  the  height-gain  function  Uj'(h)  could  be  readily  computed.  The  behavior  of 
20  logj0|Uj(X)  |  ig  illustrated  in  Table  I  . 
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X 

20  lo^  1  o 1  u  1  1 

X 

20  iogJUj 

X 

20  loK,0  |U,| 

0 

1,0 

1 .  120 

5. 

23.  77 

n.  i 

-19.9 

1 , 2 

3.  075 

10.  0 

39.  69 

0.  2 

-12.9 

1.4 

4.  82 

20.  0 

02.  00 

0.  3 

-in.  8 

1.  0 

6.  39 

30.  0 

79.  24 

0.4 

-  7.73 

1.8 

7.84 

50.  0 

100.  5 

0.  5 

-  5.08 

2.  0 

9.  19 

00.  0 

118.  1 

0.  6 

-  3.96 

2.  5 

12,  2 

80.  0 

138..  7 

0.  8 

-  1.10 

3,  0 

14.  9 

100.0 

150.  9 

In  the  intermediate,  region,  |  (1  ~  -  yCTI  <  1  .  neither  the  stationary  phase  f 

result  nor  the  first  residue  ter  tin  result  would  yield  a  means  of  calculating  the  field. 
The  techniques  used  in  this' region  at  Radiation1  I  aboratorv  Is  described  by  Freehafer 
in  Section. 2.  L5  of  Propagation  of  Short  Radio  Waves  (Ref.  8). 


The  integral  of  Pryeo  and  Freehafer  provides  a  mathematical  model  for  extending 
(ihe. result. obta impd  from  -geometrical  optics'  in  the  last  section. 


.AS 

\\ 


i  /  2  p/iii  ’  /nR  '  /2  /  i_ _ aR  Josj*_ _ 

i,  ”  4  sy  ;r|<It  <:Xp  L  '(k  1  "  J-u kit  1  j  SU^JJj4  a(p1  i  Dg)cos 


« 


exp  I  -if  k(Uj  l^)  “ 


<3.14) 


to  granting  angles  of  incidence.  Wo  observe  that  for  «-*  tt/2., 

/  n>  + 


It.1-  \l  H2  I  D2  -  2D|l)g  cos  (v  +  "  4DjDy  cor>“n' 

2D.D.,  a 

(I)!  1  D2)  "  D  T7F  COB  “ 

i  2 
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We  can  then  express  the  optics  result  in  the  form 


U 


\  J  Trklt 


sp[-i(kR  -  t/4)]  { 1  +  T 


a(D  +  D  )  cos  a 
_____  •*  ^ 

2D^D0  +  a(D^  +  D2)cos  a 


(  “D1D2  2  \ 
exp(  -  lk  ,,  .  ,y  cos  a  j 

'  L  2 


(3.  15) 


If  we  define  (sec  Fig.  7) 
,4/3,  kT  ,2 


v  h  I  2  \4/3/kT2  \2  _/ka\J 

i  (ka)  \  2  /  ’  2  (ka)  l  2  )  ’  p  \  2/ 


,1/3 


cos  a  =/tq  ,  q  =  i 


we  can  show  that 


/hi  T  -7 

V  1  o  v  o 


h ,  1  n  -  p 


2  ,2/3  kl)] 


(-&) 


(3.  1G) 


V' 

y  'y  > '  ^  ~ !  t 

,y  l  o.  v  o 

K 

2  ■ 

l>  ; 

;  (ka) 

:j  i  it 

■  1  "  -  ..  ■ 

•  !1 

•i  :t  ' 

i 

IP 

i 

ll  I 

oil' 

'  jl-l 

■  i  •  '  .  vi 

|.  2D.D 

^  '  u(b,  i  Tj„)uos  re 

1  c, 

- 1  1 

1  f 

'(/Vs,- 

k‘i 

"2  ' 


q  ~  ip 

q  t  ip  p  iq 


exp 


2D1D2  '  2 

'ik  d"Td7  01,s 

1  2 


exp 


1  T  - 

O 

/ 

0 

(Vh2  +  To  -K, 

).  , 

f  l  - 
0  >/ 

fr 

o 

)/ 

VV'To  N 

0 
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These  results  show  that  we  can  write 


U  *  '  4  JikR  exP  [  _i(kR  ■  */4>] 


where 


exp[i(  i +  3  tt/4)  ] 


d  $  (d,  h1>  hg) 


(3.17) 


1/3  1/3 

d  =  U  hl  +  To  “  J^o)+(Jh 2  +  ro  ~J\/  )~  (~ 2  )  (D1  +  °2)  R 


'2a 


An  alternative  form  is 


u  ”-S  «p[-i<u>-./4>](£J 


i/3 


exp[i(<#>1  +  3tt/4)] 
2>frT 


s/d  «■  (d,  hr  h2) 


(3. 18) 


This  result  is  useful  for  grazing  incidence,  i.e.  ,  for  points  just  above  the  horizon. 
For*  points  high  above  the  horizon,  we  define 

■  ?  yx{r) 

yd  4>r  (d,  hx,  h2)  =  J  exp(iTd)  T  ~ J^iT  +  h^  y2(r  +  h2)dr  (3.19) 


and  write 


U  “  "  ijriig  exp  C  i(kR  *  r/A)  J 


direct  wave 


[-  i  MD, 4  P2)  +  i  ,/i Q  pBfelfgla 

V.  /  7T  /  R  +  R 


.  yRi+R2 


reflected  wave 


(3.  20) 
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For  points  well  below  the  horizon,  another  form  is  required.  In  this  ease  the  phase 
of  the  wave  is  of  the  order  of  (T(  i  S  i  T1}),  where  those  quantifies  are  defined  in 
Fig.  4.  We  replace 


d  ( J\\  i  r  -fr  )  +  ( Vh~  i  r 

\V1  o  Vo/  \v2  o 


by 


d  =  £  1  /h7 h 


where 


We  then  define 


4  =  (ka/V)1'7'5  2.(rv  -  n /2)  =  (ka/2) 1  /3(S/a) 


o  n/o  rj  n/Q 

3  V“  1  -3h2  " 


and  express  U  in  the  form 

-i[l'(T,  i  S  i  T  )-  rr/4] 


U  *  --exp 


1/3 
/  2_\ 

\  ka  1 


exp  [  i(03+  3n/4l 


2  /jr 


/d  a>  (d,  h  ,  h.,) 


47T  exp 


•i[k(T  *  8  IT)  -»/2] 


1  /3  j, 

)  exp(i<^)„)'>  exp(ir  d)  U  <h  ) U  (h  ) 

ka  /  v  3'Zj  m  in  1  m  2 


d  »  '/h  ~  i  v'  h^  4/7 


1  /  2  N1/:* 

7  (s)  lW 


i  [-U  (T2  +  8  +  Tz)  .+  | 


+  <^3  +  Tl  dH 


This  residue  series  representation  can  be  used  on  and  below  the  horizon.  On  the 
horizon  this  representation  agrees  with  the  representation  previously  given  for  points 
on  and  above  the  horizon.  For  points  far  below  the  horizon,  the  first  term  of  the 
residue  series  provides  a  suitable  representation  for  q>  . 
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The  original  work  of  Prycc  and  Freehufer  only  dealt  with  applications  of  the 
diffraction  formula  T  (d,  h  ,  hi;)  for  the  geometry  which  we  have  depicted  in 
Fig.  2  and  referred  to  as  the  "radio  problem".  The  present  theory  which  has 
just  been  outlined  includes  the  "'radio  problem"  and  the  "optics  problem'  (Fig.  3) 
as  special  cases.  The  difference  between  the  genera!  results  outlined  here  and  the 
results  for  the  "radio  problem"  can  be  better  appreciated  if  we  consider  our  example 
in  more  detail. 


The  Fourier  integral 


U  (r2,  r !  U;  ka,  Z) 


exp  (-i  v([)) 


H(2)(kr  )H(l)(kr  ) 
v  >  v  < 


^WlZHj,V) 

V  V 


(3.22) 


is  the  exact  solution  of  the  scalar  wave  equation 


(Vaik2)l.i  -  6(k  -  r.)  6(y) 


6;(r-r  )6(r/>) 


(3.23) 


which  behaves  like 


U!)  )->  -  A—  cxp[-i(kU  ,  r./i)j 


H  V(X-r/  a  y £ 


near  the  source,  and  which  satisfies  the  boundary  condition 

0 


-,,i  ik/.F 
dr 


on  the  surface  r  -  a  .  We  observe  that  U  is  an  aperiodic  function  of  f/j  defined 
on  -  *>  <  (/>  <  .  If  we  now  assume  the  geometry  of  the  "radio  problem"  and 

introduce  the  definitions  and  asymptotic  estimates 
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q 

6 


t 


,  /kOA 

'Ml')  T 

ll^2)(ka) 

V 

i 

/  7 r 

/  vl/3 

('ll)  y2  (T) 

faV) 

i 

/  7T 

fa)  yi(T> 

(fj/3  + 

(?) 1 

H  V  <ka> 

i 

fa  7 r 

/_2X2/3  ..  . 

\ ka/  y2  T 

fa)  k(ri-a) 

fa'ika) 

i 

faF 

/AV2/3  -  ,  V 

Ika  /  yl  ^ 

fa)  k<V*> 

II(2)(kr) 

V 

i 

fa  7r 

/  2  v^/3 

(  ka  )  y2(T  +  £) 

/  2\1/3 
(ka)  k(r-a) 

H(1)(kr) 

V 

i 

faF 

(ka)  yi(T'?) 

(3.  24) 


we  find  that 

f; 

'V(r2»  </>;r 


1/3  w 

1  j ,  0;  ka,  7.)  «  -  ~  (j~)  exp  (-ikiu/j)  J  exp  ( 

-CO 


(i  4t) 


|y2(T+i:>) 


y]  (r+  £v) 


y',(T)  f  q  y  j  (  t) 
y!-i  (r)  +  C|  y  (t) 


•y2<T  +  V‘  y2-(T+.t2) 


dr 


1  /3 

~  (  k|  )  exp (-ikaifj)  ,/T  4>  (4.  fj.  £g) 


(3.  25) 


This  result  is  valid  only  for  very  small  heights 


h .  =  r  -  a  «  a 

l  1 


h„  ^  r  -a«a 


This  result  is  essentially  the  result  of  van  dor  Pol  and  Uremmer,  Pryce  and  Freehafer, 
Burrows  and  Gray,  and  others  who  have  studied  the  "radio  problem."' 
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The  "optics  problem"  starts  from  the  Fourier  integral 

n 

1  f 


l!(r,  <p:  ka,  7.)  ~  J  exp  [-i  r(0  -ir/2) 


For  r  a.  it  reduces  to 


,,,  H(1)'(ka)-  iZH(2)(ka) 


IV1  (ka)  -  iZ  H'  '(ka) 
v  v 


U( 


ry> 

„  yx  _  _2 1  f  - 

<?>’kc1’  Z)  .  ‘  xka  J  ..(2)'  ,r(2 


dr 


77 ka  f[(2)'  (ka)  -  iZH(2)(ka) 
ij  .  v 


dr 

(3.  26) 


Of> 

r  -  1  f  exp  (i  x  t) 

exp  [  -ika(</>  -  x/2)  j  =r  J  ,(r)  +  q  y  {t) 

V  -<*>  ’  2  ^ 


cIt 


(3.  27) 


where 


(£)Vy 


por  It  i8  customary  to  use  the  asymptotic  estimate 


ll^(kr)  j  v |  r  <,x,>^  'Her  -  7t/4)  >  i  v  ir/2  ] 


(3.28) 


We  then  find  that 


AT 


U(f,  <!>\ I<f ,  /-)—  ^xpOkt.  cos  <l>)  -  .2  y  fe 


-i(kr  -  tt/4)]  /  exp[ -ir  (0  -  tt)  ] 


H(l)  (ka)-i'/ii!,)(ka) 

.  Jt _ C__  .  .  !'  -  -  dr 

\n(2)’(ka)-i7.n(2)(ka) 

b»  f 


(3.  29) 


p-j  exp  (ika  coo  0)  i  ~  exp[-i(kr  -  a/4)  ]  exp  [  -ika(<*>  -  a)  ] 


J/3 


WT  „  .  ».w  ■ 

(*)  J  ■>*!’< i/<ay.TT57, 1  |T) 


iIt 
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where 


--(¥)'  <♦- 


The  distinction  between  the  asymptotic  estimate  obtained  for  the  "radio  problem"  and 
the  "optics  problem"  stems  from  the  use  of  two  different  asymptotic  estimates  for 
the  Hankel  function,  namely 


h(2}  - *.  1 

v  '  r  — >  a  n 


=  (2Aa) 1/3  y2(T  +  t) 


H<v2)(kr> Mr  exp[  -i(kr  -  n/4)  +  in  ir/2  ] 


(3.  30) 


In  the  present  work  we  employ  an  approximation  of  the  form 


H^kr)  «  exp[-ik(T-aa)  +  i(ka/2)1/3aT  +  i!e3/2-.it1/ZT]y2(T  +  t) 


(3.31) 


where 


-1  ,  /  2  2 
a  =  cos  a/r  ,  T  -Jr  -a 


t  -  (ka/2) 2/3  (r 2 -a2) /a 2 


This  result  has  the  advantage  of  leading,  when  Jr—  a  and  r  —  w  ,  to  the  forms  given 
above  for  these  cases  The  use  of  this  approximation  leads  to 

U(i’2>  !jb;  r  0;ka,  Z)  «  (2/kH.)^  Gxp.  - i[k(T}  +  S  +  Tg)  -  ir/4]  (2/ka)^3 


exp  [i  (</>  +  3tt/4)] 


fd  . <I>  (d,  h1  ,  h9) 


(3.32) 


where 


d  =  (ka/2 )l//‘6  <p  +  /iT  +/F 


,  ,„.2/3  .2  2,  .  2 

hj  =  (ka/2)  (rJ[  -  a  )/a 


,  ,,  ,„.2/3  ,2  2.  ,  2 

h9  =  (ka/2j  (r2  -  a  )/a 


1’  =  frT-  a2 
I  v  i 


S  =  a  ip  ,  T,. 


/  2  2 
r2  -  4 


(3.33) 
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and 

03  =  ( 2/3)  h13/2  +  (2/3)  h23/2  (3.34) 

This  more  general  formula  reduces  to  both  the  "radio”  and  "optics"  problems.  It 
Is  expressed  in  terms  of  the  function  already  used  in  the  radio  problem,  however 
the  argument  has  a  different  physical  interpretation.  We  postpone  further  discussion 
of  this  application  until  a  later  volume  in  this  series,  Tire  remainder  of  this  volume 
will  be  devoted  to  developing  properties  and  representations  for  the  diffraction 
integral  $(d,  h^hg). 


ii 
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Section  4 

NOTATION  FOR  THE  DIFFRACTION  FORMULA* 


The  Fourier  integral  introduced  by  Pryce  in  1941 


y-,(T) 


(d,  -  iMr/  exp  (ml)  y2(^+ T)y1(J<+ r)  +  y2(£1+  r)y2a2  +  T) 


dT 


r  =  - 


y1<r)  -  ikh()  z  y^r) 

y ’2(t)  -  ikhQ  Zy2(T) 


provides  an  analytical  continuation  to  all  values  of  d  ,  £  ,  for  the  residue  Series 

00  oxp(i  T  ) 

£2)  --4,//ci  J  r-W(ftV  W  W 

,i  ml  mo 


Um«l>  ,2<Tm  *  S)/y2  <Tm)  ( 


We  will  now  show  that  this  is  precisely  the  van  dor  Pol-Bremmer  diffraction  formula 
introduced  in  .1938  (Ref.  !i),  namely 


_ _  f  '  -  exp(i  t  ;  x) 

F  (x,  x  ,  x  )  =  VTprx  exp  (1  x/ 4)  )  f  (x  )f  (x  )  - 

^  S  1  S  1  2t  -1/<T 
s 


(4.  I) 


s  -o 


In  this  section,  and  in  all  subsequent  sections,  we  employ  exp(-iwt)  time  dependence. 
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/3 


i(-2Ts}' 


>/“ 


+  oxp(t  7r/:i)  lljylj 


l<-v,/2 


-0  (4.2) 


W 


*> 

x"  -  2t 

s 

„<’) 

1/3 

-2t 

s 

H(1! 

Ml/3 

1 '■  --/'"I 

exp{-i  tt/3) 

H*1)  ( 

1/31 

6  /-  2~t 
v  s 

H(1)  1 

2/3  1 

1  <  -s)3/2 

(4.  3) 


x  (ka)1/30  '  <ka) 1/8  (d/a) 


(4.4) 


l 


kj/k2 

(kii)'/:Vk?Az  -  i 


(k'nJ^Z 


(4.5) 


!  /n  , - -v- 

x.  (ka)  '  ^2  h./u 


(4.0) 


In  order  to  compare  the  residue  series  of  Pryec  and  Freehafer  with  that  of 

van  der  Po]  and  Bremmer,  wPfir.sl  take  the  complex  Conjugate  of  the  P-F  formula 

(since  P-F  use  Rxp(iwt),  whereas  P-B  use  oxp(-icot)  time  dependence). 


h  _  v  1  ex  | 

-  7T  1  r-T  /(kb  Z) 

ill  I  m  O 


exp(-  i  r  i)  _ 

m  u  ((,)  u  (CJ 

in  1  m  2 


yl(Tm)  '  ikh^Zy.ff^)  -  0 


m 


lJm(C)-i 


•y1(Tm  f 
y'l(Tm) 
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LMSD-  Zcf0v3  { 


y?  <T)  =/|  exP  (~i  *73}  T1/2  11^3  (|  r3/2) 


(4.7) 
<4.  8)- 


in  order  to  write 


7m  S2™  (I  77  -  “kV>  “»<*  ’/3>  Ht/3  (1  v) 


V£> 


i  exp  (  i  2  w/'3) 


. . ... 


ft  +  f 


m 


kho% 


m 


hW 

j  (£  +  Tm) 

3/2] 

_ -J_ 

„(D  ! 
Hl/3 

r2 

[V 

A  comparison  of  these  results  with  the  van  der  Pol  -  Bremmer  form  reveals  that 

7*  3/ 


■I 


n  % . 


X2  ;  =  o  2)  $  j  -  1,  2 


s  -  1  ' 


(l/'v^Z)  T, 


s 


,  ...  ,-1/3  .=.-1  .  -i/3...  .-1/3,t=,-1 

6  =  i(ka)  (Z)  =  i2  (khQ)  (Z, 


f  (x.  )  =  (ka/2)1/3  Z  U(g  ) 


F(x.  xlt  x2)  =“  4^=  exp(ijr/4)$  (1,^,  ^ 


van  der  Pol-Bremmer  Pryce-Freenafer 

4-3 
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The  notation  v.(t),  v.}(r)  employed  by  Freehafer  for  the  Airy  functions  differs 
slightly  from  that  of  Pryco  who  defined 


f(T) 

-ij 

|  CXP (  " 

13  \  .  /.  i  3  .  \ 

3  x  -  xtJ  -  i  exp y  -  x  -  ixtJ 

dx 

(4.  10) 

0 

i 

-7,1 

1  o 

or. 

3  \  . 

X  -  XTJ  dx 

g  (t) 

eos  (;s 

(4.  11) 

We  easily  observe  that 


'Tit  f(r)  =  Y2(t) 


-i  2  \/jr  g { t)  -  y,(r)  +  y2(t) 
ITyce  Freehafer 

The  Fourier  integral 

oo 

P(l,  ,ta.)  -■  |  /  exp (i  ^  t) 


MT  V  f’(T)  -iyf(r)  (T  V. 


f(T  t  if  >  )  dr 


which  appears  in  Pryce's  work  is  identical  with  Freehafer'?, 
1 

rt 


<J>K,  t2)  r  7T  f  0Xp(i"T) 


Y  ,(r)  -  ikh  Zy  At) 


,Y9(t)  -  ikh  r//yv(T) 


(4,  12) 


y2(T.+  -;> 


except  for  a  normalization  factor 

-  47ri  P(s,  tj,  £g)  77  '/l  4>  (^,  Sg) 


(4.  13) 
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The  notations  of  Pryco  and  Fveehnfcr  have  not  been  accepted  by  later  writers. 

For  example,  in  the  July  1  <359  issue  of  the  Transactions  of  the  Professional  Group 
on  Antennas  and  Propagation  of  the  I.R.  10. ,  Tukizi  (Ref.  11)  has  employed  an  integral 

oO 

T(r,  %v  z2)  -J  ox  p(i  k()r  £)  u(z,  £)  d£ 

—  oo 


where 
u(z,  £) 


exp(i  2  tt/3)  h ]  (s 


h s^  exp(-i  2 


M- 


($+TKcs0exp(_i2"/3)] 


(d^+T)hl  <s0) 


hi(s<) 


£  -=  yz-  fts 


s  =.  fl  (yv.  -  £) 


W  =  -  i  (4/tt)  (3/2) 1/3  y/p 
t  -  i  ft/y  <fc0/k1)2  (k2  -  k2)  1/2 

'  :j 

Let  us  now  translate  Tukizi's  integral  into  Freehafer's  integral  by  using  Freeh.afer's 
Eq.  (335). (Ref.  8)  '  ■  '  ■  ' 

h.(t)  -  - exp(iir/3)  y  (?)  ! 

v  ? r  1 


and  Eq.  (311) 

Y1  IS  exp  (-i  2  tt/3)J  -  exp(i  2tt/'3)  y3  (?) 
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Therefore 


h1  Lf  exp(-i  2ir/:i)  J 


and  Tukizi's  u(z,  ?;)  takes  the  form 


>//« 

/  7f 


-  h¥- 


yt(£)  +  y  2<£) 


U(Z,f) 


J_  (121 

w 


1/3 


t~-  y,(s  ) 

7T  1  > 


y2<s<) 


(dr"+T)y2(so)- 

o _ 

far '  tK,8o) 


yi<s<> 


If  we  now  replace  Tukizi's  integration  variable  £  by  t,  where 

t  -  -ft  t 


and  replace  Tukizi's  impedance  r  by 


we  can  write 


u(/,,  -  '/It)  -  ih^y^T  +  hJ 


ikh  Z  r 
o 


y  (t)  i  ikh  Zy  (r) 

yjr  '■  h  )  -  - y -I ( r  +  h  ) 


y,(T)  I  i  kh0  Z  y  j  ( t) 


where 


We  also  define 


h  ^  'ft/y,.  li  ,  y.J h  ,  h'  -  %  f h 

o  1  1  o  ’  2  2  o 


d  k  h  v  r  -  (k  P  r) 
<10  o 
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We  can  then  show  that 


T(r,  zr  z2)  -=/?  7 


exp(--idT)  u(z,  -/?T)d t 


-  ih  0  J  exp(-idr)  y.  (r+  h  ) 


y2(T)  +  ’  khoZy2(r) 


y2(T+  h<! 


y1,(T)  +  ikho  Zyl(T)  yi(T  f  h<} 


dr 


If  wc  now  examine  the  complex  conjugate  of  Freehafer's  function  <f>(d,  h  ,  h  ), 

-L  Cj 

i(d,  hj,  hg)  =  jL-  f  exp  (-idr)  y  1(r  +  h>)  |  y 2(r  +  h<) 


y2(r)  +  ikh^Z  y2(r) 
y'l (t)  +  ikhQZ  y^r) 


y.(T  +  h.  ) 

I 


dr 


we  see  immediately  that 


T(r,  y  z2)  =  i  hQ/3 \TcT  id?  (d,  ly  h2)  =.  -  4tt  hQ  ft  P  (d,  ly  h2)  (4.14) 

,i  ‘  ’  •  ■  '  ii 


r 

-  d/(ko/?) 

=  d/(lyi) 

: 

-  h  h, 

=  h  h- 
o  1 

Z2 

=  h  h 
o  2 

=  h  h 
o  2 

Tukizi 

Freehafer 

Pryce 
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The  integral  representations  for  the  van  tier  Pol-Bremmer  diffraction  formula  used 
by  Freehafer  and  Pryco  were  apparently  known  to  Tukizi  because  he  cites  these  authors 
as  references.  However,  since  no  standard  form  for  this  integral  has  been  adopted, 
the  casual  reader  may  not  be  aware  of  the  fact  that  the  integral  used  by  Tukizi  has 
already  been  used  by  other  authors. 


It  is  a  curious  fact  that  this  classical  diffraction  formula  is  known  by  so  many  seemingly 
different  expressions .  In  contrast  to  the  variety  of  forms  used  by  Western  authors, 
all  Soviet  authors  employ  a  uniform  notation.  In  11)40,  Foek  (Ref.  12)  had  introduced 
an  integral  of  the  form 


v,(s-  S,  q)  ; JoxpfiU) 


where 


w,(l)  -qw  (t) 

»2<l-#-;^qwfiEr  *■*-*> 


dt  (4.  15',1 


wi,a(t) 


I  exp  x'!  i  xljdx  :t  i  fnxp(l  ~  x3  i  ixtj  dx  (4.1 


G) 


Later,  in  11)41),  Foek  defined  a  more  general  integral 


V(t,  r.r q)  ji  /oxp(iU)w](l^>) 


W  J  (t  -  tp 


fit 


w9W;,-qw0(t) 

\v  ( t  -  )  -  ~  1  ,T7“. - '77T 

2  Wjit)  -qw^t) 


(4.17) 


The  deductions  made  by  Tuki/.i  in  Part  1  of  his  paper  are  not  correct  since  he  assumes 
in  his  Eq.  (21)  that  he  can  use  the  "saddle  point  method"  on  a  string  of  saddle  points 
which  arc  close  together.  The  "saddle  point  method"  requires  well  separated  saddle 
points'.  For  example,  if  two’ saddle  points  are  close  together  one  must  use  Airy  integral 
or  if  three  saddle  points  are  close  together  one  must  use  parabolic  cylinder  functions. 
This  vital  restriction  to  well  separated  saddle  points  invalidates  nH  of  Tukijsi's  results. 
In  particular,  the  agreement  found  with  experiment  in  Part  II  of  his  paper  is  merely  a 
coincidence.  Tukizi's  criticism  of  the  classical  diffraction  theory  is  unfounded.  The 
work  of  Carroll  and  Ring,  which  is  cited  by  Tukizi  in  order  to  support  his  conclusions 
has  no  relation  to  the  classical  theory  for  a  homogeneous  atmosphere. 
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Since 


w1(t) 

=  -  y1(-t) 

w2  (t) 

=  y2  (-t) 

Fock 

Freehafer 

we  can  show  that 

-  ’  JM’  f2’_q*  =  J2V7 

'  exp  (i  ir/ty  *  (|,  S2) 

(4.18) 

Fock 

Freehafer 

The  Soviet  form  is  related  to  the  form  used  by  van  der  Pol  and  Bremmer  according 
to  the  following  rules : 

V(l,  t2,  q) 

=  2F  (x,  xr  x2) 

(4.  19) 

¥2  a 

=  X 

(4.  20) 

3  r-s-  2 
v  2  Xj 

(4.21) 

3  r6-  2  0 

v  2  x2  ■  » 

(4.  22) 

GO 

►Q 

••  6-1 

'  (1.23) 

The  close  resemblance  between  the  notations  of  Freehafer  and  Pryce  is  a  result 
of  the  close  cooperation  between  British  and  American  research  groups  during 
World  War  II,  However,  it  is  at  first  glance, quite  surprising  that  the  Soviet 
research  group  in  the  same  time  period  introduced  an  almost  identical  form  for  the 
related  integrals. 
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which  were  introduced  by  Fock  in  194G  and  194!),  respectively. 

The  resemblance  of  the  notations  is  clue  to  the  fact  that  these  authors  had  to  employ 
solutions  of  Airy's  differential  equation 

■ ) 

_(1  -i  f yxy  (x)  ~  0 

dx 

Pryce  and  Prechafer  choose  a  -  1  ,  but  Miller  (Ref.  16)  and  Fotjk  choose  a  -1. 
The  choice  of  |or|  =  .1  automatically  fixed  a  set  of  natural  units  of  distance  which 
accounts  for  the  fact  chat  .  .  .  ..  ....  .... 

x  4  it  i 

,  ..  _ _ ^  -  J,  _ 

•  Freehafcr  Fock 

It  is  worth  observing  at  this  point  that  Fock  employs  an  'exp(-icnt)  time  dependence 
which  is  a  common  practice  among  physicists.  However,  Pryce  and  Freehafer  use 
an  exp.(icot)  time  dependence  which  is  a  common  practice  among  electrical  engineers. 
In  this  report  we  will  employ  the  exp(-icet)  time  dependence.  We  take  this  oppor¬ 
tunity  to  point  out  that  the  complex  conjugate  of  V  is  to  be  denoted  by 


■  °°  |  w'  (t)  -  q  w  1  (t) 

m  t  "t2Tq)  -  fC){LS  expH^t) 
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where,  for  real  values  of  l  , 


w2(t)  -  W !  (1)  Vg(-t) 

The  reader  is  cautioned  Unit  Keck's  definitions  of  vv  (t)  and  \v  (t)  have  hoi  been 

1  2 

universally  accepted.  Thus,  for  example,  in  Wait's  Electromagnetic  Radiation  from 
Cylindrical  Structures  (Kef.  12)  wo  find  functions  w  (l),  w0(l)  with  the  properties 

w,(l)  '  w2(t) 

w2(t)  w  ]  (l) 

Wait  Fock 

The  notations  introduced  by  Frcchafer  ami  Prycc  have  not  been  used  by  later  authors, 
whereas  the  notations  of  Fock  have  been  employed  by  all  recent  Soviet  authors 
(Ref,,  14)  and  also  by  some  authors  (Ref.  15)  outside  the  Soviet  Union.  We  will 
adopt  Fuck's  notation  for  the  diffraction  formula  for  the  purpose  of  theoretical 
manipulations,  but  when  numerical  results  are  desired  we  will  change  to  Miller's 
(Ref.  1(1)  notation  because  of  the  extensive  tables,  contained  in  The  Airy  Integral. 

A  useful  feature  of  Miller's  table  is  that  values  are  given  for  certain  amplitude. 

1  i  'I 

functions  F(t),  O(t)  and  phase  functions  .x  (t) ,  ^(t)  in  terms  of  which  we  can  write 


W^t) 

'  (Ri(t)-F.iAl(t)  ) 

^7T  F  (t)  exp  [  i  x  (t)  ] 

(4.25) 

w’(t) 

=  'T-ir  {l5i'(t)  +  i  Ai'(t)  j 

■/V  G(t)  exp  £  i  <//  (t)  j 

(4.26) 

V(t) 

=  'fir  »F(t)  sin  X(t) 

(4.  27) 

v'  (t) 

=  G(t)  si.n0(t) 

(4.28) 

A  sample  of  Miller's  values  of  F(;<),  y(x),  G(x),  ^(x)  is  given  in  Table  2  !  As  an 
application  of  these  tables,  wc  observe  that 


f  ’  wn(t)  j 

■ 

exp(i£t)  w^t-S^)  | 

<'-*<>  j 

=  7r  F(t-£  T)  P(t-t2)| 

|exp(i  rb})~  exp(i  ^) 

(4.2b) 
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where 


^  -  £t  +  x(t-£J  -  x(t~S<.) 

<P0  -  S*  +  x(t-t. )  +  x  (t-t  J  -  2i/.(t) 


(4.30) 

(4.31) 


This  form  is  extremely  useful  for  computational  purposes.  We  also  observe  that 
Miller  shows  that 


.dxLtL  =_ 

dt 


1 


ir  F2(t) 


d  ij)  (t)  _  t 
dt  irG2(t) 


(4.  32) 


Therefore,  we  can  write 


d^^t) 

"dt  ' 


7rF2(t-£  )  irl?2(t-0 


(4.33) 


d02(t)  .  j 

i  -  ~~ 


2t 


irFlt-^)'  ttF  "(t  -  -wG  (t) 


(4.  34) 


This  form  is  very  useful  *n  connection  with  the  problem  of  finding  the  points  of 
stationary  phase.  The  behavior  of  x'(t)  &nd  jf>'(t)  for  real  values  .of  t  is  illustrated 


m  ig  i 


1,0. 
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For  large  negative  values  of  x  ,  these  amplitude  and  phase  functions  can  bo 
computed  from  the  asymptotic  expansions  given  by  Miller 


1-3-5  1  1-3-  5- 7- 0- 11  1  1-  3-5» 7-9. 11. 13- 15-  17  _1_ 

li  96  x3  2!  962  x6  3!  963  x9 


(4.  35) 


.  .2  1  L/2  /  1-3  7 

G(-x)  ~  -x  1  +  - - 3- 

\  1196  x3 


1  • 3 • 5 • 7 • 9  13  1 «  3 • 5 ■ 7 ■ 9 •  11- 13- 15  19 

2!  962  '  x6  31  963  '  x9 


(4.  36) 


X(-x)  -7 


1  3/2/  5  1  1  105  1  82825  1  1282031525 

-  7T  ~  dr.  V  '  .  f  1  - - —  + - - - - - - - -  4-  — - - - - * - 


I 


32  x3  6144  x6  65536  x9 


58720256  x12 

(4.  37) 


-  -  *(-x)  +I,~|x3/2:/l  *4^  -!M31  __2fili5304g9_l_+ 

,1  4  \  32  x  0144  x  3  27680  x"  8388608  x 

(4.  38) 


For  large  positive  values  of  x  it  is  more  convenient  to  compute  Ai(x),'  Bi(x)  and 
Ai  (x),  Bi  (x)  from  the  asymptotic  expansions 


...  .  1  -1/2  -1/4  -tL  3-5  1  .  5*7-9-11  1  ,7-9- 11-  13- 15-  17  1,  . 

Ai(x)  .-  v  x  e  s  f  1  - — • - +  - --  - — ■ - + 


I!  216  t,  "!i  21(21 0) 2  t2 


31  (216) 


3 

(4.  39) 


.  -1/2  -1/4  t  /.  .  3-5  1  .  5. 7-9-11  1  .  7.9.11-  13-  15-17  1 

Bi(x)  ~7r  /  x  '  es  (1  a  -  —  —  + - -= - a  + - tt - a,  + 

\  1-210^  21  (HI  G)2  C2  31  (216) 3  r 


(4.  40) 
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ai'm  ..  -I  .-1/2  .1/4 3-7  1  5-7-9-13  1  .  7- 9- 11- 13 •  15- 19  1 

(  2  6  \  1'  216  *  "  2U216)2  7  7 


(4.41) 


Bi'(x) 


where 


^-1/2  1/4  J  A  3-  7  1  5-  7-  9-  13  _1_  7>  9-  11-  13-  15  •  19  1 


11216  *  2'.  (216) 2  |2  3!  (216) 2 


,  2  3/2. 

«  =  3X 


.3 


(4.42) 


For  small  values  of  x  one  can  use  the  Taylor  scries 


Ai(x)  =  ay1-/3y2 


v  =  !  +  A  7  +  ~  x6  +  l~'±t  x9  + 
yl  31  61  -01  X 


Bi(x.)  -  31/2(o.yi  +  py2) 


v  =  x  +'  A-  J  +  tlJ+  2-  5-  8  10 
y2 ..  41  7!  X  102  X 


«  ==  3"2/3/(-1/3)  1  =  0.  35302  80538  87817  p  =  3_^/3/(-2/3)  !  -  0.  25881  i)4037  92807 

•  .i 

I  -  '  ..  ..  ■■  ' 

*  (4,43) 

The  tables  given  by  Miller  in  The  Airy  Integral  are:  ’ 

Ai(x)  and  Ai'(x).  X  -  -  20. 00(0. 01)  +  2.00.  8D 
V  «  Log10  Ai.(x)  and  Al'(x)/Ai(x).  x  =  0.  0(0. 1)25.  0(1)75.  7-8D 

Zeros  and  Turning -Values  of  Al(x)  and  Ai'(x),  The  first  50  of  each.  8D 
Bi(x)  and  Reduced  Derivatives .  x  =  -  10.0(0,1)  +  2.5.  7-8D 
Zeros  and  Turning-Values  of  Bi(x)  arid  Bi'(x).  The  first  20  of  each.  8D 
Log^  Bi(x)  and  Bi'(x)/Bi(x).  x  =  0. 0(0. 1)10*0.  7-8D 

Auxiliary  Functions.  F(x),  x(4  G(x),-^(x).  x  =  -80(1)  -  30. 0(0. 1)+  2.5.  3D 


The  notation  pD  is  used  to  call  attention  to  the  fact  that  the  tables  are  given  to 
]2  decimals. 
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The  availability  of  ihis  excellent  table  makes  it  desirable  to  use  a  standard  form  for 
the  diffraction  formula  which  enables  one  to  readily  employ  this  data.  In  the  1941 


work  of  Pryce,  the  notations 

f ( t)  =  Bi(-r)  -  i  Ai(-r)  -  2  exp(-i  n/G)  Ai[exp(i  7r/3)  t  ]  (4,44) 

g(r)  -  Ai(-T>  '  (4.  45) 

were  employed.  Freehafer  defined  his  Airy  integrals  to  be 

yj(T)  -  V7  |- Bi(-r)  -  i  Ai(-r)|  (4.46) 

y9(r)  -  'Tn  |  Bi(-r)  -  1  Ai(-r)  |  (4.47) 

f  (r)  2i  n/tt  Ai(--r)  (4.48) 


whereas  Fock  defined 


w  j  a> 

-  sR 

{ Bi(t)  +  i  Ai(tt) 

(4,  49) 

w2(t) 

-'tv 

j.Bi(t)  -  i  Ai(t)  J 

(4.  50) 

.'it  ■ 

•'  v(t) 

r.  JR 

A  i  (t) 

(4.51) 

We 'Will  adopt  the., Soviet  notation  as  the  standard  form  for  these  Airy  integrals  when 
using  the  Fourier  integral  representation  for  the  diffraction  formula 


v(.%  iv  t2,  <i) 


exp(i  7r/4) 
2  'ft 


J  exp(Ut)  w  ((t- 


w'  (t)-q  w  (t) 

w„(t-£J-— f - -  — w  (t -r  ) 

w  J  (t)  -  q  w  ]  (t) 


d£ 


cxpl-9_7r/4)V>i 

W n 


J  cxp(iCt)  Wjtt-  £ .  ) 


v(l-U 


v  (t)  -  q  v(t) 
w'  (t)  -  qw^t) 


w^t  - 


dt 


(4.52) 


4-16 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILES  and  SPACE  DIVISION 


_  ,V«P[  <-V5+i)(a/2){  ]  Ai[-n  +  exp(-i  tt/3)  £  ] 

V(if  e,,  ,  q)  »  2ftl  exp(-iir/12)  > - — - — g- - — - 

12  a  -  cxp(-i  ir/3)  Al(-  a  ) 

.  ,  b  O 

Ai[“as  +  exp(-i  tt/3)  £g] 

Ai(  -  as) 


^  exp[(-V3+ i)(a  /2)|  1 
2/ffF  exp(-  i  ir/12)  ^  - - - 

s=l  1-  exp (l  tt/3)  —§ 

q 

Ai[  -  a  +  exp(-i  tt/3)  S9  ] 


Ai[-a,  +  exp(-i  n/ 3)  £  ] 

-  S  >  ** 


Ai  (-  a  ) 


(4.  55) 


UvlSD-288087 


where  t  =  exp(i  u  /3)  and 

A i'  ( -  a  )  +  oxp(i  ir/3)qAl(-a  )  =  0 
s  s 

We  will  adopt  this  as  a  standard  form  for  the  residue  series. 
We  define  the  roots  ag ,  ft  by  means  of 


Ai(  -  a  )  =  0 
s 


Ai  (-  ft  )  -  0 
s 


and  observe  that,  for  q  =  0  and  q  =  >*>,  we  obtain 


V(«,  t2.  0)  -  1 


_ _  V'  exp  [(-V3+  i)((i  /2)|]  Ai[-fl  +  exp(-irr/3)  £  ] 

2/^  exp(  i  tt/12)  > - — --5 - -  "a”*"/ - 7 - ~ 

s- I  Pb 

Ai[-/ig  +  ,exp(-i  ir/3)  £2] 


Ai(-  fiB) 


.  v1  Ai[-a  +  exp(-l  tt/3)  f  ] 

v(i,  S1(  k  2’  M  "  2v^>  */  oxl’  [<  -/S  +  i){«  /2)|  ] - An”:.--) - “-1— 

8-1  ■  S 

AiC-  oi^  i  ex|)(-i  tt/3)  ] 

Ai'(-  ag) 

J 

The  roots  «  ,  (t  and  the  turning  values  Ai  (-re  _),  Ai (~p  )  can  be  obtained  from 
s  s  s  s 

Miller’s  The  Airy  Integral  where  they  arc  denoted  by 


a  -cv 
s 


Ai'  (a  )  =  Ai' (-  a  ) ,  a'  =  -  ft  ,  Ai(a')  =  Ai(-  p  ) 

b  S  b  S  fc>  b  b 
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Since  these  roots  (for  q  =  0  or  q  «>)  arc  ail  negative,  it  is  advantageous  to 
follow  Pryee  and  introduce  a  _,  ft  ■  In  1946  Miller  published  eight  decimal 
values  for  the  first  fifty  roots.  More  recently,  Ilaines  and  (G.  F. )  Miller  (Ref.  17) 
of  the  National  Physical  Laboratory  (Teddington,  England)  have  extended  these 
results  to  obtain  15  decimal  results  for  the  first  56  roots. 

These  important  tables  are  reproduced  in  Tables  3  and  4.  This  work  by  Haines, 
Miller,  and  their  collaborators  at  National  Physical  Laboratory  constitutes  a 
major  contribution  to  the  solution  of  the  problem  of  obtaining  accurate  values  for 
the  residue  series  when  many  terms  have  to  be  employed.  [Note :  Haines  and 
/Q,  F. )  Miller  have  also  extended  (J.  C.  P.)Miller's  8-decimal  table  of  roots  -and 
turning  values  of  Bi(x),  Bi1  (x).] 
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T.iiile  3 

ROOTS  AND  TURNING  VALUES  OF  Ai(-  a) 


s 

A 

A 1 1 (-  a 
v  s 

1 

2.  3. WO 

7  !  •  0  \ 

.49:0,7 

4  0. 

7012! 

08227 

20091 

2 

4.  0X79  1 

944  i  1 

309  - 1 

-0. 

so  31  i 

1309(1  54864 

3 

5.  5*4055 

981.  X|) 

■!  •  '  A 

+0. 

SO  5  20 

40258  94152 

4 

R.  78070 

7  !  7  -49 

-0. 

91085 

07370  49602 

5 

7.  9441 3 

3..s7i 

4is  4:: 

1  0. 

94733 

57094  41508 

0 

!).  02205 

(»s  .3:1 

•  0 . 

97792 

3.8085 

09499 

7 

'1  0.  0401  7 

Kill  5 

4  1 . 

n(M37 

0122(1  00312 

8 

1  1 .  008  12 

43037 

93203 

1 . 

02773 

SORKK 

20786 

9 

1  L.  0 

7503:; 

:\c. 

1  1 . 

0487:1 

0(5485 

88189 

10 

12.  828  77 

0  74:'S 

s  1 . » 7  4  ’. 

A- 

0077!/ 

3*. ,91 

57428 

11 

13.  091  IS 

‘503 

!  A  .  !  x 

1  1  . 

as  7, 30 

2831.3  5.0700 

12 

14.  527s:1, 

M9.il  7 

7.335 

-  1  . 

10 150 

45702  77497 

13 

15.  34075 

•  <  L  3.-4 1 

y/997 

1  1  . 

i  1  049 

('.  1  7  79 

3305(5 

14 

Hi.  13208 

5  i  .lii'.l 

1 .177  1 

1  . 

13073 

23  1  04 

93188 

15 

10.  90503 

399  i  \ 

3997  3 

) 

14403 

00732 

7357,3 

lG 

17.  00150 

01  0.3i 

9  70.i  7 

-  1  . 

15000 

98491 

10566 

17 

18.  401  1 II 

?.,|i92 

0  7  l  1., 

-1  1  . 

1  08.13 

47844 

87525 

18 

19.  A 205'; 

04  .  i:: 

\  0952 

1  . 

1 

07  298 

70140 

19 

11).  83812 

(•s;i >  7 

21 

1  1  . 

19070 

01  311 

58776 

20 

20.  .j.'llO.', 

:  'Hiv.- 

7V  ,0V 

1  . 

20  1  011 

07915 

19823 

21 

21.  224  82 

i3P 

4  3097 

.  ! 

31  093 

75148 

08287 

22 

21,  90130 

•  . 

'.•>!  31 

-  1. 

H  O  >2 

33738 

97260 

23 

22.  50Voi 

;-'.m 

•)  ,  .'*3 

■  1 

23  ‘79 

07  0 1 

09081 

24 

23.  924  U 

1 

•  *  1  < ;  ■  •  j 

1  . 

! 

V's  7  7,3 

29032 

25 

29. 

■14.-.  •  , 

.'  '/.i  1  '• 

1  . 

•‘■I 

91*  Hi'! 

59107 

20 

24.  .1 1  o::o 

i  •:  i  . 

no  ;• 

-  i  . 

9  1  id*} 

7373. 5 

27 

25.  !  ■'  ■  . 

;  :  ( .' '  )  1 

•  ■  lii-’ 

1  . 

son:;-' 

7. 

50799 

28 

23.  705  .3 

!  MJ9  I 

,  ■  . 

1. 

3  1 ;  1: « 

1: 1  :Hi  3 

1  8004 

29 

2(1.  y/ 

.’ii 

:,:J3 

•  1  . 

,:7  ;m.! 

7(5  388 

24258 

30 

20.  iim;1)- 

i|!1  f. 

0»-30'. 

1  . 

::  •  v.'3 

4231  1 

22704 

31 

27.  :4SK2,s 

V >>()!:' 

*124 

i  i  . 

29302 

89  >‘34 

49950 

32 

2K.  urioo 

.  iri 

9  ■*;  ; ", 

: 

299114 

37525 

1  1  (14  H 

33 

2«.  7V:::f)U 

!•  • 

V,‘lA., 

1  . 

•10007 

937211 

32094 

34 

29.  344 V.", 

Of.:  */ 

(ii- 

•  1  . 

3  i  33  1 

,7  m ! 

80648 

35 

29.  93170 

i  mo 

,i: 

’  !  . 

31905 

I9U03 

77514 

30 

30.  5o:i:,o 

801  1  1 

1  ...0.. 

1  . 

98 

3844  l 

37 

31 .  or, on; 

k  A  ) 

4 

•-  1  , 

333PI 

or, 4  30 

47702 

42291 

38 

31 .  o;i(! 

P  ,  5l 

i  :o.,n 

-  1  . 

33  70** 

9!'  1  8  1 

39 

32.  !M (57  9 

9<;.  :»:> 

•  •..!(•'  >1 

*1  i  . 

5-U18-. 

<  /  ri'/'i, 

48983 

40  : 

32.  73805 

!'{,(>■>'} 

OO  20.! » 

1 

::  19. ,5 

12971 

47445 

41 

33.  2845  8 

•i(  7 in 

0  .  4  ij 3 

:  1  . 

37,  4  5  4 

!  1  807 

15007 

42 

33.  82721 

in  >9 , 

1  M..Y3 

1  . 

■77030 

40532 

43 

34.  30523 

2133- 

I";::*’-  7,9 

4  j 

301,01 

570  U) 

26784 

44 

34.  07 

(/■J:503 

]  > 3 1  */ 

1  . 

37129 

00540 

34239 

45 

35.  4  2:5:. 

n  ’  7*  ?v 

■1  7  ' 

;  i . 

37040 

47989 

00084 

46 

35.  95471 

030 ! 

n 

-  1 . 

381114 

40003 

17105 

47 

30.  47074 

004  43 

74809 

-j  1. 

38053 

10477 

R  59  5-5 

48 

30.  99  )07 

3S40!) 

94  ,01 

-  1 . 

39143 

11072 

(5(5471 

49 

37.  50979 

7,0"  3m 

07,0  Hi 

■»  1  , 

:v'C,i\ 

57990 

06725 

50 

38.  02100 

Mi  7  74 

■■■'2..4 

••  l . 

401197 

RRR39 

49709 

5i 

38.  52.180 

H20  7iJ 

9  1249 

!  1  . 

■10403 

3344.1 

05322 

52 

39.  0332H 

72414 

- 1 . 

41021 

19979 

25998 

53 

:>'9.  534  31 

■):uh>7 

2311, :: 

4-  l  . 

1 1 47 1 

7.5  034 

441 1  0 

34 

40.  03255 

70807 

44  1  To 

-  1  . 

•;  Hi  i  7, 

730H3 

05008 

40.  42759 

r.r.i.3?' 

•fe:j  7  i  h 

4-  1  . 

■133 ,1 

90578 

1 0 1 89 

50 

41.  019  59  08723 

32490 

-  1  . 

4  2781 

97545 

1 5052 
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Table  4 

ROOTS  AND  TURNING  VALUES  OF  Ai'(-/3) 


I 

* 

I 


i 

m 

l 

I 

! 


s 

AK-/y 

1 

1.  01879  2971C  47471 

+  0.  53565  66560  15700 

2 

3.  24810  75821  79837 

-0.  41901  54780  32564 

3 

4.  82009  92111  78736 

+0.  38040  64686  28153 

4 

6.  16330  73556  39487 

-0.  35790  79437  12292 

5 

7.  37217  72550  47770 

+  0.  34230  12444  11624 

6 

8.  48848  67340  19722 

-0.  33047  62291  47967 

7 

9.  53544  90524  33547 

+  0.  22102  22881  94716 

8 

10.  52766  03969  57407 

-0.  31318  53909  78682 

9 

11.  47505  66334  80245 

4  0.  30651  72938  82777 

10 

12.  38478  83718  45747 

-0.  30073  08293  22645 

11 

13.  26221  8961C  65210 

i  9.  29563  14810  01913 

12 

14.  11150  1  9704  62995 

-0.  29108  16772  03539 

13 

14.  93593  71967  20517 

+  0.  28698  07069  99202 

14 

15.  73820  13730  92538 

-0.  28325  27361  25021 

15 

16.  52050  38254  33194 

+  0.  27983  93053  604ll 

16 

17.  28469  50502  16437 

-0.  27669  44450  68930 

17 

18.  03234  46225  04393 

4  0.  27378  13856  46685 

13 

18.  76479  84376  65955 

0.  27107  02785  76971 

19 

19.  48322  10565  67231 

4  0.  26853  65782  82176 

20 

20.  18863  15094  63373 

-0.  26615  98682  15709 

21 

20.  88192  27555  16738 

4  0.  26392  29929  60829 

22 

21.  56388  77231  98975 

~0.  26181  14056  94794 

23 

22.  23523  22853  48913 

40.  25081  26701  51466 

24 

22.  89658  87388  74019 

-0.  25731  60753  32572 

25 

23.  54852  6295!)  28802 

4  0.  25611  23337  79654 

26 

24.  19155  97095  26354 

-  0.  25439  33426  46825 

27 

24.  82015  64259  21155 

40.  25275  10925  76574 

28 

25.  45274  25617  77050 

-0.  25118  20133  88409 

29 

20.  07170  79351  73912 

40.  24007  78484  21125 

30 

20.  08341  03283  22450 

-0.  24823  45513  98365 

31 

27.  28817  91215  23985 

4  0.  24684  77011  G029C 

32 

27.  88031  84087  G8401 

-0,  24551  33300  87119 

33 

28.  47B10  90831  02278 

4  0.  24422  78676  45060 

34 

29,  00381  41626  38199 

-0.  24298  80842  90143 

35 

29.  64307  48140  32016 

4  0.  24170  10550  23721 

3G 

30.  21791  81244  08575 

-0.  24003  41202  44844 

37 

30.  78675  56480  12503 

10.2305)  48554  15564 

38 

31.  35038  53790  83035 

-0.  23843  10444  G6267 

39 

31.  90899  29584  30463 

4  0.  23738  00568  33468 

40 

32,  46275  27462  38480 

-0.  23636  18275  53143 

41 

33,  01182  87766  34287 

4  0.  23537  28399  30488 

42 

33.  55637  5G097  89422 

-0.  23441  21104  38024 

43 

34.  09653  90948  09138 

4  0.  23347  81753  32842 

44 

34.  63245  70540  35866 

-0.  23256  90793  53833 

45 

35.  16425  99025  53408 

40.  23108  53648  03788 

46 

35.  09207  11985  10469 

-0.  23082  40630  5323" 

47  ' 

36.  21600  81523  35199 

40.  22998  46861  64426 

48 

36.  73618  20799  46803 

-0.  22916  62197  66428 

49 

37.  25269  88178  54148 

4  0.  22836  771G6  46281 

50 

37.  76565  91005  38871 

-0.  22758  82910  18357 

51 

38.  27515  89047  30879 

40.  22682  71133  87800 

52 

38.  78128  97640  80369 

-0.  22608  34059  36628 

53 

39.  28413  90572  98596 

4  0.  22535  64383  68475 

54 

39.  78379  02724  G8233 

-0.  22464  55241  61432 

55 

40.  28032  3249!)  03719 

4  0.  22395  00171  79277 

5G 

40.  77381  44056  64866 

-0.  22326  93086  02652 
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Jn  Fig.  11  we  depict  the  behavior  of  Ai(x)  and  Bi(x)  for  real  values  of  x  .  The 

envelope  curve  is  ±  F(x).  Vertical  lines  are  drawn  through  the  zeros  of  both 

Ai(x)  and  Bi(x)  in  order  to  illusti’ate  the  property  that  a  zero  of  one  of  these 

functions  coincides  with  an  extreme  value  (maxima  or  minima)  of  the  other  function. 

In  the  inset  we  give  a  small  table  of  values  of  a  and  Ai'l-h  ).  From  the 

s  '  s 

Wronskian  relation 


we  find  that 


Ai(x)  Bi(x)  -  Ai(x)  Bi(x)  =  1/ir 


Bi(-as) 


1 

7t  Ai '  (-  a  ) 
s 


(4,  56) 


Fig.  11  The  Airy  Integrals  Ai(x)  and  Bi(x) 
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A  similar  illustration  for  Ai'(x)  and  Bi  (x)  is  given  in  Fig.  12.  The  inset  lists 

values  of  ft  and  Ai(  -  p  )  .  In  this  ease  we  have 
s  s 


Fig.  12  The  Airy  Integrals  Ai'(x)  and  Bi'(x) 
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Section  5 

NOTATION  FOR  ASYMPTOTIC  ESTIMATES  FOR  THE 
BESSEL  FUNCTIONS  IN  THE  TRANSITION  REGION 


For  half  a  century,  progress  in  diffraction  theory  has  been  seriously  hampered 
by  the  fact  that  research  workers  have  failed  to  use  a  consistent  and  standarized 
notation  for  the  asymptotic  estimates  for  the  Bessel  functions  in  the  so-called 
transition  region.  This  confusion  is  in  large  measure  due  to  the  fact  that  applied 
mathematicians  and  physicists  have  failed  to  recognize  the  importance  of  adopting 
a  universally  acceptable  notation  for  the  solutions  of  Airy's  differential  equation 

d^y 

— %  +  axy  =  0  ,  a  =  constant 

dx 


Although  this  equation  is  considerably  simpler  than  Bessel's  differential  equation 

.l^ry  fi _ V  -t  J  n  /I  .  I  n  2 

V 

2 

x 


fLMkxi  +  I  d  Z  Hftx)  +  (k2  -  ~  \  Z  (kx)  «  0 
dx  dx  - 


it  is  a  curious  fact  that  most  authors  choose  to  express  the  solutions  of  Airy's 
equation  in  the  form 


,  •  1/2 

y(x)  .=  x 


Jl/3(  3  ^  x3/2  )+  b  J.  1/3  (f  Va  x3/ 


or 


/  ^  1/2 

y(x)  =  x 


„(1)  /  2  r-  -  3/2  \  .  „(2)  /  2  /-  3/2  \ 
Hl/3  \  3  ^  X  /  +  d  Hl/3  *  3  a  X  / 


1/3  \  3 


where  a  and  b  (or  c  and  d  )  are  constants. 
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These  Bessel  functions  of  order  ±  1/3  are  introduced  in  diffraction  theory  when 
the  Bessel  functions  J^fx)  and  H^' ’  ^(x)  are  approximated  by 


l  27 

3  _  xl/3 


1  ^ 


(x)  ..  exp(±  1  tt/6) 
/T 


t,(1 . 2)  [  1,  ,  .3/2  ‘ 
xl/3  Hl/3  1_3(_2t) 


-  1/3  .  . 

x  (n  -  x) 


I/3 

when  x  »  1  and  |x  -  v  \  =  0(x"/  ).  This  approximation  is  generally  attributed 
to  Nicholson  and/or  Watson.  It  was  extensively  used  by  van  der  Pol  and  Bremmer 
in  the  lgte  1930's  and  appears  frequently  in  recent  studies.  It  is  generally  called 
the  Hankel  approximation.  It  was  first  used  by  Lorenz  in  1890. 

Since  H^^(z)  is  a  multi-valued  function  of  z  ,  and  z  -  1/3  (-2  r)^2  is  a 
multi-valued  function  of  r  ,  the  use  of  this  approximation  requires  a  thorough 
knowledge  of  the  theory  of  complex  variables  (branch  cuts,  Riemann  surfaces, 
circuit  relations,  etc.).  The  functions  \/z  Jj^g(z.),,  \fz  H'^ '(z)  are,  however, 
entire  functions  of  z  and,  therefore,  are  much  easier  to  use.  During  the  c..rly 
1940's  at  least  three  research  groups  recognized  the  advantage  of  replacing  me  multi* 
valued  Bessel  and  Hankel  functions  of  order  i  1/3  by  such  an  entire  function.  The 
first  group  to  do  this  was  an  English  research  team,  headed  by  M.  H.  L.  Pryce 
(Ref.  10),  who  as  early  as  1941  recognized  the  desirability  of  using  Jeffrey's  (Ref.  18) 
form  of  the  Airy  integrals 

<»  3 

Ai(x)  -  \  J  cos  ^  y  +  xt j  dt  (5-8) 

o 

00  3  3 

Bi(x)  =  ^  J  j  sin^—  +  xt)  +  exp(--~  +  xt)  J  dt  (5.9) 

n  L  J 
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which  are  solutions  of 


.^YIa) 

2 

dx 


xy(x) 


<*  y(x)  „ 

,  2 
dx 


<y(x)  =  o  (5.10) 


Let 


2  3/2 

3 


then  '.ve  can  show  that  the  Airy  integrals  have  the  properties: 

.1/2 


Ai(x)  = 


vx 

3 


I-i/3«>  -  I1/a«> 


Bi(x)  =  <  jp 


T-  1/3^  +  *1/3^ 


2/‘: 


Bi(x)  ±  iAi(x)  -  exp(±  i  n/6)  \  I_  1//;5(4)  f  exp(  t  i  tt/3) 


Ai'(x)  =  3 


W?*  -  l-WU) 


«'<*>  -%-[  V3<{)  +  ,-2/3(£). 


2x 


Bi  (x)  H:  iAi(x)  ="  —  exp(q:i  7r/G) 

d  ’ ' ! 


I_^,,(^)  f  exp(j  iir/3)  Ia/3«) 


Ai(-x)  -  - 


/x, 


Bi(-x) 


1/2 


J_1/3<*>-;Ti/3(*) 


?/x  r  ■■ 

Bi(-x)  ±  i  Ai(-x)  =  ~rp  exp(±i  tt/G)  J_  (//3(0  -  exp(*i  ir/3|  W> 


Ai  (-x) 


*2/3^  J-  2/3 


(?) 


Bl  '  X'  /3~  j  J2/3^  +  J-  2/3^ 


2x 


Bi'(-x)  ±  i  Ai(-x)  =  ~  expfciir/G)  j~  J„2/3^^  +  exp^  1  w/3)  3 2/^ 
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M(k)  =  |  (1)1/2  K1/3tt)  Ai'(x)  =  -f  ^  K2/3(0 

Ai(-x)  -  exp(i  ir/6)  (£)  +  cxp(- i  n/6)  (t) 

Ai’(-x)  =  ^  oxp(-i  tt/6)  H^d)  +  exp(  j  »/6)  d) 

A  i(x)  =  0g-  exp(! 7r/6)  [  £  exp(-i?r)  ]  =  oxp(-i  tt/6)  H^g  [  £  exp(iir)  ] 

Ai’(x)  =  -  exp(-i  VO)  H2/3  C  *  exp(-i  n )  ]  =  -  exp(i  tt/6)  H^g  [  £  exp(i.ir)  ] 

Bi(x)±iAi(x)  =  2  exp(±  i  7r/6)  Al[exp(±i  2n/$)  x  ] 

Bi.'(x)  ±  1  Ai'(x),  -  -  2  exp(  +  i  tt/6)  Ai'  [  cxp(±  i  2ir/3)  x  ] 

i.  |  •  .  '  ji  : 

Bi(-x)±iAi(-x)  =  /|  6xp(±  i  2tt/3)  H(^32)  d)  .  ,i 

Bi'(-x)  ±  i  Al'(-x)  .f--  -  cxp(±i  j/3)  (£)  =-•  |  exp(±  i  2ir/3)  d) 

In  1942,  II.  Jeffreys  (Ref,  18)  made  the  observation  that  "Bessel  functions  of 
order  ±1/3,  ±  2/3  seem  to  have  no  application  except  to  provide  an  inconvenient 
way  of  expressing .  the  Airy  integrals". 

1  :: 

When  Pryce  simplified  the  van  der  Pol-Bremmer  formula  in  1941  he  encountered  , 
the  functions 

f(v)  =  Bi(-y)  -  i  Ai(- v)  =  2  exp(-i  7r/6)  Ai  [exp(l  n/3)  v  1 
g(v)  =  Ai(-i>) 
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Thfi  group  nt  tho  Radiation  Laboratory  at  M.I.  T.  was  in  close  liaison  with  Admiralty 
Signal  Establishment  (England)  and  followed  Pryce  in  introducing  the  Airy  integrals, 
but  they  employed  the  definitions 

y2(„)  =  /it  j Bi(-n)  -  i  Ai(-„)| 

y^v)  =  -/ir  fBi(-v)  +  i  Ai(- 

Sinee  these  authors  had  access  to  the  manuscript  tables  of  Miller  and  Jeffreys  (Ref.  Id), 
these  choices  of  notation  made  it  possible  to  obtain  numerical  results. 

The  Admiralty  Computing  Service  (Ref.  10)  (employing  the  services  ot  many  distinguished 

consultants  and  research  workers)  computed  values  of  Ai  £  b()  +  y  exp(i  r/L*)  3  ? 

where  Ai(bn)  t  cxp(-i  5  */l  2)  Ai  (b  ),  for  a  range  of  real  values  of  |  and  y  ,  for 

the  first  five  values  of  the  roots  b  . 

n' 

At  the  Radio  Research  Laboratory  at  Harvard  University,  Furry  (Ref.  ill)  also  recog¬ 
nized  the  vnlh«?  of  replacing. tho  Bessel  functions  of  order  ±  i/3,  ±  2/3  by  solutions  J 
of  Airy's  'equation,  lie'  chose!  to  work  with  llie  form  '  ;j  ' 

•  i-  xh(x)  -  0 

,  '  .  (lx 


J  1,2 

(5.  It) 

had  been  tabulated  to  eight  decimal  places  at  the  points  of  a  square  lattice  of  spacing 
0.  1  for  |  x|  <5  .  These  tables  were  published  in  the  fall  of  1945  under  the  tftle 
Tables  of  the  Modffied  Hankel  Functions  of  Order  One-Third  and  Their  Derivatives. 


and  by  end  of  1944  tables  of 

1/3 


Vx)  ’  (§)  '  U/;,h®3  (!) 


dh.(x) 

_ J _ 

dx 
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It  is  easily  seen  that 


hx(x)  = 

k  £  Ai(-x)  -  i  Bi(-x)  ] 

(5.  12) 

Vx> = 

k*  [  Ai(-x)  i-  iBi(-x)  ] 

(5.  13) 

hj  (x)  = 

-  k  [  Ai'(-x)-iBi'(~x)  ] 

(5.14) 

h2  (x)  = 

-  k*  [  Ai’(-x)  +  iBi'(-x)  ] 

(5.15) 

where 

k  =  (12)1'/G  exp(- i  tt/6).  . 
k*  ~  (12) 1/0  exp(i  tt/6-) 

The  Wave  Propagation  Group  at  Columbia  University  was  also,  engaged  in  diffraction 

studies  at  the  close  of  World  War  II.  In  the  work  of  Pekerisj  (Ref.  20),  the  Bessel 

functions  of  order  ±  1/3,  4,  2/3:  were  retained.  In  the  reports  from  this  group  one 
■  ;  i! 

finds  such  expressions  as  "  ■■ 

.  ”  •  •  •  '  ■■  ti  •  . 

U(x)  =  I  (x)  +  exp(-i  W/3)  I_j/3(x)  (5,16) 

■»  |j  V(x)  -  I?/3(x)  +  exp(i  tt  /3)  I_  2/a(x)  "  (5;  17) 

P(v)  =■  Vl/2  J  3(x)  +  j_  1/3(x)  ,  X  -  I  v:i/2  (5.  18) 

The  use  by  Pelceris-  of  these  forms  was  undoubtedly  influenced  by  the  fact  that  the 
Mathematical  Tables  Project  (Ref.  21)  at  Columbia  University  was  in  the  process  of 
tabulating  the  tables  of  J±  1/3>  J±  2/g,  J,  1/4>  J±  3/4>  I±  1/y  I±  2/3,  \  1/4, 

I±  which  were  later  published  in  1948-1849  in  two  volumes  under  the  title 

Tables  of  Bessel  Functions  of  Fractional  Order. 
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These  tables  are  given  to  cither  ten  significant  figures  (or  ten-decimals  if  the  magnitude 
exceeds  unity)  and  constitute  the  most  accurate  tables  available  today  (1959)  for  the 
evaluation  of  the  Airy  integrals.  However,  they  are  not  generally  as  easy  to  employ 
as  Miller's  classic  table  which  gives  eight  decimals. 

The  outstanding  contribution  of  Pryce,  Freehafer,  and  Furry,  in  employing  the  Airy 
integral  in  these  diffraction  problems,  is  not  generally  appreciated  by  contemporary 
research  workers.  This  step  is  generally  credited  to  the  Soviet  physicist  V.  A.  Fock 
(Ref.  12)  who  has  employed  the  solutions  of 

'  which  he  denotes  by 


V(t) 

00  •  3 

=wJcos  (t  +  tx)dx 

Q 

(5.19) 

U(t) 

abi  3  3 

yff  sln(% +  tx) 1  ox4  V  '■ xt) 

0 

idx- 

(5.  20) 

w^t) 

-  u(t)  +  i  v(t)  -  2  pxy>(\  7i-  /G)  v[  cxp(i 

2ff/3)  t  ] 

(5.21) 

w2(,) 

-  u(t)  -  iv(t)  -  2  exp(-  i  7r/6 )  vj  exp{- 

■  1  2  7t/3)  t,f] 

(5.22) 

In  a  monograph,  Diffraction  of  Radio  Waves  Around  the  Earth's  Surface,  published 
in  1946,  Fock  gives  tables  of  u(t),  u'(t),  v(t),  v"(l)  to  four  significant  figures.  We 
readily  observe  that  in  terms  of  Miller's  functions: 

v(t)  ^WAi(t)  ,  u(t)  -  Rift)  ~ 

w  (t  )  =  V 7r  [bi  (t)  +  f  Ai  (t)]  ,  W2(t)  =  V7[Bi(t)  -  i  Ai(t)j  (5.23) 
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and,  in  terms  of  Freehafor's  functions: 

w^t)  -  -  y1(t)  ,  w2(t)  =  y2(t) 


The  confusion  attendant  to  the  existence  of  these  numerous  notations  has  been  further 
enhanced  by  the  fact  that  Keller  (Ref,  22)  and  his  collaborators  at  New  York 
University  and  Franz  (Ref.  23)  and  his  collaborators  at  Munster  University  (Germany) 
have  taken  the  standard  form  of  Airy's  integral  to  be 

CO 

A(q)  \  J cxp[-i(r3  -  q  t)  J  dT  (5.24) 

—CO 

so  that 

+  3AW  =  0 

■i  dq  ‘ 


They  have  not  made  use  of  the  fact  that 

"ii  ’ 

"  .  A(q)  =  Ai 

;;  3 

For  example,  Franz  is  apparently  unaware  of  the  fact  that  Miller  has  published 

values  of  a  ,  Ai  (- a  )  ,  p  ,  Ai(-  p  )  and  has  computed  the  Ursf  five  values 
i  ,  s  s  s  s 

of  jqs,  A  (qT),  qs,  Afq^,). 

In  Table  5  we  reproduce  these  results  by  Franz. 


Table  5  .  , 

ROOTS  AND  TURNING  VALUES  FOR  A(q),  A'(q) 


A(q^) 

A'U*) 

1.469354 

1, 16680 

3,372134 

-1,059053 

4.684712 

-0.S1272 

5,895843 

1.212955 

6. 951786 

0,82862 

7,962025 

-1.306735 

8. 889027 

-0,77962 

9.788127 

1.375676 

10.632519 

0. 74562 

11,457423 

-1.430780 

q) 


(5.25) 
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It  is  easily  seen  that 


<L  -  ^ 


A<V  -  5^rAM'“s) 


A<V  ’  -f =  Ai«V 


(5.26) 


and  therefore  the  first  fifty  of  these  constants  can  be  obtained  to  eight  decimals  from 
Miller's  1946  table. 

Another  outstanding  set  of  values  of  Airy  integrals  has  been  tabulated  by  Cerrillo  and 
Kautz  (Ref.  24)  who  define  the  integral 


OQ 

Ahj  3(B)  =  |  exp[-i<r3  -  Dt)  ]  dr 


(5.27) 


which,  except  f'tir  the  factor  (1/^)  is  identical  with  Franz's  integral  A(B)  ,  These 
authors  give  values  of  |  A h  1  g(B)|  and  argjAh^  ^(B)  j  for  |B|  =0(0.2)^, 
ft  =  arg  ft  =  6(7. 5°)  180°.  with  an  accuracy  of  seven  decimals.  They  also  list  the 
first  twenty  valuds  of  .  It  should  also  be  mentioned  that  in  a  pg|ior  published  in 
the  Philosophical  Magazine  in  1946;  Woodward  and  Woodward  (Ref.  25)  have  given 
tables  of  the  real  and  imaginary  parts  of  Ai(z),  Ai  (z),  Bi(z),  Bi'(z)  for  z  -  x  +■  iy, 
x  =  -  2.4(0.  2)2.4,  y  -  -  2.4(0. 2)0,  to, an  accuracy  of  four  decimals. 


Some  current,  research  groups  have  ignored  the  simplification  introduced  in  the 
notation  by  Pryoe  in  1941,  and  ..continue  to  write  the:  diffraction  formula  in  the  .form 


„  2/3..  .1/3/  d  \  V  fs(  l)fs(h2;  I,  . 

27TO  (k1  a)  {-)  Z  |0  '",2  "I  GXP  1  (kla) 

J  s-o  L2ts  "  V^e  J  L 


)1/3t 

s  a  4 


(5.  28) 
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w 


..  .2/3  2h2  1/3  ,. 

(kia)  “r'0'  _2ts 


-  2r 


1  /o 

H 1/3 

fl 

- 

1  /3 

,?/3  2V  ' 

- 

3/2  • 

t3 

_(kr 

l)  - 

a 

-  2t 

S 

HU> 

Hl/3 

(5.29) 

exp(-  i  tr/3)  |  (  -  Zt^2 


H 1/3  I  3  ("  2ts} 


,3/2 


6  -T^W 

e  s 


(5.30) 


.  ,  2  ..2 

>k2  A, 


(5. 31) 


The  roots  r  and  t  defined  by 
8,0  s,  «o 


H 


(1) 

2/3 

(1) 


I(.2t  )V2 

3  V  Z  8,°°’ 


Fv 


3<-2ts,o> 


3/2 


0  ,  5e  =  » 


0  ,  «Q  =  0 


(5.32) 

(5.33) 


have  the  property  that 

r=ra  '  ,•  exp(i  */3) 


s,  o 


~W 


S  +  1 


s, 00 


m  p8  + 1  exp(W3) 


(5.  341 


where  a  and  S  denote  Miller's  roots.  A  recent  (1050)  research  report  (Ref.  26) 
s  s 

lists  the  following  results  obtained  from  Miller's  table  by  dividing  a  ^  /3g+1by  :Vir 
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Table  0 

TAR], 15  OF  BREMMEIl'S  CONSTANTS  It  I 

'  s 


s 

1  T  | 

It  I 

s 

1  T  1 

It  | 

s ,  0 

s,  o' 

S  ,  «o 

0 

1. 85575708 

0.808616516 

25 

19.45383898 

19. 20085366 

1 

3. 24460782 

2.57809613 

26 

19.95428298 

19.70453341 

2 

4. 38167124 

3.82571528 

27 

20.44852842 

20.20185516 

3 

5. 38661378 

4.  89182029 

28 

20. 93687144 

20. 69312830 

4 

6. 30526301 

5.85130097 

29 

21.41958427 

21.17863681 

5 

7. 16128272 

6.73731638 

30 

21.89691791 

21. 65864212 

6 

7.96889165 

7.56829093 

31 

22.  36910440 

22. 13338559 

7 

8.73747153 

8. 35580960 

32 

22.83635881 

22.60309063 

8 

9.47362183 

9.  10775848 

33 

23. 29888096 

23.06796458 

9 

10. 18220685 

9.82981304 

34 

23.75685692 

23. 52820029 

10 

10. 86694205 

10.52623016 

35 

24.  21046034 

23.98397750 

11 

11. 53074627 

11.20030653 

36 

24.65985356 

24.43546415 

12 

12. 17596542 

11.85466121 

37 

25.  10518866 

24.88281736 

13 

12.  80452070 

12.49141870 

38 

2b.  54660838 

25. 32618449 

14 

13.41801060 

13.  11233258 

39 

25.  98424688 

25.76570393 

15 

14, 01778319 

13.71887155 

40 

26.41823048 

26.20150586 

16 

14. 60498862 

14. 31228141 

41 

26.  84867830 

26.63371297 

17 

15. 18061824 

14.89363039 

42 

27.27570281 

27.06244101 

18 

15. 74553413 

15.46384328 

43 

27.69911041 

27.48779937 

19 

16. 30049193 

16.023T2745 

44 

28.  11990179 

27. 90989158 

20 

16. 84615869 

16.57399308 

45 

28.  53727244 

28. 32881568 

i  21 

17. 38312698 

17, 11526902 

46 

28.95161299 

28.74466471. 

22 

17. 91192624 

17,64811556  ' 

47 

.  29.  36300957 

29. 15752704 

23 

18.43303197 

1 8; 17303452 

48 

2.9.773,54409 

29.56748664 

•24 

18. 94687327 

18.69047771 

49 

30. 17729458 

29. -97462340 

In  Table  6  we  reproduce  these  tables  for  the  convenience  of  adherents  to  Bremmerls 
notation.  Although  this  is  a  simple  step  to  carry  out,  it  would  have  been  unnecessary 
if  the  natural  units  proposed  by  Bryce  (Ref.  10),  and  used  by  Freehafer  (Ref.  8)  in 
Vol.  13  of  the  Radiation  Laboratory  Series  and  by  all  current  Soviet  writers  (Ref.  14), 
had  been  employed.  These  units  have  been  defined  in  Section  1  to  be 


d 


o 


h 

o 


(Iff 


(5.3b) 
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Section  6 

HISTORY  OF  NOTATION  FOR  TRANSITION  REGION  FORMULAE 


One  modern  writer  has  accepted  Fock's  normalization  'although  the  notation  of 
van  dcr  Pol  and  Breramsr  should  have  a  historical  priority. '  It  is  a  curious  fact 
that  the  normalization  of  t  used  by  Pryce,  Freehafer,  Furry,  and  Fock  actually 
has  the  historical  priority.  Pryce  is  the  only  modern  author  who  is  apparently 
aware  of  the  fact  that  in  1010  Poincare'" (Ref.  27)  had  indicated  for  the  special 
case  t  =  t  ~  0  that  the  diffraction  formula  should  be  of  the  form 

1  Ci 

R^  exp(itg£)  (6.  1) 


where  t  denotes  the  roots  of 
s 


.  F' 


t ,  exp(i  47/3)  =  0 


(6.2) 


and  ‘ 


F(t) 


00  ,3,  7  3  j 

=  J  expiitx  -  i  j  dx  -  2  J  cos  -  txjdx  i 


t3  t6 

A  !  1  + 


2-3  2-3-4-5 


)  +  Ai('-|a  * )  <6-3> 


a  - 
0 


G)  ■  *1  - 3,/,i  r(l) 


is  a  solution  of  Airy's  differential  equation 


1  tF  '  0  (6.4) 

dt 
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Unfortunately,  Poincare  did  not  determine  Rg  explicitly.  The  brilliant  analysis 
of  the  problem  given  by  Poincare  is  marred  by  the  fact  that  the  significant  results 
are  hidden  in  the  difficult  style  of  writing. 

Poincare  showed  that 

F (t)  ,  exp(i  2jt/3)  F  [t  exp(i  2rr/3)  J  ,  exp(i  4ir/3)  F  [  t  exp(i  4ir/3)  ] 

(6.5) 


were  all  solutions  of  Airy's  differential  equation.  He  showed  that 


F(t)  t~  2 /Ft’ 1/4  cos  (|  Iy2  -  f) 


1/4exp 


-|(-t)3/2  ] 


Poincare  sought  to  evaluate  the  infinite  series 


g  =: 


oo 

■  -  r4  xrS  n(nt  ’> 


/ cuD  H 


(2) 
n+  1/2 


(wD) 


4ttcu  P  P  n=l 


/cup  H(2) 


>(wp) 


oo 

Un(cos  0)=^  Anpn(cos 


n=l 


d(cup)  '  iH-  l/2'  ,  (G  C) 

for  cup  »  1  and  cuD  ~  cup.  He  showed  that  for  n  in  the  vicinity  of  cup, 


A  =  - 
n 


/cup  H<2)  .  (cup) 

■^74  n(n+  l)(2n+  i)  -J— i"^:  (fe - 

d(^rwPHn+l/2(wp) 


where 


-<-))"  2/3 
^2  pZ 


nZ  F  [t  exp(i  4  it/ 3)  1 


u’p  F'  [t  exp(i  4jr/3)] 


(6.7) 


2/3 


1/3 


1  =  (f )  (^“O-Hwp)  (wp-n) 


(6.8) 


cu  p 
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The  Legendre  polynomial  was  replaced  by  the  approximation 


pn  (c°s  o)  oos(n0  +  1  ~  t)  <6-9> 

The  series  was  replaced  by  an  integral  which  had  poles  when 


where  t  denotes  the  roots  of 
s 


F'  ^  tg  exp(i  4tt/3)  =  0 


However,  Poincare  did  not  evaluate  t  ,  nor  did  he  complete  the  analysis  to  show 

s 

that  the  residue  of  at  these  poles  was 

2/3 

KcsA  *,_!,»  (H6 )  J.  (6.11) 

n  ^  \  a  j  %, 

P  8 

At  the  pole,  the  Legendre  function  can  be  approximated  by 


Ph  (cos  0)  i 
s 


1  /  2  \1/2 

- - ( - j  exp(-  ic opO  +  i  7r/4)  exp(it  £  ) 

9  r— t— ^  \  wp  /  s  • 

2  V7r  sin  t> 


Kf) 


1/3 


(6.12) 


However,  Poincard’ did  not  complete  the  analysis  to  explicitly  evaluate  the  coefficients 
Rg  in  the  asymptotic  result 


CO 

M  - -  Y  R,  exp(it  £) 

ka— & 
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In  fact,  he  uid  not  go  bo  fur  us  to  assort  ihuf 

R  -  K/t 
s  s 


V  Rg  exp(iy> 

S=1 


:  KY  exp(i£tg) 
s^l  s 


(6.  13) 


where  K  does  not  depend  on  s  .  However,  it  is  quite  clear  from  Poincare's  paper 
that  he  was  interested  in  methods  and  not  in  explicit  results .  Throughout  this  paper 
he  makes  frequent  use  of  constants  which  are  never  explicitly  evaluated.  For  example, 
he  writes 


/x  Jn(x)  «  K1  x'/fiF(t)  ,  H^(x)  «K  xVHF[t  exp(i  4  tt/3)  ] 


,(2), 


1/6. 


/  v^3  .  2  .  .  0  d/3 

1  =  (!)  ( *  -  — IT )  ~  ( x )  {x"n) 


(6.  14) 


but  does  not  state  the  definition' of  and  K  .  However,  since 


“  (  vrx  Hg2)  (X)|  *  k'j  'V 2  exp(i  4  ir/'A)  x"  1/6  F*  [t  exp(i  4  ,/3)  ] 


the  constant  cancels  out  when  using  the  quotient 


/x  H(Z)(x) 

_ 

d 


dx  I 


/x 


n 


(X) 


exp(-  i 


a  iy  o; 


F[t  cxp(i  4 x/3)  J 
F1  [t  exp(i  4ff/3)] 


(6.  15) 


This  paper  is  made  oven  more  difficult  to  read  because  Poincard  generally  suppressed 
the  arguments  of  his  functions  and  one  has  to  follow  the  derivations  very  closely  in 
order  to  know  what  arguments  are  implied.  A  number  of  unfortunate  printing  errors 
further  complicates  the  reading  of  this  paper.  In  spite  of  the  objectionabie 
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characteristics  of  the  paper  ,  it  represents  a  very  thorough  study  and  the  careful 
reader  is  fully  aware  that  the  brilliant  analysis  therein  reflects  the  fact  that  this 
research  study  was  made  by  one  of  the  greatest  of  the  mathematical  physicists 
of  the  second  half  of  the  nineteenth  century.  In  addition  to  these  faults,  Macdonald 
(Ref.  2),  Love  (Ref.  281,  Watson  (Ref.  3)  and  other  contemporaries  dismissed 
the  paper  as  "lacking  in  rigour  in  some  points  of  detail.  "  Consequently,  later 
writers,  by  failing  to  read  the  paper,  missed  several  important  points.  The  most 
significant  result  which  escaped  notice  for  thirty  years  is  that  concerning  the  three 
Airy  functions 

F(t)  ,  F[texp(i  2ir/3)  ]  ,  F  [  t  exp(i  4ir/3)  ] 

If  we  observe  that 

OO 

F(t)  =  2  j*  cos  -  xt^dx  -  2  u  Ai(  -t)  (6.16) 

Poincare'  0  Milier-Jeffreys 

the  results  given  by  Poincare  imply  the  properties 

Bi(x)  +  t  Ai(x)  =  2  exp(i  tt/6)  Ai  [  x  oxp(i  2>/3)  j 

Bi(x)  -  iAi(;jc)  =  2  exp(-i  v/6)  Ai[x  expf-i  2  n/3)  J 

Bi'(x)  +  1  Ai'(x)  =  -  2  exp(-i x/6)  Ai'  [  x  exp(i  27r/3)] 

Bi'(x)  -  iAi'(x)  =  -  2  exp(iTr/6)  Ai'  [  x  exp(-i  2ir/3)  (6.  17) 

which,  for  example,  permit  us  to.  determine  the  roots  of 

Bi(x)  -  iAi(x)  =  2  exp(-i  tt/6)  Ai  [x  exp(-i  27r/3)  ] 

in.  terms  of  the  roots  of  Ai(  -  a)  =  0  ■ 
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Many  of  the  concepts  developed  by  Poincare  were  arrived  at  independently  by 
Nicholson  (Kef.  1). 

In  a  paper  published  in  1910-1011,  Nicholson  showed  that,  for  ka  >>  1,  the  infinite 
series 


H 


i  sin  0 


^  a  “/I ica  fr'l 


I 


m 


-12) , 
rt'  (ka) 
m  '  ' 


d  Vka  H(2)(ka) 

m  •  ' 


d(ka) 

could  be  approximated  by  the  series 

oc 

2  /Itt  1 


dP  (cos  6) 
n _ _ 

d(cos  0) 


,  .  m  =  n  +  - 


H</>  2  ka  , — — x  aw 

cl  V  sinO 


^  ^  exP[  "  l(vg0  -  Jr/4)  ] 


(6.  18) 


(6.  19) 


where  v  denotes  the  rools  defined  by 
s  ■  J 


_  _a _ 

8(ka) 


(2) 

/ka  II  (ka) 
■  "s 


=••  0 


(6.20) 


and  A  denotes  the  residue 

‘  s  ••  : 


(2) 

AaMI  ka 


\  l  ^1  ^ (ka) 

Or  0(ka)  >  ■  v  ' 

S  o 


(6.21) 


In  order  to  Compute  rg  and  ,  Nicholson  wrote  Lorenz's  (Ref.  20)  1890  results 


frtx  (1,2) 

/  2  .Vl/2(X)  =  Vn(x)±,Wn(x) 


(6.  22) 


o  u 


1/3 

r  cos(tu  v  ’  +  u)du 


(6.23) 


W  (x) 
n  /3rr 


!_(«// 

3-n-  V  G  /  .•/ 


O  U 


2/3 


'S-in(tu1/,'}r  u)  t  exp(eu  u) 


du  (6. 24) 
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where 


e  =  (G/x)1'73  (m  -  x)  , 


=*  n  + 


m  "11 


in  the  form 


ka  + 


(t) 


V3 


00  °°  „  T  3 

f(p)  _y  cos(w3  +  pw)dw  1  i J sin(WJ+  pw)dw  +  i  J  exp{-w  +  pw)dw 


d 

He  then  let  p  denote  the  roots  of 


and  wrote 


dp 

..  Nv 


J/3 


=  ka  +  (~Y  Ps  =  ka  -  i(ka)V3  Pg 


and  showed,  that  for  r  =  a 


K 


0 


r=a 


\/>  ” 

-kV)'5/6(^,-)  I  -J-exp[-iUa»  -  (ka)173  +  i  - 

S  *“  1  s 


Nicholson  evaluated  the  fiyst  root  and  obtained 

v  =  ka  +  (0.5192ka)1/exp(-i*/3) 

=  ka  -  i(ka)1/3  (0.696)(1  +  i  ~j=  ) 


or 


0.G96  (1  +  i  ) 
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(6.30) 
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Nicholson  knew  that 

00 

fj(p)  -  J  cos(w  +  pw)  dw  (6.33) 

o 

was  related  to  Airy's  integral 

CO 

W(p)  =  J  cos  |  7 r  (w3  -  pw)dw  (6.  34) 

o 

introduced  in  1838  by  Airy  (Ref.  30).  In  1851,  Stokes  (Ref.  31)  computed  (to  an 

accuracy  of  four  decimals)  the  first  fifty  zeros  of  W(p)  and  the  first  ten  zeros  of 

the  derivative  w'(p).  The  first  few  of  these  were 

H  =  2.4955,  4.3G31,  5.8922,  7.2436,  8.4788 . 

p  =  1.08(45),  3:.  466 i),  5.1446,  6.5782,  7.8685 . 

With  one  exception  (the  first  zero  of  the  derivative,  which  should  be  1.0874  not  I.  0845), 
all  Stokes'  values  were  later  found  by  Miller  (Ref.  16)  *o  be  correct  within  a  unit  of 
the  fourth  decimal.  We  observe  that 


Nicholsc 

fw  -f 

o 

Y  =  2 

so  that 

Thereto 


fj(p>  =^72  W 


-  (2/tt  r°P 


,2/3  „  "J 


(6.  35) 


an  failed  to  observe  that 

0  oo  OO  i 

3  r  3  f  3 

cos(w  +  pw)dw  +  i  /  sin(w  -i-  pw)dw  +  i  /  exp(-w  +  pw)dw 

o  6 

exp(i  7r/3)  f,  £p  exp(-i  2x/3)  ] 


(6.  56) 


f(p)  -  2  Vtt7 2  exp(i  7r/3)  W 


(2/n)^  p  exp(i  7r/3) 


(6.37) 


i'  ifs]  -  2  exp(i  2ir/3)  W’ 


(2/tt)2//3  p  exp(i  tt/3) 


(6.  38) 


W(p)  =  0  : 
W'(p)  =  0  : 
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The  roots  sought  by  Nicholson  are  thus  given  by 

p  =  (tt/2)2/3  u  exp(-i  ir/3) 

©  o 


(6.  39) 


Nicholson's  19 10  work  resulted  In 

(p^)3  =  3.115  exp(-iTr) 

-which  leads  to  =  1.081.  This  is  further  from  the  true  value  =  1.0874  than 

Stokes'  (1851)  incorrect  value  1.0845.  Nicholson  did  not  seek  p  for  s>l  . 

's 

It  is  a  curious  fact  that  the  property 

f{p)  =  2  exp(i  7r/3)  f1  [p  exp(~i  2ir/3)  J  =  2  exp'i  ir/3)  f  [p  exp(i  4-7/3)] 


leads  to 


H(2)  (ka) 

V 


2  /_6  \1/3 

TT  (ka  ' 


5 

exp(i  n/3)  f^  [p  exp(i  4r/3)  ] 


but 


f  1<P) 


2  Vs 


F  (-  7^-)  =  ^F7S  W[-(2/7T)2/3p] 
•J~ 3 


t 


Nicholson 


Poincar^ 


-  (tt/2)2/3  h 


Stokes 


(6.40) 


and  hence  Nicholson's  form  of  this  approximation  turns  out  to  be  identical  with 
Poincare's  form 


v 


(ka)  ~ 


F  [t  exp(i  4x/3)  ] 


(6.41) 


except  that  now  the  arbitrary  constant  has  been  evaluated. 
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This  change  in  notation  resulted  in  Nicholson's  1910  result 


The  routs  p  used  by  Nicholson  arc  related  to  the  roots  x  used  by  Macdonald  through 
the  relation 

Ps-1  "3  3  “  x^3  exP(i  ir/G)  (6.47) 

•/24  8 

and  the  p  have  the  property 
s 

Pa  =  3(x  /2)2/3  exp(-i  tf/3)  (6.48) 
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In  this  paper,  Macdonald  (Ref.  2)  computed  t.he  first  three  values  of  x^  with  the 
result  that 


x1  =  0.6854  ,  x2  ~  3.90  ,  xg  =  7.05 

The  true  value  of  x^  is  x^  =  0.685384  and  hence  Macdonald's  value  of  x^  is 
correct.  The  next  9  roots  could  have  been  immediately  written  down  correctly 
from  Stokes'  values  of  the  zero.  For  example,  the  values 

x2  =  3.9028  ,  xrj  =  7.0549 

follow  from  the  second  and  third  of  Stokes'  roots  since 

xs  =  ^s/ 3)3/2  (6,19) 


It  is  a  curious  fact  that  from  1914  to  1941  every  author  writing  on  these  diffraction 
problems  employed  these  awkward,  multivalued  Bessel  functions.  This  is  un¬ 
doubtedly  due  to  the  fact  that  a  1918  paper  by  Watson  (Ref.  3)  is  generally  taken  as  the 
basis  for  these  diffraction  studies.  In  this  paper,  Watson  used  the  approximation 


H^(x)» exp(-i  “)  exp  J-i  u(w  -  w3/3  -  arptg  w)  J  I^3  (6.50) 


where 


w 


s  arg  w  <  g 


/  2,  2  , 

“  v  x  /  u  -  1  , 

w  -  w'V 3  -  arctg  w  =  -  v/Vi 3  +  O(w^) 


Since 


7 


(T  (. 

-exp(-r 


"  1  u) 
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it  is  convenient  to  write  Watson's  result  in  the  form 


II  ‘  (x)  exp£-ix(sin  t- tcos  t)+ i -j] 

1  1/  7T  /  x“  - 


y?exP(ii;-  if|)Hj2)  (s) 


where 


.  3  ,  2  .  v  3 

v  =  x  cos  r  ,  £  =  (x/3)isin  t  /  cos  r)  -  v;  w 


(6.51) 


This  form  emphasizes  the  fact  that  Watson's  form  leads  to  the  result 

H^(x)  «  /  ~  exP  [  ”  }  *(sin  r  -  tcos  t)+  i  4  ] 

^  v  jr  vx  -  v~ 


(6.  52) 


when  x  is  large  and  -  x  «  u  «  x  . 

l/3 

When  n  is  comparable  with  x  (or  more  precisely  when  |r-x|  <x/‘  ),  we  can 
replace  w  by 


w  - 


[2  2  r 

VX  -  v  V 


where 


X  •/  \  X  / 


x  (  x  V/3 
"  “  X  (  2  )  1 


i/3  /  \  1/2 


(") 


Also,  under  these  conditions 


<i*s 


m  fhf]'-*  (-0 


3/2 
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We  can  then  replace  the  exp  j-  ii>(w  -  wJ/3  -  arctg  w)J  by  unity,  and  write 

■fw-  »%[!  <-»3/2] 


(6.  53) 


Tliis  form  derived  from  Watson's  result  was  employed  in  1938  by  van  der  Pol  and 
Bremmer.  However,  they  wrote 


x  1/3 

V  -  X  +  X  T 


and  hence 


Hf  w 


Hm,.2T)1/2  „^)[1(.2t)3/2  ]  (6. 54, 


Watson's  restriction  -  tt/2  $:  arg  w  <  tt/2  permits  us  to  write 

|w3  «  |(-t)3/2  =  |  t3/2exp(-i  3  tt/2)  =  |  exp(-  i  3^2)  ,  «;  =  \  t3/2 


for  real  values  of  t  .  Then  we  have 


■  1/3 


H(>)  ~  -  ,  "‘Etta'S  (|)  /t  II®  [  £  exp(-I  3,/2)] 


exp(-i  tt/C)  Il^g  [j  exp(-i  3ir/2)j-  2-  K^3  [|  cxp(-i7r)] 


we  have 


H^)(x’'  ~  f  1/3  1/3  ^  Kl/3  ^  exP(-'lir)]=  f  x"  1/3  3"  1/6  ^/3  Kj/g  [«  exp(-  iir)  ] 

o  X 


This  is  precisely  the  form  employed  by  Macdonald,  We  are  therefore  led  to  observe 
that  the  more  rigorous  (and  more  complex)  approximation  introduced  by  Watson  is, 
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before  making  computations,  reduced  to  the  identical  less  rigorous  form  introduced  in 
1890  by  Lorenz  and  employed  by  Poincare  and  Nicholson, 

The  most  remarkable  fact  is  that  during  World  War  II  (when  first  class  physicists 
turned  their  attention  from  quantum  and  nuclear  theory  to  classical  wave  propagation) 
one  of  the  most  significant  advances  was  the  replacing  of  Bessel  functions  of  order 
±  1/3,  ±  2/3  by  Airy  integrals.  We  now  see  that  this  was  merely  a  matter  of  going 
back  to  the  notational  concepts  of  the  mathematical  physicists  Lorenz,  Puiiicare,  and 
Nicholson.  The  remarkable  results 

V^BKt)  -  iAi(t)}  =  v'jrf(-t)  =  ~  jyg  exp(-i  2  7r/3)h2(-t) 

V - - - '  ' - - - '  - - - „  - 

Miller  Pryce  Furry 


w2(t)  -  y2(-t> 

F  ock  Freehafer 


exp(-  i  7r/6)  F  [-t  exp(i  47r/3)  ] 


Poincare 

merely  reflect  the  fact  that  these  men  chose  to  take 

Ap  ±  ty(t)  =  0 

dt2 


(6.  55) 


as  standard  form  of  Airy's  differential  equation.  Therefore,  we  feel  that  the  adoption 
of  the  notation  of  Fock  has  an  historical  precedent  in  the  work  of  Poincard  and  rep¬ 
resents  a  natural  choice  since  Pryce,  Freehafer,  and  Furry  independently  chose  a 
related  form.  The  form  used  by  Keller  and  Frans, 

o°  2 

A(ti)  =  f  cos(  t3  -  qr)dT,  ~~  +  J  A  =  0  (6.56) 

o  dq 

has  an  historical  precedent  in  Nicholson's 

CO 

f-j(p)  “  /^cos(r3  +  pr)dr  =  A (-p), 
o 


«  *  - 

- \  “3  fi  =  0  (6.57) 

dp 
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and  Lorenz's 


ow  =/- 


cos(u  -  xu" 


Sf^-x)  =  3A(x) 


d*Q  .  x 


(6.  58) 


However,  available  tables  and  more  general  usage  suggests  that  the  notations  of 
Fock  and  Miller  should  be  employed. 
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Section  7 

STANDARD  NOTATION  AND  TERMINOLOGY  FOR  DIFFRACTION  FUNCTIONS 


In  this  paper,  we  use  Foclc's  form  of  the  van  der  Pol-Bremmer  diffraction  formula 


|V(|.  yx>  y2>  q)  =  exp(- i  tt/4)  /|-  J  exp(i^t)w]L(t-y; 


vft_v  )  -_vlt)-gy(tlw  (t  v 

(  y<  W^t)  -  qw^(t)  wr 


dt 


(7.  1.) 


as  the  standard  form  for  this  function. 


The  case  when  both  antennas  are  on  the  surface  (y^  -•  y^  =  0)  was  considered  as 
early  as  1910  by  Poincare"  (Ref.  27)  and  Nicholson  (Ref.  1)  and  later  by  Watson 
in  1918  (Ref.  3)  and  van  der  Pol  in  1919  (Ref.  5).  In  recognition  of  Nicholson's 
contributions,  the  designation  Nicholson  integrals  or  Nicholson  functions  will  be 
used  for  the  integrals 
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We  observe  that 


and 


If  we  write 


Voa,  q) 


exp(-i  tt/4)  /£ 

2  V  7T 


-i  f 


exp(i£t) 


l  -  - 


1 _ 

w^(t) 


dt| 


qw^(t) 


exp(-  i  tt/4) 
2 


a 

7 T 


/  exp(i^t) 


1  + 


w^t) 

qwL(t) 


we  observe  that 


V  ({,  <0 - -  -  V*  ««)  -  /i  /eXp(iit,--i 

q— oo  M  2q  -»  1 


w,(t) 

(t) 


7t£  «({) 


2q  5 


u(£)  +  .  .  .  .  f 


Therefore,  ’if  |  4  0, 


VQ(^  ,  q) 


2q  £ 


u(S) 


and 


v«,  o,  0,  q)  - *  -  —  U(|) 

{  ^  0  q  i 
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(7.3) 


(7.4) 


(7.5) 


dt 


dt  +  . . . 


(7.G) 


(7.7) 


(7. «) 
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The  designation  Fuck  Integrals  or  Fuck  functions  will  be  employed  for  the  integrals 


'  (x.ai  -  =L  f  dt 

1  /”  J  W.(t)-qw,(t) 

“OO  1  I 

oo 

««  -v.c.  ••-jf/SSg®-* 


f(x)  =  ljiir  -qV  (x,q) 

C]  — *■  oo  I 


~  f 


exp(ixt) 

wt(t) 


dt 


(7.9) 


The  Fock  integral  V  (x,  q)  is  obtained  as  the  special  form  of  V(x,  y  ,  y  q)  when 

;  i  £i 

one  of  the  antennas  is  on  the  surface  (y^  =  0)  and  the  other  antenna  is  raised  to  a 
great  height  (y2  —  «),  Thus, 


V((,  0,  y2>  q)  exp  (i  f  y*/2')  V^x,  q), 


x  =  £  -fy~ 


<7.  10) 


The  case  in  which  byth  antennas  are  raised  to  great  heights  was  first  treated 
correctly  in  1947  by  C.  L.  Pekeris  (Eef.  20).  Therefore,  the  designation  Pekeris 
integrals  or  Pekeris  functions  is  used  for  the  integrals 


V2(x,  q) 


P(x) 

q(x) 


00  , 

_  exfiOjE^B.  f  dt  _ 

V1F  J  W  (t)  -  qw  (t)  2  \!~j\  x 

-CO  X  L 

oo 

-  exp(-  i  -k/4)  V  (x.to  )  =  —  f  exp(ixt)  — dt 
2  /IT  J  w^(l) 


2  /If  x 

1 


exp(-i  n/4)  V  (x,  0)  =  [  exp(ixt)  ~r^r  dt  +  __ 

1  J  WiW  2 VT  x 

—  oO  1 


(7.  ID 


7-3 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILE5  and  SPACE  DIVISION 


I.MSD-2H8087 


/it 

! 


v(4,  yv  y2.  q)  m,  yv  y2>  6XpM  {yf2h  y|/2)]V2(x’  q> 

yi  00  y 

V  — ►  oo 
y2 


(7.12) 


x  =  Z  -fy1  -  Vy^ 

where  F(£,  y  ,  y  )  is  the  "knife  edge"  diffraction  field 

X  La 


exp 


r  .2 

»3  »  (y,-y9)  - 

£_+S.(V  +  y  )  + —  .  ,■  ■*'— 

12  2  2  yV  4£ 


.^e„I[.|(y31/2,y 


f) 


F(4,  yr  V2) 


exp^iZ-i  J  exp(is^/  ds 


,  x  <  0 


-T 


-  'I 


4yy.iy2 


ixp  i  3  (yf7 2  i  y2i//2)  exp(-ir,2-i|)  “  J  exp(is2)ds 


x  >  0 


(7.13) 


where 


r  =  M  :  ■  r-  • 

V/Yj  +  ./y2 


i  -  ■fy,  -  'fy\ 
1 


(7.  14) 
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If  we  define  the  modified  Fresnel  intcfir.il 


00  !  \ 

K(r)  =  exp^-iT2  ~  i  7 )  J  exp(is2j  ds 

K<0)  .  i 

T 

For  large  values  of  t  , 
K(t) 


1 

2  W 


exp 


We  observe  that  for  r i.  e.  ,  x 

A 

-fiK(-r)  +  V2(x,  q) - »  V2(x.,  q) 

iJ  j-  — *■  —  CO 


(7.18) 
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where 


V2(x,  q) 


exp(i  |  )  » 

~37 


f  exp(ixt)  v'W  Z  StlffiL-  dt 
if  J  w\(t)  -  qwj(t) 


Also,  for  t-*  00  ,  i-  e.  ,  x  —  °° 

pK(r)  +  V2(x,  q)  V2(x,  q) 


(7.19) 


(7.20) 


We  designate  as  Pekeris  caret  functions  the  integrals  v'2(x,  q)  and 


PW  -  -ewfi  f)v2(x,  dt 


q(x) 


cry 

■  Vi0> =  jT  /  “p(“)  ^ dt 


(7.21) 


Before  proceeding  let  usj.  .mike  a  few  remarks  in  support  of  the  notations  introduced. 
Let  us  observe  that  when  neither  antenna  is  raised  (i.  e. ,  the  number  of  raisep 
antennas  is  zero)  that  we  have  the  function  "V  sub-zero/',  i.e.  ,  VQ(x,  q).  '•‘’.hen 
one  antenna  is  raised  we  have  the  function  "V  sub-one,"  i.  e.  ,  V^x,  q).  When  the 
two  antennas  are  raised  we  have  the  function  "V  sub-two,  "  i.e.  ,  v2<x,  q). 

The  notation  V^(x,  q)  is  already  in  use  in  Soviet  papers  in  this  field.  The  notations 
VQ(x,  q)  and  V,,(x,  q)  are  new. 

A 

The  function  V  (x,  q)  is  finite  at  x  =  0  but  Vg(x,  q)  has  the  behavior 


2 

exp 


V2(x,  q) 


H) 


x  -*  0 


P./ff  x 


(7.  22) 
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The  Caret  has  been  chosen  so  as  to  cinjihasi Zo 

A 

the  magnitude  of  V^(x,  q)  has  a  graph  with  a  " 
the  caret  to  remind  us  of  this  behavior. 


singular  nature  of  V^{x,  q).  Since 
spike"  at  the  origin, we  have  introduced 


Tim  normalizations  of  u  (£)  and  v(£)  have  been  chosen  so  as  to  yield  the  property 

u(0)  —  v(0)  -  1  (7.23) 


The  normalizations  of  p(.( )  and  q(i;)  have  been  chosen  in  such  a  manner  that 
only  the  real  part  of  these  functions  is  singular.  The  choice  of  the  factor  \f-fn 
is  dictated  by  the  desire  to  omit  a  constant  factor  before  V^x,  q)  in  the  important 
combinations 

±  uIC(±t)  +  V2(x,  q)  •  (7.24) 

i 

We  will  also  use  the  nomenclature: 

1.  Attenuation  function  V  (x,  q) 

2.  Current  distribution  function  V^x.q) 

3.  Reflection  coefficient  function  V  (x,  q) 

These  names  arc  suggested  by  the  applications.  The  function  v0(x,  q)  describes 
the  attenuation  of  the  ground  wave  at  the  ground  due  to  a  source  located  at  zero 
height  on  a  convex  surface.  The -function  V^x,  q)  describes  the  current  distribution 
(tangential  magnetic  field)  induced  on  a  convex  surface  by  a  plane  wave.  The  function 
V2  (x,  q)  describes  the  reflection  of  plane  waves  by  a  convex  surface. 

It  would  be  highly  desirable  if  all  future  work  in  this  field  wore  to  be  done  using  an 
exp(  -iwt)  time  dependence  since  this  has  been  adopted  by  Bremmer  (Ref.  33)  and 
Fock  (Ref.  12)  in  their  books  and  papers.  Not  only  does  the  need  to  use  complex 
conjugate  functions  complicate  the  applications,  but  it  also  can  lead  to  some  confusing 
situations.  For  example,  Fock  uses  the  function 


gw 


-+-■[ 

-co 


exp(lxt) 

w'^t) 


dt 


(7.25) 
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whereas  Wait  (Ref.  13)  uses  an  integral 


U(x) 


exp(-ixt)  dfc 
W'(t) 


(7.20) 


which  can  be  identified  as  the  complex  conjugate  of  g(x).  However,  Fock  would  write 

g<*>  =  f  Jt 

*•-£  w2(t) 

since  _ 

Wl(t)  =  w2(t) 

Wait  Fock 

In  previous  sections,  the  various  notations  for  the  Airy  functions  are  discussed  in 
more  detail,  However,  we  take  this  opportunity  to  urge  that  the  Fock  and  .Teffreys- 
Miller  notations  for  the  Airy  integrals  be  universally  adopted.  The  Fock  notation 
is  convenient  for  the  purpose  of  derivations,  hut  the  best  tables  of  the  Airy  integrals) 
are  those  of  Miller.  However,  after  deriving  results  using  Fock's  v(x),  w.(x),  w?(x), 
it  is  easy  to  obtain  numerical  results  by  noting  that 

v(x)  -  VST  Ai(x)  -  'fn  F(x)  sin  x(x) 

Wj(x)  =  'Jn  j  Bi(x)  +  i  Ai(x)  J  F(x)  exp[iX(x)]  (7.27) 

wQ(x)  =  V^T  j Bi(x)  -  i  A--(x)  j  =  v7  F(x)  exp[-ix(x)] 

In  using  the  residue  series  we  need  the  roots  tg(q)  of 

w.[(tg)  -  qw^y  -  0  (7.28) 
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and  Miller  uses 


Therefore 


wj(y  -•  0  (7.29) 

Wj(t”)  -  0  (7.30) 

AT  (a  ' )  =  0  (7.31) 

Ai(a  )  =  0  (7.32) 

tg  =  -  exp (i  |  )  (7.  33) 

t"  =  -exp(lf)a8  (7.34) 

Fock  Miller 


It  would  be  better  to  change  this  notation  in  the  following  manner;  Let 


a 


s 


(7.35) 


(7.36) 


The  precedent  already  exists  since  or  and  were  defined  in  this  way  by  Pryoe 

and  Dumb  (Ref.  10).  We  also  propose  to  let  t , (q)  take  on  the  limiting  forms 

s 


LsW  - 

t00 

s 

=  as  cxp(i  §) 

(7,  37) 

v°> = 

t° 

o 

-  ps  exp(i  |) 

(7.  33) 
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This  notation  can  be  contused  with  dock's  notation  since 

tsK>  =  t°  =  C  (7'39) 

Fock  This  paper 

tg(o)  =  t'  =  t°  (7.40) 

Fuck  This  paper 

However,  the  change  is  urged  in  order  to  let  the  superscripts  indicate  the  limiting 
value  of  q  instead  of  the  boundary  condition.  This  change  has  already  been  made 
by  Wait  who  uses  a  result  equivalent  to 

i”  =  0S  exp^-i|)  -  complex  conjugate  [  t°  ].  (7.41) 

Wait  This  paper 

This  is  a  good  example  of  the  reason  why  one  time  dependence  should  be  used. 

We  should  also  remark  that  one  should  write  Miller's  values  of  Ai'(a  ),  Ai(a'  ) 

s  s 

in  the  form  * 

Ai'(ag)  =  Ai^-o-g) 

Ai(a's)  =  Ai(-/3g) 

Also 

W'lO  =  Wj(t”)  -  "  2  eXp("  1  g)  Ai'<“  Wg) 

This  paper  Fock 

2  JiF  ex.p(i  Ai(-  pj  (7.45) 
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In  soviet  publications  (Ref.  14)  these  integrals  have  been  defined  as  follows: 

V(x,  y,,  y9>  q)  ■=  exp(-i|)  /|  f  exp(ixt)  F(t,  yr  y 2=  q)  dt  (7.46) 

r 

V^z,  y,  q)  "  -jjpf  exp(izt)  $  (t,  y,  q)  dt  (7.47) 

r 

where,  for  yg  >  y  L  , 


F(t,  y2,  q)  =  w^t  -  yg)  <f>  (t,  yy  q) 


(7.48) 


4>(t,  y,  q) 


v  (t)  -  qv(t)  „ 

v  (t  -  y)  -  "1 T - w  (t  -  y) 

wt(t)  -  qw^t)  1 


w  (t)  -  qw  (t) 

w2(t-y) - tttt - — 

1  wx(t)  -qwj(t) 


-  wL(t  -  y) 


(7.49) 


where  r  is  a  contour  which  starts  at  infinity  in  the  sector  —  <  arg  t  <  n  ,  passes 
between  the  origin  and  the  pole  of  the  integrand  nearest  the  origin,  and  then  ends  at 
infinity  in  the  sector  -  yj  <  arg  t  <  ~  . 


Some  special  cases  of  these  integrals  have  been  given  other  symbolic  designations 
by  the  Soviets.  For  example, 


g(z)  =  Vr1(z,  0,  0) 


f(z) 


3V1(z,  y,  w) 

5y 


y-o 


i-J  exp(iat)  -Vdt 
r  1 


(7.50) 


(7.51) 
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We  also  find  in  Soviet  literature 


and 


vnu,  qi 


GXP(' d)  f  v’(t)  -  qv(t)  ,u 

- J  exPU£t)  -r rf — a  at 

jj  '  w  (t)  -  qw  (t) 


f(£)  =  -  vn(f.°°  ) 


exp 


(li) 


V7  / 


exp(igt) 


v(t) 

W^t) 


(7.52) 


dt  (7.58) 


g(t> 


-V  a,  0)  -  Ailf  exp(Itt)  — 7-^-  dt 
11  'Hi  J  w  (t) 


(7  54) 


and 


m  - 


exp 


Of) 


Btt) 


2  'fii  Z 

M1*) 

2  /if  £ 


+  f(£) 


+  K(£) 


(7,55) 


(7.56) 


The  notations  introduced  by  Fock  and  his  co-workers  have  not  been  strictly  adhered 
to  in  this  report. 

We  follow  Fock  and  define 


f(| )  -  j  exp(iit) 


wT(t) 


dt 


gd) 


~  f  exp(i^t)  ~ 
V  7T  J  w  At 


w^t) 


■  dt 


F(|)  =  exp^i  j  f(f ) 


G(7)  =  exp(i  )  g(£) 


(7.57) 


(7.58) 


(7.59) 

(7.60) 
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In  the  ease  of  t'  ock's  V(x,  0,  0,  0)  and 


ovf  ay 2 

UO  =  exp  (  i  ~J  j  exp(Ut) 


v(x,  u,  u,  «>)  we  aenne 


w  *,  (t) 

w^t) 


-  rll  = 


vca  n  o  ooi 


«  9y1  ay2  *'  ’  ' 

(7.61) 


w  At) 


/  _\  i  it  r  "iw  I 

v(0  =  exp(-  i  f )  2  7^  /  exp(iO)  dt  '  =  2  V(^ 

r1  1 


,  0,  0,  0) 


(7.62) 


In  place  of  Fock!g 

f,  g  ,  Vn  ,  f  ,  g  we  define 

P(0 

=  VT  / 
r 

exp(iO)  dt  -  exp(-  1  4 

)  £tt) 

(7.63) 

q(0 

-  JL  f 

exp(iO)  dt  -  exp(-  i  | 

)  g(0 

(7.64) 

V2  (S  ,  q) 

=  Vn  «  ,  q) 

p(0 

•=  exp(~ 

i|)f(0  ,  q(0-exp(-i| 

)  s(0 

(7.65) 

so  that 

:  -Vv?T  +  m 

(7.66) 

q(0  =  -  ‘/or:—  +  q(0 

2  Vir  ^ 

(7.67) 

We  have  also  defined  a  set  of  integrals 

p(40 

P(0 

(7.68) 

Qa)  =  j—  exp  [i(43+|) 

q(0 

(7.60) 
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which  nave  uus  properties 


Ptt) 


Q(4) 


.  2  20  , 
,  ,  ? 


.  .2  28 

_1  1  3  1  6  + 


4  — 4  4 


(7.70) 


(7.71) 


The  Soviets  have  defined 


>(4) 


F(4)  -  exp (i )  f(4)  -  exp 


i  ('*-  +  *\ 
1  12  4j 


G(4)  =  exp(i  K«)  -  exp  i  +  f) 


P(4) 


q(4 ) 


so  that 


P(4)  -  —f-  r  F(4) 

/-i 


Q(4) 


2  0(4) 

/  -4 


(7.72) 

(7.73) 

(7.74) 

(7.75) 


In  this  study,  a  set  of  generalized  diffraction  integra  ls  have  been  defined.  For  these 
the  notations  are: 


! 


,  ,  .nr  w'(t) 

1  «'  kf  ‘  “jtj  * 


0  <  4  <  °o 


K 


(n) 


.  r 


.  n  r-  v/  (t)  I 

(4)  -  gj  J  t  exp(iSt)  ^  dt 

r,  1  ' 


(7.70) 

(continued) 
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f(n,«>  - 

V  TT  jL 

“Ptet*  W1(t) 

dt  \ 

i 

S>>  <«)  - 

I!1.  / 

t  exp(4t)  w,(t) 

1 

dt  | 

j 

f 

>  -  OO  <  |  <  CO 

/*"  f 

* 

dt  j 

j 

i(n) «)  = 

Jl/ 

/W- 

t  exp(i|t) 

dt 

/  (7.76) 

We  observe  that 

u<{)  = 

2^Fexp(-i  j(0)(f) 

v(4)  = 

exp(i|)^Kfo)(4) 

f(4)  - 

f(0)  ({) 

«<l)  = 

B(0)«) 

Ptt)  = 

P(0,«) 

q(«)  = 

q(0)(l) 

(7.77) 
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For  n  >  0  we  observe  that 

f(n)<st)  -  m 

cir 

-  -4  *«) 

d? 

p(n)<o  =  4  m 
q(n)(0  --  q«) 

d^n 


J(n) «) 

K(n)(0 


J(o)(0 


K(0)(^) 


For  all  values  of  n  we  observe  that 


z(n  1 1}«)  ^  Z(n)«) 

where  Z^(£)  denotes  any  of  the  functions  J^(£) ,  K^(£)  .  f^<£)  ,  g^(£)  , 
n  (s)»  r/n^(?)  .  For  ^>0  wc  also  have  the  property 

OO 

Z(n)«)  =  -/  Z(n_1,«)d4 
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We  have  also  defined  a  set  of  functions 


.»  r 

J  t'“  exp(i^t) 
r 


rw;(tpm+1 


«f  i+\ 

"  ru/ 


dt 


K<n)(|) 
m  ' 


f 


in  f  ,n  ..... 

lil  J  1  ex[)(u:l> 

r 


wrt) 


(n) 

m  (i)  JT 


w]  (t) 

LrJ  tn  exp(i£t)  ~7 


m  +  1 


dt 


Wj<t) 


rw'1(t)-’m 

wi(tK 


dt. 


c  «> 


ir/‘n  w(ltt|  i-f® 


w^t) 

w't(t) 


dt 


r<n>^) 

m 


7-  j  t'1  oxp.(i«t)'  _  -  '  _jj 

V7T  7  r„,  «n 


W' (l) 

w~W 


m 


dt 


s(n)tt) 

m 


J  tn  exp(i^t) 


/tt 


[W  (U  j 


w,(t) 

w-w 


-|  m 


dt 


(7.79) 


which  also  possess  the  property 


z(nl  ’>«) 

m 


i  Zm«> 


For  m  -  0  we  have 

jJ,n)<?)  =  J0l)(O  K<n)($)  =  K(n)(0 

f(n)(a  =  f(n)  (5)  g(n)(i)  =  g(n>(?) 

(7.80) 
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and  we  define 
M 


(5)  =  v(n)(4)  =  4=r  f  tn  exp(i^t)  1_  2-  dt 

^  J  r«,  (t)i 2 


and 


s(n)(5> 

o 


=  e 


(n) 


(5)  =  ~  J  exp(i?t) - - 

r  [w^(t)]‘ 


r(°) 


(«)  =  r(«) 


/ 


vv  r 


exp(i^t) 


1 


dt 


dt 


(7,  81) 


s<0)<^)  =  s(5)  =  -!r  /  exp(i5t)  — L-y  dt 

0  ^  r  [w!  (t)]z 


(7.  82) 


The  properties 


,jl  (  JtlQ.  ) 

dt  v  w..  (t)  / 


d  /  v 


wf  (t) 


ut  \  Wj(t) 


["i'wr 


(7.83) 


can  be  used  to  show  that 


r<5)  --  Ul'IO 


,(I)U)  '  =  «q«) 


(7 . 84) 


More  generally,  we  have 


-d=-  J  tn  exp(i5t) ' 


r-iw] 


dt  = 


in  f  v(t)  d 

it  J  w^t)  dt 

r 


t  exp(i|t) 


dt 


in  f  v(t) 

/i  J  w  1  (t) 
r 


i?t"  *  nt-' 


exp(i£t)  dt 
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so  that 


v{n)(k)  -  ii£(n)(o  +  ii>  P(n  1}u) 


In  a  similar  manner  wc  obtain 
„(n+  1) 


(  k)  -  4  q(n)(4)  I-  nq(n_,>(t) 


We  have  also  defined  the  functions 

(■  ,  7T\  ,3/2  T(n) 


u{n)(l;)  =  2V7exp(-if)  |3/2  J(n)(|)  -  I372  -" 


,<n) 


(|)  /V  expji  4  L  2  (4)  -•  £  ] 


<14 

1/2  dn 

(14 " 


r3/S«(0,«) 


v'“'(4) 


and 


f  .  W(t) 

s«>  w,(d  * 

•  '  i-  rva  *- 


OO 

i  .. 

w  (t) 

W'(t) .  dl 

v(4) 

-  “  1  oxp(i4t) 

V7T  J 
-co 

<jO 

w'(t) 

MC) 

-p  /  exp(itt) 

V7T  ion 

V  (t) - - 

OO 

i  r 

W1  (t) 

d(4) 

OO 

M4) 

=  1"  exp(i?t) 

—  CO 

-i/a-dt 

w,(t) 

1(4) 

^  f  cxpUCt) 

’  M  — ~oO 

V/c|r  dt 
w',(t) 

J 

dt 


dt 
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Section  8 

ALTERNATIVE  PATHS  OF  INTEGRATION 


In  the  last  section  we  expressed  the  integrals  in  the  form 


p 

/  exp(i.Pt). .  .  c 

J  exp(i£t)  . . .  dt 

OX! 

■00 

r 

Pryce's  form 

Fock's  form 

We  also  find  it  convenient  to  follow  a  suggestion  made  by  Rice  in  1954  (Ref.  34) 
and  express  these  functions  in  the  form  of  inverse  Laplace  transforms.  This 
can  be  done  by  rotating  the  coordinate  system  by  defining 


and  by  using  the  properties  of  the  Airy  functions  which  are  given  in  Fig.  13.  We 


then  define 

x  =  £  exp(-i  tt/6)  -  (/rT  -  i){k/2) 

(8. 1) 

and  arrive  at  the  following  forms 
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Fig.  13  Behavior  of  Airy  Functions  on  the  Rays  arg  l  =  n,f  .  r  -  Mod  t 
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J|n)K) 


exp^'-i  “  7ijc+_i  oo 


271^  / 


Ai'(a) 


da 


C-l  oo 


K(n)^j  .  exp 


/  .  n-2  \  c+  i<»  ,  . ,  . 

iFIlXl)  f  «"exp(xa)^gi 

e-i«> 


do; 


f(ll)(l) 


g(n,«) 


I  .  n  +4  \ 

exP\  1  ~6~y 


2  rr  i 


c+i«  1 

f  “  eXp(xa)Al^j  da 

c-i°o 


=  -  —j^A  j  anexp(xo;)XIT1— 


dev 


Inverse 

Laplace 

transform 

representation 


G  -loo 


P(n)(«) 


/.n+4  \  c+i00  Ail  exp(-i-7~)(il 

exp(-i  — x)  j  a,»exp(xa)  -  V  - 


2  ni 


C-l® 


Ai(rv) 


do: 


q(n)<*)  i  -W 

2  if  f 


(  .  n  \  o+ioo 

m.  J  an 


cxp(xa)  LL-j^ 


AiTexpf-i -y)o;] 


G-l«> 


Ai'(a)  ' 


da/ 


(8.2) 


where,  for  n  ?rO  ,  we  can  take  c  to  be  any  real  constant  larger  than  the  smallest 
root  of  the  Airy  integral  appearing  in  the  denominator.  For  n  <  0  the  integrands 
are  singular  at  the  origin;  in  this  case  we  Lake  e  o  and  define  the  contour  to;  be 
indented  at  the  origin  by  a  half-circle  lying  in  the  left-half  plane.  Rice  deformed  the 
contour  to  a  form  equivalent  to  that  used  by  Fock,  namely,. 


c+  i«> 


/ 

c-i°° 


exp(xa)  ...  da 


/  exp(Xa)  ...  da 

1. 


where  L  is  the  contour  illustrated  in  Fig.  14  where  a,. .  .a  ...  denotes  the  roots 

°  In 

of  the  Airy  functions  Ai(a)  or  Ai  (a)  . 
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Fig.  14  The  Contour  L 


If  we  use  the  Wronslcian  relation 


Ai(a)  Bi  (a)  -  Ai  (a)  Bi(a)  - 


and  the  relations 


Ai 


exp 


,  r 

Ai  |  exp| 


(-¥) 

Hr)" 


)“]  ~  2OX,‘(i6) 

|  Bi(a)  -  i  Ai(a) 

we  find  that 


and 


_d 

da 


_d^ 

da 


|  Ai  [exp^-i^ja" 
Ai(a) 


Ai'[exp^-i  — )  a] 
Ai'(a) 


exn(i  Bi  (a)  -  i  Ai  (a) 


jl _ 

2”  rAi(a)l  2 


a  exp 


(-*!) 


'it  j_Ai'(a)  |‘ 


(8.3) 


(8.4) 


(8.5) 
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For  x  *  0  (i.c.  ,  for  K  *0),  those  results  permit  us  to  write 

/.  7T  \ 

xp\[gJ 


A  4  P i  ---)  /I 
liALWVJ\  i  rj 


P(U  *  -  TAT1  /  “p(™)  '  ^AT(») 

L 


da 


exp 


£D  f  J>  |»£P<x«)  A1LeKp(-‘f)°3 


2/7  j  da 


exp(xa) 

x  Ai(a) 


exp(i-)  (• 

da  + 1 -  exp(xa) 


2V  7TX 


L 


exp 


J_  A1M-‘  fKi  (fa „  a 

da  Ai(a)  2jr  2/ir  x 


ill. 


f  exp(xa) - ^  da 

J  [Ai(a)  j 


(8.G) 


and 


q(«)  - 


.  AiTexpM 

Tff J  =»P  (*«> — -Kvwf— 


dot 


f  A 


L 


exp(xa!) 

X 


AiTcxp^if-^a] 

Ai'(a) 


da 


-  2  /«  feXP(m> 


Ai'[exp(-i:y)a] 


da  Ai'(a) 


da 


ext) 


H) 


;1_ 

Z7T.  2/ir  X 


f  exp(xa)  - 

i  TAi' 

L  Lm 


a 


da 


[Ai'(a)]‘ 


(8.7) 


since 


f! 

J  da 


exp(xa) 

x 


Ai[exp  ^-i  ^~)a] 


Ai(a) 


da 


lim 
R— ►  °° 


oxp(xa) 


Ai[exp^-i  ^a_ 
Ai(a) 


.j  .  2rr 

a  =  Rexp  i-g- 


_  ,  2tt  B « 

a  =  R  exp  - 1  -Tj- 


lim  exp(gR)  _  q 

P 


8-5 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILES  and  SPACE  DIVISION 


LMSD-288087 


LMHD- 288087 


The  integrals 

f 

u  l  [*(«>!) 


i 


da 


-  f  4 


Ai[oxp^- 


.  Ai(ar) 


lim 

R-*«> 


Ai[exp  (,-<  |7r)u:  ] 


Ai(a) 


—  da 

a  =  R  exp ( 

i?f) 

a-  R  expl 

=  exp(if) 


e^hi) 


f 


a'  L'  [Ai’<„>]  2 


da 


d  Ai'[exP(-if)a] 

./  da  Ai'(a)  flQ 


I, 

lim 
R— oo 


Ai'  [exp  j-i-^)a] 


Ai'(a) 


a  exp  (i  ~) 
a  -R  exp  (-i-2^ 


-  exp 


Of) 


permit  us  to  show  that 


p(£) 

exp  (-if) 

i 

£—0 

2/7  x 

2  . 

q(l) 

exp(-if) 

1 

2/;  x 

2  '/TT  £ 

(8.8) 


Since  x  =  £  exp^-i^  we  observe  that 

i  £  p(£)  -  xexp(i^)p{0  - h-Tr7  /exP(*«) - ^Zz  da  =  r(S) 

\  3/  3*  2Vi  l  [Ai(a)]2 


|q  (|)  =  x  exp^i  q(i) 


JL  1 

2  7T 


4  f  exp(xa)  — 1 
ot  J  r  a  i 


[Ai'(a)]2 


da 


sU)(?)  (8.9) 
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I 


These  representations  for  the  integrals  have  the  remarkable  property  of  involving 
only  Ai(ct)  and  Ai'(o').  In  order  to  justify  the  rotation  of  the  contours,  or  other 
modifications  of  the  path  of  integration,  we  need  only  consider  the  asymptotic 


behavior  of  Ai(a),  Ai  (a )  for  a 


'Til .  - i..l  i  -s 


Aifw  exp(i6) 


«.  r~  . 

V  -Mir  71 ... 
T  *’  V  ^ 


1  .  [_  2  ...3/2  ..  35 

■3 


exp(-i  6/4)  exp  -  w  exp(i  ) 


)  -  7T  <6  <  7T 


Ai(-W) 


W— ►'W 


sin 


r  2  3/2  tt 

[  3  W  +  4 


(8.10) 


are  well  known.  The  asymptotic  form  involving  the  sine  is  actually  valid  for 
Ai[-  w  exp(i6jj  in  the  more  extended  region  -  ^  <  6  <  •-  .  For  large  w  and 
fixed  6  ,  however,  it  coincides  with  the  first  expression  because  one  of  the 
exponential  parts  of  the  sine  is  negligible  compared  with  the  other.  It  is  better  to 
take  the  result  to  be  of  the  form 


Ai[p  exo(i <£)]  - - 


P  — *  CO 


p  p‘1,/4exp(-i-|)  exp 


2/7 


-L  p"1/4ex P(-i|) 

/V  71 


2  3/2  /.  3 d>\ 

-3/1  expli-fj 


S’!  ,  2n 

T  ^  "3 


exp 


2  3/2 
-  3  (>  oxp 


(*¥)B 


exp 


2  3/S 

3P  2. 


0  =± 


2  7T 


1  "1^ 

~  P  exp 
2/tt 


(-■!) 


exp 


2  3/2  /.  3  rfA 


-jjP  exp 


-fc  i  exp 


2  3/2 
3P 


2tt  .  il 


'  3 
1  4  71 


<<j)< 


1  -1/4  • 

— p.  sin 

/if 


F/27 


.  2tt 
3  <  $  <  3 

I  *1  =  » 


(8.11) 
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Wo  observe  that 


Ai(x  i  iy)  Ai(x-iy)  or  Ai(z)  Ai(xi) 


where  the  bnr  denotes  tlie  complex  conjugate.  The  behavior  of 
a.s  ii  function  of  p  is  shown  in  Figs.  15  and  Hi. 


Ai  [p  cxp(i  (/>)] 


Olver  (Ref,  115)  lias  presented  the  complete  asymptotic  expansions  for  the  Airy 
integral  in  a  concise  form.  He  has  defined 


2  .!/2 


s  :i 


(2s_  '  l)(2c  1  3)(2r.  *  r>}_.  .  .  ((is  -  J) 
s  '  s'.  (2 1  (i )s 


Gs  1 

6s  -  1  US 


and 

*  u 

L<£)  >.  ? 
s  o 


M«)  F  fs 

8  "O  q 


3-3  I  .  5-7  •  9  •  1  1  _J  |  7  •  1)  •  1 1  ■  13  •  15  •  17  1 

i  '  2* (2 16)'^  "  * 2  (21gV-  l'' 


} 


:?-7  i  5'7-n-  i:i  t  7-ii- it- i;ms-  19  i 

;i : 2 i t>  ^  2!<ljig)2  :?i (2 ig) 2  £3  '**  *  J 


«  u 

P.(0  >  (-P  4§r  1 


s-o 


°°  u 


Q«)  =2  {-^T^ 


5*7-0- 11  1  ,  9*11* 13* 15- 17- 19*  21  -  23  1 

t - — — - 7— - 


2 1  ( 2 1  fj ) 2 


4 1(2 16)  - 


4 


2s  (1  :i-  5  1  7-  (Ml-  13-  15-  17  1 


S=o 


1  r.2ic  k 


:i'.  (2 10) 3 


r(o  f>f^§§ 


1  1 


s '  <> 


s-o  i, 


5 ■ 7 ■ 9 • 13  1  9«  1 1  -  12* 15 -  17 • 19-21*  25  1 


2'.  (216)  ‘ 


-2 


41(216)' 


r 


9- 7  1  |7dHh  1,'b  15-  19  1 

I'-Zlfi  «  3:  (2 10) 3  t3 
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Then  if  |  /.  |  is  large 

Ai(z)  -  l/^V^e^LK),  Ai’(z)~-~ir"1</2z1</4e"^M(-0,  (|arg  z  |  < 


Ai(-z)  ~  7T  '“7. 


1/2.  -1/4 


coh(/  -  \  7r)  P(0  +  sin(*  -  |tt)  Q«) 

Ai'(-z)-  7r“1/2z1/4  |coa(*  -  f  jt)r(«)  +  sin(.*  -  f  ir)s(|)J 


i  (|  arg  z  |  <*) 


(8.13) 


For  arg  z  -  ±  —  ,  we  use  the  results  ^with  t  =  j  z  |  ,  £  =  |  t3^ 


Ai  1 1  exp(±  i  ~)  |  =  -i  cxp(r  |  Bi(t)  ±  iAi(t) 


1  4 

—  t  exp 


2-f FT 


H) 


exp(-)L^)  l-  exp H)  L(-$) 


(8.14) 


Ai 


t  exp(±  1  -fj  =  -  |  cxp(±  i  £  )  |  Bi'  (t)  ±  i  Ai'  (t)  j 


1 

i  4  / 

— t  exp1' 

2  V  7T 


cp^±  1  ’! ) 


*p(«)  M<$)  +  •£  exp(-$)  M(-() 

u 


(8.  15) 
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By  closing  the  contour  in  Eq.  (8 ..2)  by  a  semi-circle  at  infinity  in  the  left  hall 
plane  (an  operation  which  is  valid  when  the  real  part  of  x  =  (  exp^-i^  is  greater 
than  zero),  it  can  be  shown  that 


U( 


t)  =  2 /if  exp/-i  f )  43/<2  Y  exp(-—  — •  aj  ) 


S  =  1 


OO 

v/m  -  l)  tlft  V  —  Q~n/-  ~  /?  A) 

v«>  ^*4/'  f?  C~P\  2  V/ 


<  I  r-. 

S  =  1  » 


f(l) 


=  exp(-if)£  Ai/bry  exp(-  ^r1  v) 

s=l  s 


OO 

E(£)  -  I  fTK ws)  H'-T1'".*)' 


S  — 1 


n/tq  =  ...  — L-  exp(-i-\  V  -p - 1— a-n-  ex^(- a  (;) 

p(^  2VF  P\  6/^  [Ai'(-as)j”  2  sV 


q(?)  =  -  J-k  exK-1  'S)  S  /?jAi(-V>]‘2'  eXP(_/32l  V) 

s=i  8  '  8 


(8.  16) 


These  residue  series  representations  show  emphatically  the  importance  of  the 
constants  a  ,  Ai  (-or  ),  p  ,  Ai(-5  )  . 

S  So  o 
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Section  9 

ALTERNATIVE  REPRESENTATIONS  FOR  THE  INTEGRALS  u(4),  v(|) 


The  residue  series  representations  for  the  functions  u(4)  and  v(£)  become  useless 
as  4  approaches  zero.  However,  an  alternative  representation  is  easily  found 
since  the  logarithmic  derivatives 


y<“>  “  d5 


log  Ai(cv) 


Ai'fa) 
Ai  (a) 


z(a)  =  log  Ai' (a) 


Ai''(a)  __  aAifa) 
Ai  (o;)  ~  Ai  (a) 


satisfy  the  differential  equations 


=  a  -  yzw 


dz 

da 


2  2 

a  -  a  z  (a) 


(9.1) 


(9.2) 


We  can  then  show  that 


Aj L(a)  =  .  V  A  _ - _ 

Ai(flf)  L  n  (3n-l/2) 
n=o 


/—  11  _5 _ 1  15  _1_  1105  1 

Q  4  a  “  32  5/2  64  4  "  2048  11/2 

a  a  a 


1695  J_  414125  1  59025  1 

1024  7  _  05536  17/2  2048  10 

a  a  a 


12820  31525  1  242183775  1 

8388608  23/2  262144  13 

a  a 
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and 


a  Ai(cy) 
AWq-L 


y 


B 


Z  n  „ (3n-l/2) 
ti=o  « 


SZ  -  I  1  1 


4  a  32  5/2 

a 


21  1_  1463  _ L_ 

64  4  '  2048  11/2 

a  ur 


2121  1  +  495271  1 


136479 


1024  7  65536  17/2  4096  10 

a  cn  a 


14457  13003  1  _  268122561  1 

838  8608  23/2  ~  262144  13 

a  a 


The  Laplace  transform  inversion  integral 
c+  i«= 


J 


exp(xa) 


1 


„P+1 


da 


XP 


lfp+  1) 


c-i<» 


can  then  be  used  to  show  that 


u(*) 


, —  /  .  ir\  3/2  Z 

2V7exp(-ii)?  2  An 

n=o  \  2  / 


3n-3 


=  1 


1  r(-  1/2)  /  w\  >3/2  TSzlM.  ex„/  i  >> 

4  r(2)  P\  1  4 /  4  32  r(5/2)  6Xp\  2/  4 

v<«)  =  -  sft  exp(-i-^)  tl/2  £  Bn 


n-o 


[exp| 

f  .7T  \ 

f  *6  / 

uii- 

e]_ir 

~  J, 

r(2 

3n+  1 
2  , 

r 

=  1 .  1  i:u/2).  exp/-i  A  £ 3/2  +  -1  r(i/2j  exp/_iih: 
4  r(2)  P\  4  /  4  32  r(7/2)  P\  2/  4 

In  Table  7  we  list  results  for  the  first  22  values  of  An,  Bn  . 
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table  7 

VALUES  OF  Ah,  Bn  OC CURING  IN  ASYMPTOTIC  EXPANSIONS 
OF  LOGARITHMIC  DERIVATIVES  OF  Ai(o'),  Ai'(o') 


n 

A 

B 

n 

n 

0 

- 

1. 

1 

i 

- 

0 ,  25 

+ 

0.  25 

2 

+ 

0. 15625 

- 

/.  niouc 

U  .  <5loiO 

3 

- 

0.  234875 

+ 

0 . 328125 

4 

+ 

0.53955  0781 

- 

0.714355468 

5 

- 

1.65527  3437 

+ 

2.07128  9062 

6 

+ 

6.  31904  602 

- 

7.55723  571 

7 

28. 82080  078 

+ 

33.32006  83 

8 

+ 

152.83006  7 

- 

172.34241  9 

9 

923. 85778  4 

+ 

1022.80640  0 

10 

+ 

6271.454 

6847.767 

11 

47242.09 

\ 

51038.51 

12 

+ 

3.910938 x  105 

- 

4.  190135  x  105 

1.3 

- 

3.529629  x  106 

+ 

3.756370  x  106 

7 

7 

14 

+ 

3.449236  x  10 

- 

3.650733  x  10' 

15 

3.  62859  x.  10° 

+ 

3.823037  x  108 

16 

+ 

4.088748  x  109 

- 

4.  291192  x  109 

10 

10 

17 

4.913293  x  10 

+ 

5.  1.39436  x  10 

18 

+ 

6.  271985  x  10** 

- 

6.  541735  x  10** 

19 

- 

8.476114  x  10*2 

-L 

8.  818285.x,  10*2 

20 

+ 

1. 208974  x  10 14 

1. 254962  x  10 14 

21 

- 

1.814970  x  10*5 

1.880248  x  10*5 

22 

f 

2.860712  x  10'° 

- 

1  p 

2. 958293  X  10 
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These  representations,  alons  with  the  residue  series  representations,  permit  one 
to  evaluate  u(i;),  v(£)  for  all  values  of  i. .  However,  another  Interesting  repre¬ 
sentation  for  u(£),  v(£)  can  also  be  obtained  by  means  of  the  Euler-Maclaurin 
summation  formula.  Consider  the  case  of  v(l),  for  example.  If  we  use  Olvers' 
(Ref.  35)  relation 


da 


ds  a'  Ai(a'  )Ai(a') 
s  s  s 


we  can  write 


v«)  =  -  2vV  eK^  Yz)  ^  S  Ir'exp(_¥1  as = "  2V* RXp(_i  e)  ^ 

S  =  1  R 

2  e^Rr1  i'jj)  [  Ai(a 


s=l 
-  2v~n  exp^-i 


2  da' 
_s 

ds 


a  ’ 

8  =  1  S 


exp(^-a^)  +yfixp(^a;| 
s=N 


f 


N-l 


2/n  exp(-iT|)  V?'  2  6XP  as  ?)  +  /  ®Xp  (^T  X  V 


s=l  s 


Ai(as) 


Ai(x) 


-]2  da 
_ s 

ds 


dx 


N 


1  //  3-i  '  „\  .  ,,  r  1  7/3-1  1,1“ 

2^~  eXp(“ 2~  aN  V  +  KML^  exp(-T-  asV  J 


where 


RM  [f(N)  ]  '=  -  ~k  Af<N>  +  24  ^2«N)  “  7#  A'3f<N>  +  •  •  • 


(9.7) 


1  df  1  d  f 

12  dN  720  ,xt3 
dN 


(9.8) 
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Let  us  now  write 


f  _ / V3-- 1  ...  A 

/  exi'\"z 


Ai(x)  i  dx 


N 


-  Jexp(“-  x^) 


Ai(x) 


dx  + 


Ai(x) 


dx 


N 


exp(if^)  ,  f3  f°°  //3„t  \ 

77^  exp(-i  12~)  +  J  exp\  2~  x^) 


n  2 


Ai(x) 


N 


dx 


(9.  9) 


/  t3\  , _  tv\  ^  1  //3-j  i  L\  1  /v3~i  t 

v(4)  =  exp  (-1^)  -  2Vtt^  exp(-ir2)  %  ^  exp[  2  %  4j  +  2a'  exp\  2  aNV 

i  R  ^ 

3  =  1 


f  expf^-x^AKx)]  dx  -.  RM[  -r~exp(^  a^{) 


N 


(9.10) 


If  now  we  use  the  result 


cxp(^2~  4  =  ZL  exp(-in|):<n  J~ 


no 


we  arrive  at  the  formal  result 
.3 


v(0  -  exp(-i^)-  2V¥Texp(-i-^)  V  exp(-lnf)nr 


n~o 


N-l 


.  'n-l  1  .  1  .n-l 
(as)  +  2  a  N 


f,  I  .n-l 


J  xn  Al{x)Ai(x)dx  +  Rm  ^(a^i 


(9.11) 
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The  integral 


OO 

I(n)  =  J  xn  Ai(x)  Ai(x) 


dx 


aN 


(9.  12) 


can  be  evaluated  by  studying  the  generating  function 


y(t) 


CO 

=  f  exp(xt)  Ai(x)  Ai(x)  dx 


a 


N 


n=o 


(9.13) 


If  we  write 


y(t)  =  Ai(a^)  Ai(a^)  h(t) 


(9. 14) 


we  find  that 


4  t  h ’ (t)  i  (2  -  ta)  'n(t)  = 


„  '  ,  .2 

-  za  „  -r  i, 

N 


exp(aNt ) 


(9.15) 


Since 


t  ...  I 


y(o)  -  aN  Ai(aN)  Ai(aN) 


we  have 


h(o)  -  -  a 


N 


(9.  16) 


We  can  also  show  that 


y'(o)  =  -  J  Ai'(x)  Ai'(x) 

n  * 

aN 


dx  = 


ajsj 


(9.17) 


and  hence 


h'  (o>  =  -  |  <»'/ 


(9.  18) 
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tlince 


n 

y(t)  =  Ai(aN)  Ai(a^)  h(l;)  =  ^  r(«»  ^r 


(9.19) 


n=o 


WC  UctU  Jt  oavijh  y 


«*nn<4|1y  rlrtfnvw  t/«\  i™  nolncr  tho  differentia!  equation  satisfied  by  h(t)  . 

J.  tUVHlJ  vIVUVl  UHUV  x\*>/  "‘'■““O  “  -  1 


The  Laplace  transform  inversion  integral  form  is  also  useful  in  the  case  of  the 
function 


w.(t) 


A  1  r  lx' 

vx>  «*> =  ^  /  exp<ixt)  ^p^ty 


dt 


(9.  20) 


which  can  be  expressed  in  the  form  of  the  residue  scries 


Vo(x,  q)  =  2  'Air  i  z  r:  ^ — 2~  exp(ixt^) 


8=  I 


(9.21) 


where 


If  we  let 


wi<y  -•  «*  w  =  0 


ta 


we  can  write 


VQ(x,q)  =-  2V7exp(i|)y 


//3-i  \ 

exp(p~  asx) 


a  +  expl-i  it  I  q 
S”A  s  \  o/  “ 


'/3-i 


=  -  27T  exp(if)  Y  “2-  0xp(  32  1  asX) 
s=l  a  - 


(9.22) 
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where 


Q  =  exp^i  q 


If  we  write 
c+  i« 


OQ 

f  exp(za)  — - — ^ - -  aa  -  2tt i 

■  Ai^a) -Q  Ai(a)  a  -Q 


-  exp(zfyg) 


c-i°° 


(9.  23) 


(9.24) 


where 


(9.25) 


Ai'(o!  )  -  Q  Ai(a  )  0 

s  s 


(9.26) 


we  can  write 


A 

VQ  (x,  q)  - 


_1... 


c  +  ico 


exp^i  j  exp(i'.Q') 


c-i» 


Ai(rr) 

Ai  (a)  -  QAi(a) 


da 


(9.27) 


From  the  property 


Ai'(a) 

Ai(a) 


— - 

a  —  « 


(9.  28) 


we  are  lead  to  consider  the  integral 


c+i° 


W  (x 


(x,  q)  =  -  exp(i  ~~  f  exp(za) 

'  0  >  V7r  J 


C-l°o 


Vc T  +  Q 


da 


(9.29) 


9-8 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILES  and  SPACE  DIVISION 


LMSD-2a8087 


This  is  a  well-known  integral  in  t.he  theory  of  the  Laplace  transformation 


c+j™ 

f  exp(st)  — - —  ds  =  7=4-  -  a  exp(a2t)  erfc(a/t) 
Ani  J  vs  +  a  v  7t  t 

c-ioo 


/jrt 


=r-  -  a  oxp(a2t)  f  exP(“*  )  dA 


aVt 


Therefore,  we  write 


W 


°°  2 

(x,  q)  =  -  expyi^jJ  (2v"?r  i)  ~  ^  exP(®  z)  J  exP("X  )  d\ 

Q/z 


where 


Q  =  exp ( i  g )  d  .  z  =  exp(-i|) 


Let 


(->!)<>« 
H)~2" 


a  -  exp 

2 

P  -  a  ~  expl-i  -i  J  q  x 


and  observe  that 

Q  Vz  —  exp^i  q  exp^-i  ^ ^  x 


exp^i  l)  =  exp^i  ~j  u  =  ior 


Q2z 


and  hence 

W  (x,  q) 


& 

—  ext 
Vx 


00 

p(i|^  1  -  2i<7  exp(-a2)  J  exp(-\2)  d\ 


1(7 
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Now  change  variables  in  the  integral  by  writing 


so  that 


t  =  -i\ 


VQ(x,  q)  «  W(x,  q)  =  ~  exp(i|) 

=  "Tx  exp(l  l) 


9 

2 

+  2cr  exp(-  a  )  f 

exp(t  )  dt 

a 

i°o 

+  27?  exp(-p)  f 

exp(t2)  dt 

Sp 

This  is  just  the  well-known  Weyl-van  der  Pol  formula. 


/S  A. 

it  is  not  possible  to  obtain  results  for  f(£),  g(£),  p(£),  q(£)  in  such  a  direct 
as  for  u ( 4  ) .  v(ij)  since  the  integrands  do  not  behave  like  a  power  of  a  as 
to  infinity  along  the  real  axis. 


1 
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manner 
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Section  10 

ASYMPTOTIC  EXPANSIONS  FOR  THE  INTEGRALS  f,  g,  p,  q, 


The  integrals 


m 


I  r  —gxpiiMl _ at 

Try  Bl(t)+  iAi(t) 

—  CO 


m 


1  r _ exp(lgt) 

7T  J  Bi'(t)  +  iAi  (tj 

-oo 


dt 


oo  00 

=  77  /  exp(li:t)  Bi(t)T^iAr(tj  dt  ’  q(^  f 


AUtl 


dt 


Bi  (t)+  iAi  (t) 


are  known  to  have  asymptotic  expansion  of  the  form 


f(£)  =  2i£  exp(-i^)  ■ 

i1--^  +  •••• 

\  °  I 

[  4£d 

g(£)  -  2  exp(-i  1  i  ~^3  + - 


(10.1) 


(10.2) 


valid  for  £ 

4  ..-30 

in  £ 


In  this  section,  we  extend  these  results  to  include  the  terms 
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Let  us  begin  by  using  the  properties 


1  1 
7r  Bi(t)  +  iAi(t) 


-  2Ai  (t)  i- 


Bi'(t)  +  i  Ai'(t) 
Bi(t)  +  i  Ai(t-) 


+  Alia 
Ai(t) 


Ai(t) 


1  _ _ ; 

ir  Bi'(t)  +  i Ai'(t) 


2Ai(t) 


Bi(t)  +  iAi(t)  t  Ai(t) 
Bi'(t)  +  i  Ai'(t)  Ai'(t) 


Ai'(t) 


i.Ai'(t).  h  Aijt]  _  1  15  1  _  1695  1.  59025  1  242183775  1 

Bi(t)  +  i A i ft 4  Ai(t)  ]{;!_„  "  2t  "  32  t4  "  512  ^7  ~  1024  t10  131072  t13 

(10.3) 


Bi(t)  +  i  Ai(t)  +  Ai(t)  _ ..  _I  2JL  _1_  ,  2121  1  ,  136479  1  ,  2681  22561  1 

Bi'(t)  +  i  Ai'(t)  Ai'(t)  2(2  32  fc5  512  t8  2048  tll  131072  t14+,‘ 

(10.4) 


and 


1  l 

Vi  Bf(t)  i  iAi(t) 


i  Vw  [Bi'(t)  -  i  Ai’(t)]  - 


1  15  J  1695  _1 
t  16  4  256  7 


59025  _1  2421  83775  1 

512  t10  65536  1.3 


Vi'[Bi(t)  -  i  Ai(t)  1 


(10.5) 


_1  1 _ 

Vi  Bi'(t)  +  iAi’(t) 


i  V7r[Bi(t)  -  i  Ai(t)  ]-  j 


_L  +  21J  f  2121  J_  136479  1 

,2  16  ,5  256  .8  1024  11 

t  t  i  t 


2681  22561  1 

65536  t14 


Vi"  [Bi'(t)  -•  iAi'(t)  ] 

(10.6) 
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to  obtain  the  formal  results 


1695 


59025 


'3.1  T  / 1  \  I 

12  7”*  1024 


10 


2421  83775.  + 

131072  1 3r  ■ ' 


i  9i  9191  136479  T  2681  22561  -  ns 

id)  -  21  (0  -  \  «US>  -1  *y?)  "sir  J8^— 2048  J1 1  ^  ~  i~31072  J  14  s 


P(l)=^exp[  i (j2  f  f)  ]~i 


15  „„  ...  1695  .,  ...  ,  59025  „  ... 

Kl(^  +  l6K4^,+  256  K7  ^  512  K10(^ 


2421  82771  K  a)  +  .  .  . 
65536  13w' 


§  X*5«)  f 


2121 

256 


L8(0  + 


136479 

1024 


Lli«) 


2681  22561  T  ,t>  . 
65536  l4U;  ^ 


where 

CO 

I  (fj  f  exp(i£t)  -i-  Ai(t)dt  ,  Jn(£)  -  /  exp(it,t)  -£■  Ai  (t)dt 

n  J  f11  _  t 


and 

oO 

K  (£)  =  v'w  f  cxp(iit)  t.  n  Ai(t)  [  Bi(t)  -  i  Ai(t)  ^  dt 

n  -to 

cC 

L  (£)  =  Vir  J exp[it,t)  t  n  Ai  (t)  [Bi  (t)  -  i  A i  (t)  ]  dt 

—  OO 


10-3 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILES  and  SPACE  DIVISION 


LMSD-288087 


The  leading  terms  come  from  the  integrals 

00  3 

Je(€)  =  j  exp(i|t)  Ai'(t)dt  =  -  i£  exp(-i  ) 

-oo 

o°  2 

Io(^)  =  J  exp(i£t)  Ai(t)  dt  =  exp^-i^j^ 

-OO 

y/7  j  exp(Ut)  Ai(t)  Bi'(t)  -  iAi'(t)  j  dt  =  \  e*p[-i(|g  +  f) 


■fn  j  exp(i£t)  Ai'(t) 


1  i  1 

Bi(t)  -  I  AIM  dt  =  -  -r  —  exp 

J  *  V-£ 


[4  *  J)  ] 


(10.7) 


(10.8) 


(10.9) 


(10.  10) 


We  also  know  the  integrals 


Bi(t.)  -  i  Ai<t) 


K0(£)  =  {jr  J  exp(i£t)  Ai(t) 

-oo 

oo  |  J  1  3 

L  (£)  -  VtT J  exp(i^t)Ai'  (t)  [  Bi'  (t)  -  i  Ai'(t)  dt  =  -  ^  1 1  j  exp]  -  i  +  f) 
0  -oo  L  -1  I  ,  (I  L 


i  __r  , 

IS 3 

\12 

3 

..  _  x  , 

2i 

4  i 

l  . 

«8 

Tlie  Integral 


y?)  =  J  t"n  exp(i|t)  Ai(t)dt 
—  00 

can  be  expressed  in  the  form 


3  1 

An 

Aa 

A" 

a” 

a» 

(-.y 

1  +  i~\- 

2 

.6  “ 

i-J- 

H 

+  _£. 
,12 

+  14  +--- 

\  U  /  I 

r 
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Si  ncs 


and 


d  *„+!«) 

-V-  - 1  y«> 


d  Vi«> 

d? 


=  (-1) 


n  i 


expi 


(-H) 


a"+  1—  (2n  F  2) 

1  +  i  —  - - n - 


A"''' 1  -  (2n  +  5)  Af 1 
^6  ” 


A"+1-  (2n+  8)Ag+ 1 
i  -i - - - ~  + 

r 


,  ivn  i 
(-i)  ^  ex 


/  *3\ 

rC'  a) 


lt.*;  as 

7  ~7  "7 


Wfi  Vl  fS  V  r'  frD  ■Hrvrtivwninw  nr\l/i  (•  |  fivifi 
Wl/  iiavu  wio  i  «vuiox,yu  x  vxai;iuiiQ 


An+1  - 
A1  " 

+  (2n  +  2) 

An+1  - 
A2 

Aa 

+  (2n  +  5)  Aj+  1 

.  n+ 1 

A3  - 

A  IT 

A3 

r  +  1 

+  (2n  +  8)  A  * 

"  An+ 1  - 

4  „  ~ 

+  (2n  +  11)  aJ+1 

An+ 1  - 

+  (2n  +  14)  Af 1 

with  the  initial  condition 


=  1 


r*  0 
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Thg  integral 


oo 

Jn(0  =/  cxp(i^t)  -±-  Ai'(t)dt  =  -i4In  l(0  +  mn+1«) 


can  be  expressed  in  the  form 


and 


J„(i)  =  <~i>"4 :  ^TT  »*p(-i  V) 


„  Bn  ,J 

1  77“  7? 


since 


dJn+l<«> 


i  J„«) 


$ 


d{ 


1  +  i 


1-  {2n+  1)  Bg+  (2n+4)Bj  + 1 


.3 

? 


£' 


B"+,-(2«7)Br1 


.  ,.n  1  /  • 

^  “2n^T  e*V\-l3) 

A 


.  "  b"  bJ  b" 

1  +  1  ,3"  6  _1  9  + 

i  A  s 


we  have  the  recursion  relations 


Bn+1  =  Bn  +  (2n  +  3m  -  2)  b”"  1 
mm  m-1 


with  the  initial  conditions 


B 


o 

r 


0 


r  *  0 
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Let  us  seek  representations  for  K  it)  and  I.  ft )  of  the  form 


n 


K„<*> 


(-  l)n  4n 


K) 


2nTT/2~  eXp[ 


.  f  .  C1  °2  .  +  C4  + 

1  f?T7  P 


,  1.n+1.n-l 

Ln<^  =t\zb?-  ^ 

H) 


-i  (g  +  ^ 

\1^  *±/J 


1+1d:  u"  ,ds  +  d4  t 

7‘7  ?  ^ 


We  observe  that 


i 


dK 


n+1 


d? 


-  iK 


dL 


n  +  1 

d^ 


i  L 


We  find  that 


! 


9 

m 


I 

5 


dK 


n+1 


d« 


=  i(^2^W  exp[_ife  + !)" 


1  .+  i 


C"+,-4(2n+|)  cj+1-  4(2n+^)c" 


n+ 1 


>r-4-  ‘t)c 


17\  „n+l 
2 


dL  ,  .  ,  ,.n+  l.n-1 

_ _ 2+1  =  i  tli _ i _  eXD 

d|  2n-3/2  P 


+  f) 


1  +  i 


-  i 


n+1 


,n+  1 


L>“  '  -  4^2n  +  y)  D 


13\„n+l 

o 
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Therefore,  we  have  the  recursion  relations 


pn+ 1 
L1 

-  C1 

+  (8n  +  10) 

Dn+1  - 
1 

+  (8n  +  2) 

,,n+  1 
C2 

"  C2 

+  (8n  +  22)  C^1 

nf1  - 

Li 

d”  +  (8n  +  14)D"+ 1 

rn+l 

C3 

-<S 

+  (8n  +  34)C*+^ 

Dg  +  (8n  +  26)D"+ 1 

with  the  initial  values 

C°  =  G  ,  r  *  0 

Cn  -  1 
o 

In  Tables  8,  9,  .10,  11  we  give  values  of 


D°  =  0  „  r  >  1 

Dn  =  1  ,  D°  =  2 

o  1 

Bn  ,  Cn  ,  Dn  for  n  +  r  <  12. 
r  r  r 
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fi  u 
P 


LOCKHFFD  AIRCRAFT  CORPORATION 


1189093920  2541295680,  5079924080.  9602280633 

201696559680~  491404267200  1111155004960 

36048075898240  97965013565440 


LMSD- 288087 


With  these  results  we  can  write 


f it)  =  I  f°  exp(W) _  d  /  iV  j  _  i  _1  I"  j  +  j 

w  J  Bi(t)  +  iAi(t)  14  P\  1  3  /  1  4  3[ 


•  1  10  80  880 

W  «•  V 


12320  209440  4188800  96342400  2504902400 

1  ,15  TTS  “  1  "  ,21  ,24  +  1  ,27 

4  4  4  4  4 


,  .  15  1 

1  64 


.,,  20  380  .7840  ,  179760  .  ,  4583...0  129236800  .4004000000 

r"7""V  412  1  , 1 5  “  “  .  18 . ““i  ^21  + 


1695  l 
1024  £.15 


.  .  .  56  2352  .  92100  .  3640560  .  .  147987840 

1  1  3 _  “ 6~  '  1  - 9~  - fo  +  1 - is - 

4 3  4 6  4°  412  415 


.  59025  _l_ 
1  2048  ^  21 


,  .  ,  110  8140  ,  520520  . 

1  +  1  ”3  -  ”T  "  1  “TT"  +  •  •  ' 


4  4 


V 


-  i 


24  2  1  837  7  5  1 

262144  ^  27 


,  ,  .182 

1 

1  + 1—  + . 

• 

4-  .  ,  , 

L  4 

. 

or 


if (4)  =  214  exp(-i  ^3) 


i  J_  ,  i  175  _1_  395  1  ■  318175  1 

1_  443  +  246  64  t,9  ~  16  412  1024  415 


,  641.305  1  ,  ,  2015  50385  1  23321  26775  1 

*t  r:~  -  ss  +  1 


128  £18 


2048  £21  1024  £24 


1589  56578  25375  X  .  23917  93186  85125  1 

1  262144  “  427  "  131072  ^3° 
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For  sr.it)  we  obtain 


*«> -if  ww^m 


1  +  i 


44 3  L 


,  ,  .  4_  28  .280 

1  „3  “  6  1  „9 


3640  58240  11  06560  .  243  44320  ,  6086  08000  .  170410  24000 


*7*tl  *15  4 


18 


-  l 


4 


21 


4 


24 


+  i : 


4 


27 


or 


■  21 
1  r 

64  r 


.21 


,  2412  00960  , 
+  1  :r?  ~  + 


r  1  ,  i  25  560  131PQ  .  336000  ,  .  9387840  2866  86400 

L  £3  ?9  |12  1  415  418 


.  95311  21600  . 
l  - ^ - + 


2121 


+  i 


.15 


2681  22561 


i 


1024  4 
136479 


<  .  ,  64  3000  ,  129360  .  5525520 

1  -1-  1  “3  -  -  i  — g +  — To 

r  4 6  4  412 


4096  4 


21 


121  9724  .  668668  . 

4 3  ~  4 6  _1  4 9 


262144  4 


27 


+  .  .  , 

L  4  J 

3 

f?(4)  =  2  exp^-i 


,  ,  ,  J _ 1  ,  469  1  5005  1  11  22121  1 

*  *  >J  [•  *■  /*  A  f\  '  r'  A  h  n  '  1 


l 


44 3  4 6  04  49  B4  4 12 


1024  15 


_  24 J33368  __1  .  16102  89919  1  3  86598  44839  1 

128  ^ 18  ~  40DG  ^21  4096  ^24 


+  l 


,  6763  07799  35425  1 


262144 


.27 


51837  22434  61681  1 

65536  .30 


(10.  12) 
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.JSi.  iM<  jffit  JiAt  Mj.  iMk  Mtsr  Mk.  IJtt  Li&tl  ilSk.  jtoiL  -dto  *M. 


■M 

i 

A 


I.MSH-  288087 


or 


A  ,  .  .  V~£ 

P(4)  =  y8-  exp 


1-i^ 


,  ,  ,  10  220  ,  7480  ,  3  44080 

1  +  17s  -“F-i79”  +  TT2“ 


t 


199  56640  139G9  64800  .  11  45511  13600  1076  78046  78400 

1  ^!5  -  ^  18  -1  {21  ~  ^24 


+  i 


1  14138  72959  10400 


27 


+  i 


.  120 


9 


,  ,  .88  7160  .  622880 


.  596  24880  .  .63029  56800  73  32380  60800  .9335  85216.25600  , 

+  - - — - 1-  !  — - — - - - 1 - — -  + 


.12 


15 


.21 


-  i 


54240 


i 


15 


,  .  .  238  42000  .  6877920  .  11230  49760 

1  +  i  — x - 7. 1  n +  - TZ * 

«3  ^  f°  A- 


+  i 


18  83544  43200 


£ 


15 


+  i 


604  41600 


21 


460  183460 

*7‘  «c 


,  497  60320  , 
1 - rr - -  + 


,123  99809  28000 


-  i 


£ 


27 


L  •  754 

73 
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or 


m) 


=  ^exp[-i(f2i-|)] 


,  .  2  .  20  ,  .  560  25520  ,  16  01600 

V  V  s12  r15 


,  111568000.  .12287436800  138  6318560000  ,182766092499200 

+  — — - -  +  i  - tt; - oi - -  -  l  — 


.18 


.21 


.24 


27  G4468  11630  84800 
,30 


,.27 


By  observing  that 


(10. 13) 


LJ£)  =  — ^  exp  | 
2  ^ 


[-‘GH 

!  +  i  ii  +  _ 

y  ^ 

k 

,  256 

I-5(0  ■■=  -—^9 — ^  exp 


"(&*?) 

V«>-  “fTM -■(£*?) 


.  ,  ,02  , 

1  +  1  “o  +  ■  • 

s3 


1  ^  •  242  , 

1  +  1  —o"  +  .  .  . 

r 


,  .  .  464  , 
1  +  1  — r-  + 

r 


f  671  08864/^7 

Ll4  ^  =  - 727 - eX>’ 


1  4  + 

r 
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Section  11 

A.  A 

SOME  REMARKS  ON  THE  EVALUATION  OF  f,  g,  p,  q 
FOR  MODERATE  VALUES  OF  £ 


The  integrals 


1  f 

expert) 

_ 

f  exp(iit) 

TT  J 

-CO 

Bi(t)  +  i  Ai(t)  dt 

■fir  _ 

J  w.(t) 

OO  1 

oo 

CO 

1  f 

exp(i^t) 

1 

r  exp(ijt) 

n  J 

—  oo 

Bi'(t)  +  iAi'(t) 

VT 

J  w'(t) 

-OO  1 

OO 

P^)=  ,/7  I  exP(i^l)  BiTt)  +’4l Ai(t)  dt  =  77  /exp(1^t)  wjt)  dt 

—  —  CO 


can  be  readily  evaluated  for  £  '  >  1  (residue  series),  and  £  <  <  -  1  (asymptotic 
expansions).  For  moderate  values  of  £  it  is  much  more  difficult  to  find  a  suitable 
representation.  One  method  which  has  been  investigated  has  been  the  method  of 
stationary  phase. 


The  integral 

y«) 


-T 


fir  —oo 


wx(t) 


dt 


=!  ~  /' exp(i^t) 


Bi(t)  +  iAi(t) 


dt 


_  j  i 

T  J  Wtj^P^  "  ixW]*  =  T  I  fk  expC^(t)3 


dt 


rp(t)  =  5t-x(t) 


(11.2) 
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3 ail  be  integrated  by  making  a  transformation  from  t  to  u  where 


MO  -  ./.(!„)  ‘  f  »*  -  ao  ^  X(t0)  *  f  u2 


i  (1y  i 

i  -  «  +  -V 


,F-(to) 


The  condition  </>'  (tQ)  -  0  can  be  satisfied  only  for  i;  <  0  .  We  assume  that 
calculate  the  constants  c  defined  by 


j_l_ _ dt 

7i  F  (t)  du 


w 

S  cn uU 


n^o 


We  observe  that 


5  ,-i—  (m 

o  71  F  (to)  V  ciu  /t 


■=t 


and 


or 


dt 

(p  (i)  =  jru 

-  '  ou 


/  .  dX  \  dt 
(/'  -  dt  )  du  "  WU 


or 


(^-±r) 


dt 


7rP2m  ^  du 


7TU 


Therefore,  wc  have 


(«♦  ' 


\  d2t  _  2  F ' (t)  /  dt  t2 
irF2(t)  '  du2  "  F3(t)  vdu' 
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T*“  UFA  1  Clf  f  —  f 


Min  fix'st  term  Vtinishss  mid  we  obtain 


or 


9  ^ 

JL  F  (tn) 
2  F*(y 


dt.  __  _ 7F_  F\)> 

du  VT  ^F(io)F’('to) 


so  that 


_  F(t0) 

°  yr  y-  F(t0)F'(t0) 


Let  us  now  observe  that 


(11.4) 


or 


d  1 
du  irF(t) 


dt 

du 


7r  F^(t)y 


nit 

du2 


6  F'(t)  d2t  dt  +  6  [F'(t)]  2  /  dt_  \3  _ 

7T  F3(t)  du2  du  7 r  ,F4(t)  du 


2  FJt)_ 
w  F3(t) 


0 


so  that. 


PLM  1  WgA  /dt  f 
W  "  3  incj)  (Jt% 
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Therefore, 


i  11  ^  /dt  \2 
3"  l-'(t0)F'(to)  lduh,to 


n 

rF<v" 

2 

C1  "  G 

F'(to)  _ 

I  (t  ) 
v  o' 

(11,5) 


Higher  coefficients  can  be  obtained  in  the  same  manner.  They  become  quite  complex, 
however.  For  example, 


l 


2  4/2  C-F(to)F'(to)  y 


1 

4 


-|2  O  ! 

F  (t  )  FJ(t  )  -  j  F"(t  )F4(t  ) 
'  o  o'  4  '  o  o 


12 


[F"(t0)f  F5(tG) 

1  *'%>*%> 

[F'(t0)T~ 

■  *  F'(t0> 

(11.  G) 


We  now  have 


y(£)  „=  exp[i(?;(to)]  J  (cQ  i-c1v  . .  . )  exlp(i  |  u2)  du 

-  oo 

OO 

■  =  exp[i(/>(to)]  J  (cQ  +  C1  u  a  ...  )exp(i  |  u2j  du 

-  OO  “ 

00 

-  bxp[i0(to)]  J  (eo  +  Cj  u  +  .  .  . )  exp(i  |  u2) 


du 


(.11.7) 


These  integrals  can  be  readily  expressed  in  terms  of  Fresnel  integrals.  This  approach 
has  not  been  studied  further  than  the  obtaining  of  the  results  outlined  above.  However, 
it  is  possible  that  significant  results  will  be  obtained  later  by  using  this  approach. 
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Some  appreciation  of  the  difficulty  in  numerically  evaluating  these  integrals  can 
be  obtained  by  considering  Fig.  17  where  the  function 


exp(-i  3t) 
3i(t)  +  iAi(t) 


wx(t) 


exp(-i  3t) 


is  illustrated,  The  stationary  phase  point  is  in  the  vicinity  of  t.  =  -  9 


Let  us  now  consider  another  way  in  which  f(|)  or  g(|)  may  be  evaluated.  We  con¬ 
sider  both  functions  simultaneously  by  seeking  to  evaluate  the  integral 


VT(x,  q) 


1 

fir 


/ 


exp(ixt) 


1 


wj(t) 


qw^t) 


dt 


(11.8) 


as  a  function  of  x  for  prescribed  values  of  q  .  Tables  of  w^(t)  and  w^(t)  are 
available. 

For  t  — 00  we  have 


w’jft)'—  Vt.  exp  ^ 

2  t3/2) 

3  / 

* 

w  (t)-  -T-  exp| 
1  ,  T t 

1 2  t3/S\ 

V3  /  „ 

(11.9) 

and  therefore  the  integral  converges  at  the  upper  limit  like 


_1 

fir 


-SL_) 

fit  } 


dt 
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For  h  — ►  -co  we  have? 


Wj(t) 


Wj(t) 


(-t)1//4  exp 


i  §  H>  -l 


3/2_.  ji 
~  4 


-  .A-:  w'(t) 


and  therefore  the  integral  behaves  like 


t. 


1  _ _ /•  i\  j 


r.  2 , , 

S*P|  1  77  (-1 


3/S 


“3.  expii  t  |  j  expj  i  -  (-t)  -  -  ix(-t) 

V7T  X  '-oo  L.  " 


J  <r~t 


t1#) 


at 


(11.10) 


Because  of  the  oscillatory  nature  of  the  integrand  along  the  negative  real  axis,  many 
authors  have  found  it  desirable  to  use  another  contour.  Fock  in  1D45  proposed  the 
contour  «s  exp^J  ^f)  to  0  and  Oto  »,  The  result  is 

V  (x,  q)  .-L  /"  -f - dt  +  -p-  J  ■■  .  « 

J  ™  o  Wg(t)  -  qexi^iyj  w2(t)  ^  q  \  w^t)  -  q  w^t) 


:^f)  w2(t) 

;  ■  '  "  '  t  S:.  .  "  fl 

H  * 

The  fij^et  integral  converges  like 

.  •  ji .  si  ;!  . 

f)  ex4 x  % l)  exp(- ! t3/2) 


(li.ii) 


ft 


1  -  -Tr"  exp(t^) 


dt 


(11.12) 


3  2 


For  x  <  0  this  integrand  has  a  peak  in  its  amplitude  in  the  vicinity  of  t  =  ~  x  . 

The  amplitude  at  t  is  proportional  to  exp^-~  x^y  -  exp^~  ■  For  large 

negative  values  of  x  this  oscillation  in  the  amplitude  is  too  great  to  allow  computation 
of  V^x,  q)  from  existing  tables  of  w  (t),  w’^(t) . 


11-7 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILES  and  SPACE  DIVISION 


I. MSI)-  288087 


As  an  alternative  to  numerical  evaluation  of  the  integrals  it  is  proposed  that  the 
Poisson  summation  formula  be  employed.  If  we  compute  the  sum 


Sj(Xi  q) 


exp1 


(ix  f) 


■=wtr 


Z  '  /  n 

A  In' 

n=-  wl  (2 

;)  “  qwl  (2. 

(11.13) 


the  Poisson  summation  formula  tells  us  that 


rs\ 

h; 


(x  +  47rm,  q) 


-  2n  <  x  <  2-/t  (11,  14) 


or 

V1(x,  q)  =  S1(x,  q)  -  V^x  +  4ff,  q)  -  V^x  I-  Ox,  q)  -  .... 

-  V^x  -  4x,  q)  -  V^x  -  8 x,  q)  -  .  .  .  ,  .  (11.  15) 


x  <  0  we  can  show  that 
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For  x  >  0  we  can  show  that 


,v.(M)  -  Jflny  «2eat-_L_ 

•  4  -  if  .  w 


where 


-  qw^y  -  0 


whore  the  imaginary  part  of  t  generally  exceeds  unity.  For 


V,  (x,  q)  — -  2  exp(-i  x  /3) 

l+i^ 

X 


I.MSD-2  88087 


xnereforo,  the  series 

V^(x  +  in,  q)  +  V^fx  +  8ir,  q)  +  . . . 

converges  rapidly  and  can  be  approximated  by  the  first  term.  On  the  other  hand, 
the  series 


V  (x  -  4tt,  q)  +  V  (x  -  Rtt,  q)  +  V  (x-12ir,  q)  F 


behaves  like 


"  exp[i  ^  (4imfi  -  x)1 

2>  - - 1 - 77 - 

xfcl  1  -  i 


4mn  - x 


We  can  interpret  this  series  in  the  Abel  sense, 

1  g  *1 

exp  i^(47rm-x)  j 


lim  2  >  r 
r  —  1  m = 1 


1  -  i 


4-rrm  -  x 


(11.16) 


However,  a  better  approach  might  be  that  of  computing  numerically  the  derivative 
evaluated  at  £  =  1  for  the  function 


“2 


m 


(4  Trm  -  x) 


exp[i  |  £  (47rm  -x)3] 


1  -  i  r— — 
4?rm  -  x 


(11.17) 


It  is  also  not  practical  to  compute  the  part  of  S^(x,  q)  consisting  of 


where  N  >>  2x 


(11.18) 
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It  is  suggested  that  this  series  be  evaluated  by  numerically  evaluating  the  derivative 
at  £  =  1  of  the  function 

3/2 

exp(1  4)  v  . r.  „  1  1  _  ^ 


'■  V  exp  [i  n  ]  — -==j — 1 — 

^  L  2  J  4^/1  __ig. 

yK  vf 


2^  n— M 


•  2  /n\  3/2" 


3  \2, 


(11.  IS) 


We  have  studied  the  case  of  q  =  0  ,  The  sum 


N 


*,  exo(lx-\ 

(x)  — J=  N  -JV2Z  --L  > 

2/7F  2-' . 1  n .  2 a- 


exnl 


/.  n\ 

lx  —  I 


\  2/ 


n=-N  (  2 < 


n=-N 


Bi 


(!) 


.  ■  -  * 1  f  n 

+  1A1  <2 


(11.  20) 


has  been  evaluated.  However,  a  study  of  the  sum 


00 

n  V*  m 
2  y  r  exp 

m- 1 

has  revealed  that  this  approach  does  not  readily  lead  to  the  evaluation  of  the  limit  as 
r  —  1  from  below. 

We  need  therefore  to  study  the  numerical  differention  of  the  sums 


(11.  22) 


(11.  23) 


The  practicability  of  this  approach  has  not  yet  been  determined. 


‘If 


i  r  47rm  +  (-x) 


(11.21) 
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It  can  b 
forms 


where 


Section  12 

SERIES  EXPANSIONS  FOR  f,  g,  p,  q 


shown  that  in  the  vicinity  of  £  =  0  these  functions  can  be  expressed  in  the 


m  = 

CO 

Ik* 

i5n) 

Ln 

nl 

co 

-I 

«<">«»  i" 

n=o 

n=o 

ett)  = 

CO 

.  y  {« * 

/-j  \  n 

iPn) 

s 

nl 

on 

ST 

-  z 

n-o 

n=o 

P(£)  = 

1 

+  p(£)  ; 

q(£) 

=  -— +.-q(6) 

2  yn"  £ 

2'fn  £ . 

,i  '  P«>,= 

CO 

■  2  (v 

id  ) 
n/ 

£n 
nl  . 

OO 

p(n)(»)  £  ; 

n~o 

n=o 

00 

.  n 

OO 

tn 

q(£)  = 

=  I  k  * 

ib  ) 

n/ 

t 

nT 

■  I 

i >>  k 

11=0 

n  o 

n’  '0n’  rn’ 

6  ,  a  ,  b 
n  n’  n 

d  cn' 

,  d 

n 

are  real  constants. 
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It  can  be  shown  that  these  constants  can  be  determined  from  the  summable  divergent 
series 


f(n)(0) 


oO  /  \ 11 

exp(i%S-i^)y  T 

1  \  6  3/  Ai't-a  ) 

s=l  s 


E(n,(0) 


P,n>(0> 


ci<n,(0) 


<*4^)1 

S=1 

r.  (5n-lWl 
exp[i  — (.  J 

2  'Tn 


e*l>[ 


«V 


n-1 


A1H»s> 


2 


(“B) 


^1  [ai'  (-  a  _  )1 2 


Y 


n-l 


2^  s^l  )] 


(12.2) 


The  series  for  f^(0)  and  g^(0)  have  alternating  signs  and  can  be  summed  by 
means  of  the  Euler  summation  formula  (Ref.  3G).  If  we  let  denote 

the  operation 

RE  lf(N)  1  =  2  f(Kf)  '  1  Af(N)  '■  8  A2f(N)  "  16  a3  f(N)  (12‘  3) 

where,;  Anf(N)  are  the  forward  differences 
Af  (N)  =  f(N  +  1)  -  f(N) 

,  AZf(N)  =  f (iSf  +  2)  -  2f(N  +  1)  +  f(N), 


etc , , 
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we  can  write 


g(n)(o) 


/,  5n  7T  .  1T\ 


=  cxpfi^-) 


iasY 


N-1 

Y  . 

- /  Ai  t-  a  ) 

s~  1  S7 


+  R 


N-r  (jg  jH-1 

S  »  -p 

AK-/S  )  ke 

S  =  1  s 


I 


(12.4) 


In  Tables  12  and  13  we  list  values  of 

n 

a 

P  (S)  =  — : — -  and 

n  Ai '  (-  ag) 


9n(S)  B  Ai(-fl) 


The  reader  can  readily  see  that  the  divergent  series  which  represent  f^(o)  and 
'(o)  would  seem  to  offer  no  information  as  to  the  numerical  value  of  these 
constants.  However,  in  Tables  14  and  15  we  show  how  rapidly  the  Euler 
summation  scheme  leads  to  a  value  for  these  series.  In  these  tables  the  constants 
are  defined  by  l/(2n^  V- 
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Table  12 


Pn(s)  =  ATfV) 


8 

1 

po 

1.42610462873340 

1 

P1 

3.33438580053254 

1 

P 

2'  - 

7.  7961521496569 

2 

1.24515731912710 

2 

5.09014017058123 

2 

20. 8082356808762 

3 

1. 15579674859520 

3 

6.38064509973811 

3 

35. 2247330149489 

4 

1.09787472230530 

4 

7.45095525975466 

4 

50.5674583401396 

5 

1.05559200401030 

5 

8.38576389335443 

5 

66.6176285988622 

6 

1.02257559721180 

6 

S. 226342584788G7 

6 

83.2460677958597 

7 

0.995648892214420 

7 

9.99648846081186 

7 

100.366486949923 

8 

0.973009978973720 

8 

10.7114040013071 

8 

117. 916751275494 

9 

0.953542777427160 

9 

11.3815014315821 

9 

135.  849778220360 

10 

0.936510349281340 

10 

12.0142821976786 

10 

154.  128544159948 

11 

0.921401816261230 

ii 

12.6153628643638 

11 

172.  723102332641 

12 

0.907849161032590 

12 

13. 1890782333433 

12 

191.608685794672 

13 

0.985578920797900 

13 

13.7338569289040 

13 

210. 764439994550 

14 

0.884382617105750 

14 

14. 2674663200428 

14 

230. 172542128578 

15 

0.874097853120910 

15 

14.7771783828013 

15 

249.817569254371 

16 

0.864595784623310 

16 

15. 2698856223529 

16 

269.686032556043 

17 

0.855772556602640 

17 

15.7471842888076 

17 

289, 766026162499 

18 

0. 847540293727700 

•18 

16.2104355042324 

18 

310.046957107190 

19 

0.839837785186180 

19 

16.6608110704991 

19 

330.519334117992 

20 

0.832597323183450 

20 

17.0993284042597 

20 

351. 174599935989 

21 

9.825772345067290 

21 

17.5268775962157 

21 

372.  004996422708 

22 

0.819320646688550 

22 

17.9442426017784 

22 

393.003454759989 

23 

0.813206009212090 

23 

18.3521184380805 

23 

414. 163505126651 

24 

0.807397130073680 

24 

18.7511241702632 

24 

435.479201686713 

25 

0. 801866780981850 

25 

19.1418145469613 

25 

456.945059753701 

s 

P3 

s 

P4 

a 

■  -  P5 

1 

18, 228241113950 

1 

42.61958562817 

1 

99.6491689879 

2 

85.063015484984 

2 

347.73330686794 

2 

1421.5161785166 

3 

194.460246037717 

3 

1073.52942243739 

3 

5926.4834037864 

4 

343. 186578611392 

4 

2329. 10712946598 

4 

15806.9701981905 

5 

529.219340846563 

5 

4204. 16914057313 

5 

33398.6401582357 

6 

751.100204635594 

6 

6776.91490229993 

6 

61145.7370262556 

7 

1007.69702702693 

7 

10117.4538348200 

7 

101581.  00039425’? 

8 

1298.08942223353 

8 

14290.0489530768 

8 

157312.351201483 

9 

1621.505:03710041 

9 

19354. 3097167770 

9 

231013.341995145 

10 

1977.23068427219 

10 

25366.0924762816 

10 

325415.937470765 

11 

2364.83646171492 

11 

32378. 1324856362 

11 

443304.845907687 

12 

2783.65840450813 

12 

40440.5159445242 

12 

587512.938804105 

13 

3233.28566532791 

13 

49601.0436764631 

13 

760917.465529570 

14 

3713.30115393419 

14 

59905.5184093438 

14 

966436.807661564 
1207028. 0^755742 

15 

4223,32439194199 

15 

71397.9764225894 

15 

16 

4763.00595528707 

16 

84120.8775815474 

16 

1485684. 06412231 

17 

5332.02307016145 

17 

98115. 2635360721 

17 

1805431.97433341 

18 

5930.07000051405 

18 

113420.891080385 

18 

2169331. 11670370 

19 

6556.88548195802 

19 

130076.345876226 

19 

2580471.44533306 

20 

7212. 18966760590 

20 

148119. 140196935 

20 

3041972.09222342 

21 

7895,74278725710 

21 

167585.797938271 

21 

3556980.06220936 

22 

8607.31312903341 

22 

188511.928849266 

22 

4128669.04988055 

23 

9346.68100825183 

23 

210932.293952167 

23 

4760238. 36171209 

24 

10113.6408345289 

24 

234880.863503181 

24 

5454911.82960381 

25 

10907.9934465491 

25 

260390.868639860 

86 

6215937.4043693 9 
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Table  12  (Cont'd) 
a  n 

Pn(s)  =  aF^V) 


8 

1 

2 

3 

4 

5 

6 

7 

8 
Q 

10 

11 

12 

13 

14 

15 

16 

17 

18 
IS 
20 
21 
22 

23 

24 

25 

s 

1 

2 

3 

4 

5 

6 

7 

8 
8 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
2.1 
22 

23 

24 

25 


232.990460456 
5811.086271790 
32717.  506200818 
107277.292523582 
265323. 259045203 
551696.636358108 
1C 1S8S0. 05374821 
1731776.84147833 
2757378.84536928 
4174S88. 41363698 
6069503.43700036 
8535288. 0G941380 
11673048.5173781 
15591221.7100489 
20405574.5656044 
26230112. 1187158 
33221993. 1585573 
4M9 1452. 3 126980 
51191727.7143955 
62473993. 0538569 
75496296.9333191 
90423498. 5419490 
10742,7216.742130 
126685774.719706 
148384150. 399980 


2978.046775 
39,6984.793751 
5504G48. 038926 
33533996.398560 
133019386.021982 
405231121  880094 
1032232436.57503 
2310357805.33708 
4688938845. 24581 
8814137259.10638 
15577767244,4421 
26171006582.5228 
42142908419. 8298 
65463635814.8204 
98692340228. 6257 
144549883800.898 
206994758819.340 
290306666509.376 
899670391315.456 
5411675.14350. 579 
721868860753.,  995 
949937450307.374 
1234727714774.13 
1580894945046.73 
2018506538146.99 


3 

P7 

6 

P8 

1 

544.75672216 

1 

1273. 6997289 

2 

23756.42689456 

2 

97110.9841687 

3 

180618.95040770 

3 

997117.7218135 

4 

728059.60905078 

4 

4941128.4460019 

5 

2107763.41362536 

5 

16744354.1278857 

6 

4977766, 12682183 

6 

44912645.7919007 

7 

10230882. 0850020 

7 

102810210.106651  , 

o 

iS0u4307 . 4480031 

o 

onnocnom  one  0,1.1 

^VaUUHUl/  X.  U  f 

9 

32912116.8120602 

9 

392830538.487873 

10 

53556145.6713242 

10 

687059836.561378 

11 

83100539. 7568709 

11 

1137770128.90128 

12 

123999213.661860 

12 

1801439490.23335 

13 

179073378.995488 

13 

2747120858.54196 

14 

351528271.  060357 

14 

4057826405.08766 

15 

344360175. 114094 

10 

5831D22G14. 88770 

16 

463416833.635673 

16 

8184:543772.87152 

17 

611322301.320563 

17 

11249022727.4521 

18 

79358 1303.361737 

18 

15178337945.3454 

19 

1015548143.77081 

19 

20546575987.6005 

20 

1283049203.68766 

20 

26350408633.0641 

21 

1602396063, 78440 

2), 

34010583956. 1863 

22 

1980398280.84607 

22 

43373430734.4745 

23 

2424375844,  24052 

23 

54712375619.3488 

24 

2942171335.38538 

24 

68320472554.5606 

25 

3542161810.45305  . 

25 

84556943970. 1677 

B 

8 

i°'”  pu 

1 

0.000009696299323 

1 

0.000000162802260 

2 

0.000162285376694 

2 

0.000066341441544 

3 

0.003038873883149 

3 

0. 001677628508196 

4 

0.02,2758544405057 

4 

0.015445559783926 

5 

0. 105672377223542 

5 

0.083947548113244 

6 

0.365625892763170 

0: 

,  0,329891477334321 

7 

1  03637538242245 

,7 

■  1. 04054204827141 

8 

2.  543365' '0603729 

8 

2.79986734541689 

9 

5.  596724’i  J319 172 

9 

6.68025931604454 

10 

11.3074599166192 

10 

14.5060878912286 

11 

21.3282829420343 

11 

29.2015952040734 

12 

38.0207933297683 

12 

55.2369620126466 

13 

84.6504038786554 

13 

99.1786015344534 

14 

103.010422682945 

14 

170.377969682265 

15 

196.676617100593 

15 

281.777388463239 

16 

255.293534073128 

16 

450. 881572ST.  VL3 

17 

380.893800437556 

17 

700. 887732806739 

18 

555.251575786866 

18 

1031.99528974247 

19 

792.871313679117 

19 

1572.90841081861 

20 

1111.41291861050 

20 

2282.54571073974 

21 

1532. 15438111142 

21 

3251.97161864960 

22 

2080.49292939657 

22 

4556.56404267299 

23 

OL7DC  jiocmncennc 

XI  7UU  >  <J 

23 

6288.43309630248 

24 

3085,43100432112 

24 

8559.10577446033 

25 

4818.49089292965 

25 

11502.4915928982 
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Table  12  (Confd) 


?n(s)  AI'(-(vg) 


s 

CM 

oT 

CM 

1 

O 

S 

10"13  P13 

a 

10“14  P14 

1 

0.000000038064917 

1 

0.000000008899986 

1 

0.000000002080912 

2 

0.000027120045908 

2 

0.000011086537659 

2 

0.000004532120546 

3 

0.000926144854881 

.3 

0.000511283808085 

3 

0.000282257285167 

4 

0.010482450554126 

4 

0.007114133197946 

4 

0 . 004828 154532835 

5 

0.066689053652286 

5 

0.052978675101243 

S 

0.042086967227295 

6 

0.297649561948043 

6 

0.268558807410707 

6 

C. 242311235285645 

7 

1.04472326105237 

7 

1.04892036796468 

7 

1.05313433647765 

8 

3. 08224077192507 

h 

3. 39309224476945 

a 

3. 73526384413531 

9 

7.97356791027619 

9 

9.51726307431942 

9 

11.3593200174490 

10 

18.6095363114021 

10 

23.8737586813327 

10 

30.6271120374609 

11 

39.9813320547232 

11 

54.7403969440360 

11 

74. 9477544542350 

12 

80.2458663342449 

12 

116.579830043680 

12 

169.365194668144 

13 

152.147464086878 

13 

233.405699111680 

13 

358.061967741404 

14 

274.865414256363 

14 

443.431718873138 

74 

715. 2744309 18363 

15 

476.362539811114 

15 

805.321074813282 

15 

1361.44633412102 

16 

796.315477155034 

16 

1406.39666208464 

16 

2483.37935167275  - 

17 

1289.71281085344 

17 

2373.21764474102 

17 

4366.98925676574 

18 

2031.21259734726 

18 

3884.974496094.71 

18 

7430. 55003450534 

19 

3120.35613616008 

19 

6190.  20303375738 

19 

12280.2051839807 

20 

4087.74011384536 

20 

9627.3679,3027166 

20 

10772.0460208688 

21 

6002.25445873882 

21 

14649.9177114476 

21 

31094.2012113825 

22 

9979.49840714064 

22 

2185S. 4663034343 

22 

47868.6502852033 

23 

14191.4923970414 

23 

32326.8107138024 

23 

72276.8667171022 

24 

19877.8084768120 

24 

46164.5503926177 

24 

107213.313552075 

25 

27458.2469459129 

25 

65547.1311805381 

25 

156471.256685168 

s 

io-15  p1g 

s 

B 

-17 

10  P17 

1 

0.  000000000486539 

1 

0.000000000113758 

1 

0.000000000026597 

2 

0.000001852707966 

2 

0.000000757377050 

2 

0.000000309612154 

3 

0.000155821822968 

3 

0 . 000086022369621 

3 

0.000047489163805 

0. 003276727542S10 

4 

0.0022238193)32375 

4 

0.001509241265389 

5 

0.033434448993040 

5 

0.026560772921249 

5 

0.021100232826358 

6 

0.218628967382413 

6 

0.197261283911798 

6 

0. 177931969161792 

7 

1.05736523433166 

7 

1.06161312953921 

7 

1.06387809038606 

8 

4.11200730647485 

8 

4.52671323704568 

8. 

4.98324326860481 

9 

13.5590988523834 

9 

16. 1841614925507 

9 

19.3174403453014 

10 

39.2908382913694 

10 

50.4053392872800 

10 

64. 6638844868970- 

11 

102.614635832382 

11 

140,494716135119 

11 

192.358186546902 

12 

246.050874788811 

12 

357.458526841740 

12 

519.209669276890 

13 

549.294097062733 

13 

842.658624067751 

13 

1292,70196150435 

14 

1154.09104633352 

14 

186.1.  85.874929488 

14 

.3003,67810090791 

15 

2301.61134317926 

15 

3891.01989721215 

15 

6578,01582589859 

16 

4386.85386562367 

16 

7747. 7S42640S170 

10 

13683.5413202788 

17 

8035.75483730592 

17 

14786.6990295986 

17 

27208 . 200954821 . 

18 

14211. 9527092878 

18 

27182. 3214799843 

18 

51989. 94227994?-. 

19 

24561.6305536800 

19 

48328.9191298035 

19 

95875, 5375223645 

20 

4C50S .  "091399..  j4 

20 

83394.9396419653 

20 

171270.963824272 

21 

65390 , 9 \ 52844383 

21 

140077.326148101 

21 

297311.742645353 

22 

194838 . 890620074 

22 

229611.508178357 

22 

5C2880. 604479089 

23 

163111.635096104 

23 

368104.024318881 

23  ■ 

830722.913420122 

24 

248993.968425038 

24 

578267.700698716 

24 

1342978.  1495846*2 

25 

373521. 368939869 

25 

891653.943416808 

25  : 

2128517, 45823070 
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Table  12  (Conduced) 


a 


Pn^  -TFfrT) 


fci 

:  \ 

it.  i 

s 

io PJ# 

s 

1 

0. 1  Of  (0000000 146' 4' 

1 

1 

•  .  ■'  '•»  .vOoc.'ivM 

2 

0.00(0000517403,0 

2 

2 

,4  '■!  /  ,(SnS,-v6^?C0!a7 

3 

0. 00  (014473073!.:  ;5 

3 

3 

I,’’.  vkl,124ivli'0SlfS!68 

4 

0. 0<  3695147572.  07 

4 

4 

g.  ,1, (,UC i’-.r330S!S\4'3l94 

5 

0.0  .331620046'-  >43 

5 

5 

,;  t«  o’  15;  SO 8:1^30.3693 

6 

0.  •.4489196800,'  ?4D  ■ 

.  6 

6 

1  •  Ml  A  :V -'101,8643229 

7 

1.  .744594835:.  42 

7 

7 

>  . '?i(S:i'!.^3388509 

8 

6.  J390732854  /01 

8 

8 

,  i  " .  .Vi  ifcs'3603406 

9 

•  27  521261225'  51 

9 

0 

t  ,:  •••■i:v.l4<ih055503 

10 

10f  .422212881  ?7 

10 

10 

"  ■  .  \  '":-AV0fiiil'fi3992 

11 

36-  .  58863953!  .-37  1 

11 

11  , 

,  -f’.S  .  ,;*SIW$?6G732 

12 

IOC  3.  04378702  33  . 

12 

12 

13 

30-  2.2288719!  25 

13 

13 

.  v-'T-meoi 

14 

78.7.4786664  77 

14 

14 

v  l  a '.'.-77901.943 

15 

18'  39.  999545?  87 

15 

IS 

- ,J"'  i  o  '  Mr.'soioo 

16 

42-81.910270  .63 

16 

lfi 

:  ■A/‘  *'  ,1  .nv»ms8i33 

17 

9‘  130.81180*  355 

17 

17'  , 

*  U  1 10880418 

18 

if  188.79063  47 

18 

'  ,  *■'  .  t:;(;(!3p708  • 

.19 

S'  ,'319.5178"  817 

19 

AV 

-,l  -(4.^80147788 

20 

7.2390.1702  627 

20 

UVf89550 

21 

ir  19369. 796!  sD'l..  : 

21 

/  - 

non1"  7. 1^753865 

22 

2  12166.905  260 

22 

8  V  1  Av'jV  3(517602  • 

23 

t  (30848.14!  .-565 

23 

Um 

;.‘.Uii2,:T,  $1061038 

24 

243513;  ?7  ,7402 

24 

V 

VtiiiM.  16988875 

25 

•  .129390.  :'  >7?-l 

25 

io~20  P 


o. 

,  0. 
o. 
0. 
0, 
0, 
1, 
6 
32. 
13G 
493, 
1592, 
4667 
12611, 
31782 
75381 
169531 
363762 
748531 
1483596 
2842789 
5282975 
9548014 
168224.54 
28054752 


20 

000000000000339 
000000021151177 
000007989946752 
000471776365412 
'010578567539022 
130730963875308 
07877605374151 
64812850348693 
8494202303462 
.526681060242 
699540447300 
31377576067 
00881022220 
6922047265 
5D11468G91 
8026377498 
128443430 
317152909 
360631607 
.74149727 
61578402 
.  40988794 
,32638645 
.7520648 
.8790463 
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Table  13 


Qn(s) 


PaAH-Ps) 


s 

o 

G* 

s 

«1 

& 

^2 

1 

1.83243067797684 

1 

1.86686749575401 

1 

1.9019514836712 

2 

0.734729530600078 

2 

2.38654668485130 

2 

7.7519751714933 

3 

0.545376134438550 

3 

2.62876707540296 

3 

12. G709181065224 

4 

0.453330392656394 

4 

2. 79401454359409 

4 

17. 2203703882971 

5 

0. 396274159274657 

5 

2.92140334376780 

5 

21.5371032837454 

6 

0.356475345977321 

6 

3. 02593624533357 

,6 

25.6856196765035 

7 

0.326680840226829 

7 

3. 11504850838729 

7 

29.7033863475853 

8 

0.303295968469470 

8 

3. 19299695581287 

8 

33.6147875993167 

9 

0.284308719742012 

9 

3.26245866043183 

9 

37.4368978928432 

10 

0.268493303359080 

10 

3.32523274135997 

10 

41.  1823037888756 

11 

0.255054580298498 

11 

3.38258969109424 

11 

44.8606451407626 

12 

0.243451183763479 

12 

3, 43546185938988 

12 

48.4795267^82308 

13 

0.233300043634439 

13 

3.48455479971613 

13 

52.0450916470911 

14 

0.224321442178684 

14 

3. 53041602944524 

14 

55.5623984043212 

15 

0.  216305716987676 

15 

3.57347942495810 

15 

59.0356805101292 

16 

0.  209092202768276 

16 

3.61409496222766 

16 

62.4685293046285 

17 

0.  202555427229719 

17 

3.65254926896490 

17 

65.8640271686516 

18 

0. 196595781268435 

18 

3.68908020919765 

18 

69. 2248465459767 

19 

0. 191133044574795 

19 

3.72388747334526 

19 

72.5533250672998 

20 

0. 186101788117184 

20 

3.75714042355006 

20 

75.8515235403614 

s 

^3 

s 

Q,_ 

s 

3 

1. 937694803978 

1 

1.97410984749 

1 

2.0112092378 

2 

25,  17S947009162 

2 

81.78944299457 

2 

265.6682709828 

3 

61. 075082370159 

3 

294. 387S5635508 

3 

1418.9791562076 

4 

106. 134435481028 

4 

654. 13914688686 

4 

4031.6606156195 

5 

158. 775348968043 

5 

1170.51997209141 

5 

8629.2807148314 

6 

218.  032041879076 

6 

1850.76209508176 

6 

15710, 1694919281 

7 

283. 235127202149 

n 

2700.77412529563 

7 

25753.0940738873 

8 

353.885068101461 

8 

3725. 58181715799 

8 

39221.6601521187 

9 

429. 590523502192 

9 

4929. 5755863940G 

9 

56567. 1590328932 

10 

510. 034117090283 

10 

6310. 66460258433 

10 

78230.5543189357 

11 

594.951698618347 

11 

7890.37969869105 

11 

104643.943254717 

12 

684. 118937940347 

12 

9653.94574077627 

12 

136231.674343707 

13 

777.342220238515  ...... 

13 

11630.3345818417 

13 

173411.228147300 

14 

874.452214892537 

14 

13762.3050496501 

14 

216593.928237579 

15 

975.  299185704678 

15 

16112.4339283766 

15 

266185.526350795 

16 

1079. 74947926601 

16 

38663. 1404797429 

16 

322586,691871706 

17 

1187.  68283613111 

17 

21416.7062033497 

17 

386193.426937730 

18 

1298, 99029231361 

IS 

24375.2910077497 

18 

457397,422619877 

19 

1413.  57251420717 

19 

27540.9466219294 

19 

536586.367666736 

20 

1531.33845818774 

20 

30915.6278486222 

20 

624144. 218519538 
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Table  13  (Cont'd) 

js" 

%(S)  =  /TA1(-  pg) 

Q_ 

7 

s 

% 

1 

2. 049005836 

1 

2. 08751274 

1 

2.  1267433 

z 

8R2. 943035468 

2 

2803.00948136 

2 

9104.7286202 

..  3 

6839.620311515 

3 

32967.64846829 

3 

158907.3363764 

4 

24348.363527630 

4  . 

153146. 10170681 

4 

943398.3217456 

5 

63616.587013302 

5 

468992.75582323 

5 

3457497.7272622 

6 

133355.565321433 

6 

1131986.94713868 

B 

9608856. 1838702 

7 

245567.316484080 

7 

2341694.63527677 

7 

22328156.3401334 

o 

4 12312, 3 18 286 38 2 

8 

4347000 . C60G3942 

8 

45763746.7005612 

9 

649111.353497530 

9 

7448589.64281914 

S 

85472986.8433981 

19 

968868. 85S452199 

10 

11999235.7843870 

10 

148607995.813510 

11 

1387810.88845610 

11 

18405451.8800876 

il 

244097132.922111 

12 

1922433.54094009 

12 

27128424.7010088 

12 

382822818.624689 

13 

2590050. 212S1425 

13 

38684961. 7383800 

13 

577796158.981993 

14 

340879S. 86892213 

14 

53648362. 8S41297 

14 

844328738.439364 

15 

4397513. 00635342 

15 

72649229. 5008795 

15 

1200201874.97445 

16 

5575811 59626050 

16 

i  ,96370220.3835192 

111 

1665833579.42158 

17 

6963972.06548713 

17 

;  125576760.455467 

17 

2264443421.  11068 

18 

8582970. 44 13G992 

18 

161057710.328751 

18 

3022215471; 15102 

19 

10454431. 1391432 

19 

203685999. 177246 

19 

3968459470.30966 

20 

12000017.. 6364529 

20 

254389226.253994 

20 

5135776348.81041 

H 

3 

TO'10  Q10 

s 

10'“  %1 

1 

2.106711 

1 

,0.00000000022074.3 

1 

0. 000000000022489 

2 

29573.,  957490  . 

2 

0. 000009600205721 

2 

0. 600003120285419 

3 

:  765949. 126718 

3 

0.000369195078149 

3 

0.000177955690496 

A 

5817538.551044 

4 

0.003585527814336 

4 

0.002209870995195 

5 

25489286. 104302 

5 

0.018791153526654 

5 

0.013853171462457 

6 

81564648.245885 

6 

0.069236043460018 

6 

0.058770923642637 

7 

212908997.273326 

7 

0.203018289630451 

7 

0.193587055748336 

8: 

481785183.755808 

F> 

0.507207079886771 

8 

0.533970388798037 

9 

980807364.060701 

9 

1. 32548200560160 

9 

1. 29149697542412 

10 

3840478078.51446 

10 

2.27939376978170 

10 

2. 82298094548499 

11 

3237269624.73769 

11 

4.  29333780010867 

11 

5,69391867771661 

12 

5402204959.36051 

12 

7.02332259288008 

12 

10.7576531790987 

13 

8629927143.06139 

13 

12.8896049821038 

13 

19.2518330503238 

14 

13288215711. 1544 

14 

20. 9 132G 14759213 

14 

32.9137120488735 

15 

19827939666.8082 

15 

32. 7567533115976 

15 

54. 1158101434047 

16 

28793425424.7124 

16 

49.7685577917302 

16 

86.0234344519128 

17 

40833224147.6300 

17 

73.6318709878044 

17 

132.775538104594 

18 

56711264151.3447 

18 

106.417544094521 

18 

■  199.69037651651? 

19 

77318375495. 1404 

ID 

150.641104789763 

19 

293.497403520912 

20 

103684175089.543 

20 

209.324160424547 

20 

422.596834083899 
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Th'  V  Ui  .'''InnlVn 


Qn(8)  8  Ai(-fl) 


s 

10-12  <5i2 

9 

Q13 

s 

u--14Qi4 

1 

0. 000000000002291 

1 

0.000000000000233 

1 

0. 000 100000000023 

2 

0.000001013530355 

2 

0.000000329214685 

2 

0.0001)00106935434 

3 

0.000085776408338 

3 

0,00004 13450798 17 

3 

0.0001  19328736661 

4 

0,001362011415970 

4 

0.100.0839449497851 

4 

0.00OE  17378526479 

5 

0.010212803556580  ;■ 

5 

0.007529059809009 

5 

0.0055  50556347687 

6 

.  0.049887620568661 

.6 

0.042347040538889 

6 

0.035916229183935 

7 

0. 184593950729887 

7 

0. 176018621257227 

7  . 

0. 1678-  .1659527.788 

8 

0.562145891529704 

8 

0.591808103956957 

8 

0.62301  5473802011 

9 

1.48200009349602 

9 

1.70060350036898 

9 

1. 95145  214778287 1 

10 

3.49620215875845 

10 

,4.32997238414136 

10 

5. 36257 116335269 

11 

7.55139962537918 

11 

10, 0148315298813 

1 1 

13.28188  18613473  .' 

12 

15. 1806644034408 

12 

21.4221975642093 

if-! 

30.22993.  3138988 

13 

28.7544160361385 

13 

42.0474165486481 

131 

64.  14599!  833  2003',  . 

14 

51.8002628180901 

14 

81.5242967441298., 

14 

128.  304579  9007.77 

15 

89. .4020448490567 

15 

147.696682393044  ‘ 

15, 

244.00236CW7817  • 

16 

148.688883167359 

16 

257.004200290505 

16' 

44,4.  223922  16461.3 

17 

239.435426054050 

17 

431.740179399658 

if 

778,  528770. ,'31651 

18 

374.714966527400 

18 

703.145081846343 

«i 

1319.  4375731:2828  v 

19 

571.827496842488 

19 

1114.10418703021 

If) 

2170. 6338824  }  193  ■ 

20 

853, 165176038568 

20 

1722.42373557491 

2 1) 

3477.3378100675"  ,  '{■ 

s 

1(!"15yi5  „ 

s 

io-1<!  q16 

U 

io"JV  ^Sj  ■ 

1 

0.000000000000002 

1 

,  0.000000000000000 

'h 

0.000, 000004tl()0d',j' 

2 

.0.000000034734741 

2 

0.000000011282530  , 

2 

o.oo'.)0oooo.'.iee47  >,8 

3 

0.000009605849750 

3 

0.000004630114880 

:■  3 

0.0000022311 701.  |)B 

4 

0.000318876287790 

4 

0.000196533257007 

.  4 

0. 000121 1 25.  .'66  734 

5 

0.004091968525854 

5 

0. 003016671729467  , 

5 

0.  00.2223949  '-7/  192 

6 

0.030512908956587 

6. 

0.025900842289434 

6 

0. 021985803, <:i',379 
0. 146520 177, ,187^91 

'  7 

0.  160044559330312 

0. 152609674161337 

7 

8 

0.655910588408299 

8 

0.690520392553108 

8 

0. 726956418997283 

9 

2. 23930239133350 

,9 

2. 56961217600395 

9 

2. 948644524.", V267 

10 

6.64144080653924 

,/io 

8. 22528388731^87  . 

10 

10. 186840024 2 \ 22 

11 

17.6147318303687 

■li 

23. 3610430485369  f .' 

11 

30.9819268082,167.  ' 

12 

42.6589834083558 

12 

60.  19823284)14061 

12 

84. 948748 1375', i75- 

13 

95.8080502454839 

13 

143,098302149679  l; 

13 

213.7307253730J.il' 

14 

201.  928331564.546 

14 

317, 7988745*1657 

14 

500. 158268355468 

15 

403.104193249714 

15 

663.948436663031 

15 

1100. 18036954332 

16 

767. 827504072569 

16 

1327. 16642590631 

16 

2293.96669526  6. . 

17 

1403.86990833516 

17 

2531. 5065992267 

17 

4564.8999411.5,  -5  , 

18 

2476.  SO.0'’1.!  .  S': 

■;  - 

4645.97271372430 

18 

8718. 07415199327 

19 

•  ~ 

1 9 

82.V  5377S870672 

19 

16053.  4689407200  (  , 

20 

702’  ^16313770 

20 

1417?.:,  637  3.32 78 1  ■: 

20 

28613.2722019508 
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Tabic  13  (Cont'd) 
0" 

Qn(s)  Pg  Ai(-  pg) 


s 

10'M  Q18 

s 

10'19  <*19 

s 

10"20  ^20 

1 

0,000000000000000 

1 

0. 000000000000000 

1 

0.000000000000000 

2 

0.  000000001190395 

2 

0 . 009000000380664 

2 

0.000000000125596 

3 

0.  000001075731092 

3 

0.000000518513058 

3 

0.000000249928438 

4 

0. 00007:4655825731 

4 

0.000046012679987 

A 

0.000028359028901 

5 

0.  001639530842223 

n 

0.001208691198398 

5 

0.000891068576121 

6 

0.  0186626983 2836G 

6 

0.015841806718135 

6 

0. 013447296616979 

1  7 

0. 138760023662502 

7 

0.132313913614826 

7 

0. 126107258220227 

!  8 

0. 765315030259187 

8 

0.805697673525568 

8 

0. 848211148949584 

•t  9 

3.  38358629114715 

9 

3.88268443151808 

9 

4.45540237416018 

t'.O 

12.  6161857878459 

10 

15.6248791042359 

10 

19.3510821041635 

il¬ 

41.  0889097185379 

11 

54.4930117583335 

11 

72.  2698253819605 

ia 

119.875442673108 

12 

169. 162254549169 

12 

238. 713348839856 

319. 226869118141 

13 

476.795246865427 

13 

712. 138386287687 

St 

787. 159154609569 

14 

1238.84692883909 

14 

1949,72224372501 

ill 

1817. 55340037077 

15  . 

3002.68979037555 

15 

4960. 59481684903 

16: 

3965. 05147830536 

16 

6853.47056609179 

16 

11846.0148770530 

lfi- 

8231,58489058748  - 

17 

14343.47.75536473 

17 

26766. 2702643777 

W 

16359.2904226779 

18 

30697.8787364792 

18 

57603.9506953945 

19' 

31277.3293728865 

19 

60938.3140997408 

19 

118727.468098276 

■20 

57766,  2803765158 

20 

116622.215828814 

20 

235444.294118503 

\\ 


li 

a; 
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Tabic  13  (ContVl) 


Qn(s) 


s 

Q-1 

s 

Q-2 

s 

Q-3 

1 

i  rjnoAnon 
i. 1 VOX.)  60  A 

1 

J. 

1.7654501 

1 

i  nonoaii 
i.  ,  t  ooo oti 

2 

0. 22G1D600 

2 

6.9637390 

X 

10  2 

2 

0.0214388 

3 

0.11314622 

o 

3 

2.3473837 

X 

10 

3 

0.0048700 

4 

7.3553095 

X 

l°lp 

10  2 

4 

1.1934030 

X 

10-1 
10  3 
to"; 

4 

0.0019363 

5 

5. 3752645 

X 

5 

7. 2912849 

X 

5 

0.0009890 

6 

4. 1995147 

X 

io  i 

6 

4. 9473068 

X 

fi 

0. 0005828 

7 

3.4259608 

X 

10 

7 

3.5928678 

X 

io ; 
io”„ 

7 

0.0003768 

8 

2.8809467 

X 

IO"3 

8 

2.  7365500 

X 

8 

0.0002599 

9 

2.4776259 

X 

io"; 

9 

2.1591404 

X 

io~3 
io"; 
i°  3 

9 

0.0001881 

10 

2.1679316 

X 

io'; 

10 

1.7504794 

X 

10 

0.0001413 

11 

1.9231661 

X 

io"; 

n 

1.4501089 

X 

11 

0.0001093 

12 

1. 7251981 

X 

io"; 

12 

1.2225475 

X 

io'3 

io"3 

12 

0.0000866 

13 

1. 5620071 

X 

10 

13 

1.0458046 

X 

13 

0.0000700 

14 

15 

16 

1.4253335 
1.3093163 
1. 2096959 

X 

X 

X 

10  2 

10  l 

io"; 

14 

15 

16 

9.0565217 
7. 92.;4021 
6.9986540 

X 

X 

X 

10-4 
10_4 
10  J 

14 

15 
:L6 

0.0000575 

0.0000480 

0.0000405 

17 

18 

1.1232893 

1.0476836 

X 

X 

io:| 

10-3 

17 

18 

6. 2293026 
5.5832399 

X 

X 

1°1 

10-4 

17 

18 

0.0000345 

0.0000298 

19 

20 

9.8101518 
9. 2181445 

X 

X 

io  ; 
ioi; 

19 

20 

5.0351:794 

4.5660075 

X 

X 

10  ? 
w:j 

19 

20 

0.0000258 

0.0000226 

21 

8.6892571 

X 

io  3 

10-3 

10  3 

21 

4.1611384 

X 

10  J 

21 

0.0000199 

22 

8. 2140612 

X 

22 

3.  8091745 

X 

!0_4 

22 

0.0000177 

23 

7.7849702 

X 

23 

3.5011869 

X 

10-4 

23 

0.0000157 

24 

7. 3957255 

X 

10  3 

24 

3. 230055G 

X 

ioJ 

24 

0.0000141 

25 

7.0411286 

X 

io"3 

25 

2.9900507 

X 

10  4 

25 

0.0000127 
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Table  13  (Concluded) 


Qn(s)  '  /3s  Al(-  /3s) 


s 

0  . 

•-4 

s 

^-5 

S 

9-fl 

1 

j. 

1. 700918C 

1 

1.  6695431 

1 

1. 6387462 

2 

0. 0066002 

2 

0.  0020320 

2 

0.  0006256 

3 

0.  0010103 

3 

0. 0002096 

3 

0. 0000435 

4 

0. 0003142 

4 

0. 0000510 

4 

0. 0000083 

5 

0. 0001341 

5 

0. 0000182 

5 

0. 0000025 

C 

0. 0000C87 

6 

0. 0000081 

6 

0. 0000009 

7 

0. 0000395 

7 

0. 0000041 

8 

0. 0000247 

8 

0.  0000023 

g 

0. 0000164 

9 

0. 0000014 

10 

0.0000114 

10 

0.0000009 

n 

0. 0000082 

12 

0. 0000061 

Q-7 

«-8 

13 

0. 0000047 

14 

0. 0000036 

1 

1.6085174 

1 

1. 5788462 

16 

0.0000029 

2 

0. 0001926 

2 

0. 0000593 

16 

0. 0000023 

3 

0. 0000090 

3 

0.0000019 

17 

0. 0000019 

4 

0. 0000013 

4 

0. 0000002 

18 

0.0000016 

5 

0.0000003 

19 

0. 0000013 

20 

0. 0000011 

Q 

21 

0.0000010 

Q-9 

-10 

22 

0. 0000008 

23 

0.0000007 

1 

1.5497223 

1 

1.5211356 

24 

0. 0000006 

2 

0. 0000182 

2 

0. 0000056 

25 

0. 0000005 

3 

0. 0000004 

3 

0. 0000000 
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Table  14 

COMPUTATION  OF  |  exp  [- i(5n  -  2)  |  ]  f(n)(0)  j 


n 

0 

l 

2 

3 

1 

-• 

« 

1  „  r* 

v 

,4i  "■<-«.> 

1,  42(510  I452H7 

:i .  .l.lt.lS.ISB  1 

7.  751013213 

18. 228741 1 

■12. (i  19580 

99. 64917 

232.990  5 

n 

satTo.;) 

•  0.622*.  7815:59.1 

-2.  '>4.3070083 

-KMOfma-i 

-42.5313077 

-173. 8G6G52 

-710.7.530ft 

-2305.  5431 

ijAta) 

-i».  <».:  2346 14  2(5 

0.3226 £6232 

3.1:0:12133 

27.3  ®307" 

Wl.  4.1(10?*) 

1126  2.181 

0726. 6050 

-K2A2f{2) 

-ll.0IKW2f»K!K0 

0.027.72:310 

0.  11.3778.0 

~4.  ft  It.  1373 

-66.  222(199 

-f.7 1.93995 

-59.5(5.  G708 

Eji’ftS)' 

-0.00(1*18?  1523 

■).<io.'i2‘»332h 

-0.01307301 

-0. 1264170 

.5.(507(570 

145.978517 

2239.  530ft 

-t,  a'i(») 

0.  OOO'.MM.V/OO 

0.  OOi:<7<;«i27 

0. 00280022 

-0.  (1170358 

0.301977 

•'.i.55'313 

-281.5130 

ESASI(S) 

-0.  nunnn  vn  j  . 

l»  IIIIIMO  ,4V* 

O.0U073O00 

-0.0037212 

0.OR6457 

-0.31342 

-.3. 5643 

0.0000:111:144 

0. 000113330 

-0.0002180. 

-  0.  oouor.iir, 

U.  0122(13 

-0.05289 

-0.6322 

-11. 000(1127111.1 

n. 0000  10444 

-0.00007170 

-0.0002851 

0.0031 lift 

-0.01174 

-0. 1 129 

<1.00011010:111 

0.  (loom  .  2GB 

-0,  00002..07 

(1.00001)17 

<1.1100038 

0.00307 

•0.0255 

.  KbA5I«(2( 

-o.nooooio.'ifiv 

o.oomnii'.  01 

-0.  00000(1 1!) 

•  0.0000311 

0.000299 

-0.0008H 

-0.00(57 

— 

- 

..  - - 

k10^'"«2, 

•0.0(10(1007037 

o.ooooo.'.oo 

0.  OOOlfll.'Mil 

•0. 0000113 

0.000 101 

-(».  99029 

-0  i)(ll<) 

-0. 000000*1282 

(1.  (Kioriin  nr 

-0.(10000137 

0.()(KK»(H2 

0.(100030 

r.0 . 00009 

-0.0006 

-K12AI2I(2) 

0. 00000(11370 

0.  000  no 

-(1.  oooooc.r. 

-0.03(10011. 

I).  0(10012 

-0.(l00()3 

-0.0002 

K13  aU>  f(a> 

-0. 0000(00307 

o.dnooooiKo 

U  01)000022 

o.onooooo 

0. 000005 

-0. 00001 

-0.0001 

-EHAMt(2) 

-0. 00000 no 233 

0.000000070 

0.  0000000*1 

0.0000(103 

0,0000(12 

-0.  00(1(1(1 

-0. 0000 

K|;)A15|(2) 

-9  000000(11  1(1 

0.000000033 

-O.OdOOOOOl 

-0.  000000) 

0.  000001 

-0. 00000 

-n  '•••*'*' 

-K1(.Alr'[W 

-y. imooAuoo  ih 

* ~ ' 

-U. OU00OOO2 

-0.0000000 

0.  00(1000 

-0.00000 

-0.0000 

ni;A!7f(2) 

-0  0000000021 

Ci.  00 0000008 

-0.00000001 

-D.QOoDOOO 

0.  OOGi/vO 

-0.00000 

0. 0000  1 

-0. ODCS200OO0 

0. 000000003 

-0.00000000 

-0. 0000000 

0.000000 

-0.00000 

*0. 0000 

exp[-i(or.-2)^jf'‘(0) 

0. 7738211 '123 

».  HA 730-1 17 

0. 862H 1330 

-2.0122.(52: 

-S.i)77776 

-1 1.5990-1 

:0.0?5'i 
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Tabl@  15 

COMPUTATION  OF  J  exp(-  i  ^p)  g(n)  (0)| 


n 

0 

1 

2 

3 

4 

3 

G  . 

v  "" 

1  1.K32430? 

1.  fiGC8G75 

1.0015315 

1, 1376948 

1.9741110 

2.0112092 

2.0490058 

iq 

Al(-/»2) 

-0. 3673ft 4 8 

-1.  1932733 

-3.B7f.9K7l> 

-12.  5SS9735 

-40.8947215 

-132.634 1355 

-431.4715178 

EjMki 

-0.0473383 

0.  0605550 

1.2297357 

8.9737837 

53. 149G273 

288.3277213 

1404.1693590 

-E,a2((2| 

1  -0.0154034 

0.0096210 

0.0401863 

-1. 1-  5527 1 

-19.3940837 

-182. *  213125 

-1504.0082425 

K3a3((2) 

|  -0.0038943 

0. 0024440 

0.0095482 

-0.0989164 

0.5923093 

32.8480041 

545.4633956 

-0.0013933 

0. 0007534 

0  0022583 

-0.0192781 

0.0701053 

0.8511876 

-48, 1'706320 

K5a5i(2) 

-0.01)05329 

0.0002384 

0.0007007 

-0.0000064 

0. 0144100 

0.  1199234 

-3.0174401 

0 

-E,A  l(2| 

-0.0002131 

0.0000949 

0.0002143 

-0. 0015160 

0.0037059 

0. 02657:, n 

-0.4759480 

E.,A7  f(2) 

-0.0000880 

0.0000305 

0.0000902 

-0.0005049 

0.0011303 

0.0067156 

-0.1043127 

-*•„  4*1(2) 

1  -0.0000372 

0.0000145 

0,0000348 

-0- 0001795 

0.0003712 

0.0020021 

-0.0274989 

K0A°f<a> 

-0.0000 1G0 

0. 0000050 

0.0000139 

-0,0000089 

0.0001299 

0.0006504 

-0.0081527 

■El0i'°l<2) 

-v. 0000070 

“ 

0.0000025 

0.0000.067 

\  ' 

-0.0000250 

0.0000470 

0.0002248 

-O'.  0026234 

Kjj  A11 1{2) 

-0.0000031 

0,0000010 

0.0000024 

-0.0000102 

0. 0000181 

0.0000814 

•0.0008007 

-Els,  Al*f<2) 

j  -0.0000013 

0.0000004 

0.0000010 

-0.0000041 

0.00000/1 

0.0000300 

-0,0003211 

-0.0000000 

0.0000002 

0.0000004 

-0.0000017 

0,0000028 

0. pDOOl  18 

-0.0001193 

-£144WI(2| 

-0.0000002 

C.OOfrtQOO 

0.  000000 1 

-0.0000007 

9.0000011 

0.0000046 

-0,0000456 

Eis*15f<£) 

-0.0000001 

0 . 0G0600G 

C. 0000000 

-0. 0000003 

0.0000004 

0.0000018 

-9,0000179 

-EIGi1CI(2) 

j  -0.0000000 

0.0000000 

0.0000000 

-0.0000001 

0. OUU0G02 

0.0000007 

-0,0000072 

F.J7a17r(2) 

-C. 0000000 

0.0000000 

0.0000000 

-0.0000000 

0.0000000 

0.0000003 

-'ll.  0000029 

■E,,41,I(!| 

-O.OOOUOOO 

o.occocoo 

0. 0000000 

-0.0000000 

o.oooocoo 

0.0900001 

-a. 0000012 

expl-  1  -JjE|B,‘1,(0| 

1 . 39937r.fi 

0,  '473831 

-0. 686  2081 

-2.  9*. 9 5352 

-3. 482*073 

5.9376907 

5G.104G214 
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x  ox  uiu  convenience  oi  oifiexs  wlio  linuextiike  cOm|jU-tittiuus  of  this  tvpe  we  list 

below  the  values  of  E  . 

n 


Table  16 


VALUES  OF  E 

n 


n 

E  1 

n  o11+ 1 

1 

.25 

2 

■\  pC 

3 

.0625 

k 

.03125 

5 

.015625 

6 

.0076125 

7 

.00390625 

B 

.001953125 

9 

.0009765625 

10 

.OOOhOd2t3125 

l],  . 

.0002hl4ll|0625 

12 

.0001220703125 

13 

.0000ol03515625 

111 

.000030517576125 

15 

.0000152507690625 

16 

,  000007 629 39ls53 125 

17 

.00  j0031il)i(j97?65(;25 

lei 

,  000003  907  3li603  20625 

The  series  for  p^(0)  and  q^(0)  are  not  suitable  for  the  Euler  summation  process 
since  the  signs  of  the  terms  are  all  positive.  However,  because  of  Giver's  ;(Ref,  35) 
relations 


(12.5) 
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T«  TnKl  Art  1  *7  r\  nrl  IQ 
■»  I  X  iciwi^o  A  •  CX  1 1«.  *  X  u 


we  list  values  of 


RJs)  = 
n  r  *  . ' 


and 


[Ai’.C-  «s>]‘ 


S  (s)  - 


PS1A^S)V 


We  have  found  it  convenient  to  define  constants  M  and  N  by  means  of 


(ni  .  . 

pw(0)  =  c  +  Id 

n  n 


/.  r,n- 1  \ 

explI  — )  x 


(X 


-z 


277  sti[Ai'(-a  )]  2  77 


_i_  _ A  nir.\  ,, 

1  ^fT/"‘n 


q^<0)  =  a  +  ib 
'  '  n  n 


7<M  f 

2  W 


s=l  /»s[Ai(-.fl  )]' 


2'Tir 


exp 


(12.9) 


Details  of  the  calculation  of  M  and  N  by  means  of  the  Euler-Maclaurin  summation 
formula  are  given  in  Tables  19  and  20.  The  coefficient  of  the  ii  n  difference  has 
been  denoted  by  Mn  and  should  not  be  confused  with  the  constants  which  are 
the  subject  of  this  study.  We  designate  these  constants  in  the  summation  formula 
as  Eulcr-Maclaurin  coefficients.  A  ta|?le  of  these  coefficients  is  giver,  in  Table  21. 

•  1  ■  ■  / 

..  ,  /  . - . 

n  ■ 
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Table  17 


a 


n 

s 


R  (s)  =  - 

n  [Ai’(-ag)]2 


s 

R 

0 

s 

R1 

S 

R2 

1 

2.03377441209490 

1 

4.75518302412254 

1 

11.1181286667934 

2 

1.55041674937580 

2 

6.33802528878214 

2 

25.9095269561649 

3 

1.33586612406330 

3 

7.37472886021756 

3 

40.7126818888189 

4 

1.20532890587700 

4 

8. 18021543671277 

4 

55.5167342828684 

5 

1. 11127147893050 

r. 

8.85194531334336 

5 

70.3210360750879 

6 

1. 04566085201300 

6 

9.43463277872035 

6 

85.1253974918799 

7 

0.991316716567800 

7 

9.95299266204154 

7 

99.9297816471445 

8 

0.946748419182440 

8 

10.4223029820908 

8 

114. 734175679217 

S 

0. 909243828383500 

3 

i  ft  ocnn  JO.iQCO£QA 

1U,  Ov'i/liUTUULIUSlV 

a 

129.538574837106 

10 

0.877051634311060 

10 

11. 2514996173126 

10 

144.342976725458 

11 

0.848981307009500 

11 

11.6238182560194 

11 

159. 147380199571 

12 

0.824190099187580 

12 

11.9736936989339 

12 

173.951784645250 

13 

0.802061603377530 

13 

12.3042306613845 

13 

188.7561897128.92 

14 

0.782132613438810 

14 

12. 6178992035875 

14 

203.560595193554 

15 

0.764047056830580 

15 

12.9166998995913 

15 

218.365000957130 

16 

0.747525870788400 

16 

13. 2022787407664 

16 

233.169406919740 

17 

0.732346668634210 

17 

13.4760081581256 

17 

247. 9738130  2566  5 

18 

0.718329634742800 

18 

13.7390459000176 

18 

262.778219236879 

19 

0.705327505426430 

19 

13.9923786688534 

19 

277.582625526866 

20 

0.693218302572240 

20 

14. 23G8550576212 

20 

292.387031876720 

21 

0.681899965877930 

21 

14.4732108143344 

21 

307.191438272729 

22 

0.071286322090140 

22 

14.7020885019844 

22 

321. 995844704785 

23 

0. 661304013418650 

23 

14.9240529953933 

23 

336.800261165333 

24 

0.651890125651210 

24 

15.1396038407256 

24 

351.604657648627 

25 

0.642990334442190 

25 

15. 3491852129233 

25 

366.409064150257 

s 

R3 

B 

R4 

B 

R5 

1 

025.995370026274 

1 

60.77998833904 

1 

142.1101411431 

2 

105. 916836318150 

2 

432.98267215089 

2 

1770.0112739375 

3 

224.756520101427 

3 

1240.78181597448 

3 

6849.8102487001 

4 

376. 775869691907 

.  4 

2557,00784298188 

4 

17354.0730168274 

5" 

558.639704565242 

5 

4437,90844013600 

5 

35205.3374958514 

6 

768.036740321100 

6 

6929.90780347246 

6 

82526. 1385565751 

7 

1003.31242864713 

7 

10073,4337026691 

7 

101139.010512575 

8 

1263.05396143345 

8 

13904.3602313606 

8 

153006.487534860 

9 

1546  .17444529514 

9 

18455. 1622425210 

9 

220281.103748781 

10 

1851.74382425500 

10 

23755.6081243653 

10 

304755.393262461 

11 

2178.96461098493 

'll 

29833. 2700794123 

11 

408461.890176752 

12 

2527. 14194713402 

12 

36713.8884719613 

12 

533373. 128589097 

13 

2895. 66248678568 

13 

44421.6491662162 

1.3 

661461.642595244 

14 

3283.97899261810 

14 

52979.3991499318 

14 

854699,966290011 

15 

3691, 59B78402966 

15 

62408.8179081626 

15 

1055060.63376764 

13 

4118.  07497187693 

16 

72730.5561558195 

16 

1284516.17912218 

17 

4362.99901461625 

17 

33964. 3499180049 

17 

1545039.13644743 

18 

50  25 . 0  9  6  20 14C  363 

18 

96129.1156114283 

18 

1838602.03983705 

19 

0306.72018088705 

19 

109243.030225801 

19 

2167177.42338469 

20 

6004. 84981153994 

20 

123323.599640200 

20 

2532737.82118393- 

21 

6520.08603748150 

21 

138387. 717363460 

21 

2937255.76732824 

22 

7052. 14935913043 

22 

154451.715453285 

22 

3382703,79591110 

23 

7600.77769881483 

23 

171031.408978792 

23 

3871054.44102616 

24 

8165. 72458439462 

24 

189642. 135101696 

24 

4404280.23676680 

25 

8746.75759195544 

25 

208798.787633312 

25 

4984353.71722635 
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Table  17  (Cont'd) 


R  (s)  =  - - - r 

11  [Ai*(7%)j 


3 

R0 

s 

R7 

s 

R8 

i 

332. 268774108 

1 

77G. 88008300 

I 

1816.4290791 

2 

7235.716603398 

2 

29S79. 24366675 

2 

120918.4527053 

3 

37814.787289031 

3 

208758.79561591 

n 

M 

1152465.4208388 

A 

ll??17?.  027738998 

A 

799318,30698086 

4 

5424740,0205294 

5 

280073.110726074 

5 

2224938.20576842 

5 

17675206.3297133 

A 

<J 

564J51.  017403598 

A 

U 

5090142. 10991516 

6 

45926575.5930121 

7 

1015453.29827892 

7 

10195328. 1504304 

7 

102362872.099715 

8 

1085036.14811458 

8 

18549761.3891883 

8 

204205499,081331 

9 

2629278.68263232 

9 

31383111.2759848 

9 

374589304.612931 

10 

3909638.90439593 

10 

50155884.6888142 

lu 

643438647. 515277 

11 

5592451.49065643 

11 

76568988.2642702 

ii 

1048343463.25743 

12 

7748754. 11298878 

12 

112572582. 091620 

12 

1635435329.85932 

13 

10454136. 1936149 

13 

160374343.504411 

13 

24G0263533. 79439 

14 

13788605.4598089 

14 

222447230. 63C440 

14 

3588671135.89219 

15 

17836468.9195721 

15 

301536815.360819 

15 

5097671037.24060 

16 

22686225,7301001 

16 

400668240. 884885 

16 

7076322045.08969 

17 

28430470.0207335 

17 

523152848.709299 

17 

9626604938.75274 

18 

35165802. 1546500 

18 

672594511.691930 

18 

12864298535.5102 

19 

423S2747.  2235117 

19 

852895703.821073 

19 

10919855756.5115 

20 

52015679.8015203 

20 

1068263332.60298 

20 

21939279692.6787 

21 

62342754.1625238 

21 

1323214355.31705 

21 

28084999670.6073 

22 

74085839.3012300 

22 

1622581200. 16368 

22 

35536747318.4704 

23 

87360458, 2076341 

23 

1971517005. 12501 

23 

44492432631.9231 

24 

102285730.929851 

24 

2375500692.37519 

24 

55169020040. 0002 

25 

118984321.029958 

25 

2840341888,66481 

25 

67803404471.0205 

B 

;s 

R9 

8 

10~10rio 

s 

J  10"11rh 

i 

4247.006290  |’i 

i 

0. 000000992995687 

1 

0.000000232173057 

2 

494308.5215211! 

2 

0,000202070824578 

2 

0. 0001)82605531001 

3 

6362254.305552  ■' 

3 

0.003512320553535 

3 

0.001938997575124 

4 

,  36813126.983863 

4 

0.024986030684649 

4 

0. 010957289058629 

5 

140414205.263166 

5 

0.111546916441933 

5 

0.088014360544612 

6 

414379456.465319 

6 

0.373880115048378 

6 

0.337338974450206 

7 

3027741081. 9H374 

7 

1.03186996410982 

7 

1.03601543374797 

8 

2248001199. 59279 

8 

2.47471758405386 

8 

//  2.  Y242988GG8932B 

9 

447 1103769'.' 68 180 

9 

„  5.31671641797664 

9 

1  6.30091302215478 

10 

S2f)d55i"r7o3,  15535 

10 

10.3895532359978 

10' 

13  .‘5851014377203 

11 

14353383002.3239 

11 

19.6519186405241 

1C 

26.9064028587588 

12 

23759326309.  3217 

12 

34. 5171453262236 

12 

50.1459217720092 

13 

37742300441.9156 

13 

57.8995389347941 

IS 

*  8#. 8222649284700 

14 

57894901567. 1677 

14 

93.4000219175484 

14 

15(1.679314724764 

15 

86179360794.  88S4 

15 

145.691673173084 

15 

246.301010313733 

16 

124977047282.  889 

16 

220.725713838699 

16 

389.83030')314948 

-17 

lv  y  j-'10'133958. 17.3. 

17 

325.958461394539 

17 

599.800486995444 

18 

246047468324.466 

18 

470.599749389897 

18 

900.080985791645 

19 

335658298246.866 

19 

665.883288017926 

19 

1320.98791604262 

20 

450574290803.  193 

20 

925.359420986591 

20 

1900.44144880574 

21 

58609,9341975.884 

21 

1265.21071629550 

21 

..  2685. 38822962455 

22 

778303366173.243 

22 

1704.59081234414 

22 

3733.2,8699812060 

23 

1004087997395.03 

23 

2265.98692603152 

23 

5113.79158227871 

24 

1281254424359. 15  - 

24 

2975.60641597341 

24 

G910. 59743829028 

25 

1618573340134.73 

25 

3863.78778150382 

25 

9223.48590086804 
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i  'lUiC  Xi  ^UIH  uj 


ot 


n  (s)  = 
nv  ' 


■)]' 


s 

10  12  *12 

■ 

10'13  *13 

s 

10-14  *14 

1 

0.000900054284554 

1 

0. 000000012692311 

1 

0.  000000002967598 

2 

0.900033708723658 

2 

0. 000013804483510 

2 

0.  000005643203069 

3 

0. 001070436212000 

3 

0. 000590940162994 

3 

0. 0003262321)62463 

4 

0011508417491190 

4 

0. 007810427009138 

4 

0. 005300708816983 

5 

0.070396431790369 

5 

0.055923865819933 

5 

0. 044426666078177 

6 

0. 304369178568832 

6 

Q  274621682874476 

6 

0.247781556133332 

7 

1.04017755753744 

7 

1.  04435640238518 

7 

1.04855203546695 

8 

2.  99906102868274 

8 

3. 30161261373899 

8 

3.  03447818474273 

9 

7.60313809689010 

9 

9.07511746539150 

9 

10.  8320743305110 

10 

17.4280233509549 

10 

22.  3580220813132 

10 

28.6826073916811 

11 

36.8388719717657 

11 

50.4379011670960 

11 

69.  0569970788335 

12 

72.8611424278770 

12 

105.836900898476 

12 

153.758049887595 

13 

13G. 26006 1G890G2 

13 

209. 033224118515 

13 

320.672750648614 

14 

243.0661944.11896 

14 

392. 163304044723 

14 

632.664711426112 

15 

416.387473356117 

15 

703,029422507310 

15 

1190,03731779451 

16 

688.491004778542 

16 

1215. 00402554067 

10 

2147.55161696913 

17 

1103.70082942721 

17 

2030. 93453121449 

17 

3737.  1495G09 186,3 

18 

1721.54061501091 

18 

3292.68408046825 

18 

6297.71285045318 

19 

2620.59298638479 

19 

5198 . 76640572358 

19 

10313.3803233462 

2.0 

3902.99987056726 

20 

8015.72076804624 

20 

16462. 1525908350 

21 

5699.69085064391 

21 

12097.4969030249 

21. 

25670.7314523175 

22 

8176. 40908856676 

22 

17907.4541060561 

22 

39219.7735077804 

23 

11540.0068909617 

23 

26044. 3949283022 

23 

58775.9823413687 

24 

1G049. 2855163321 

24 

37273. 1254981409  , 

24 

86563.7216676340 

25 

22017.8360899238 

25 

52500.0070823329  !i 

25 

125469. 102014320 

8 

’O'”  *15 

8 

10-10  *10  . 

H 

10-17  *17 

1 

0.000000000693856 

1 

0.000000000162231 

1 

0.000000000037931 

2 

0.000002306912885' 

2 

0.000000943054324 

2 

0. 000000385515840 

3 

0.000180098356346 

3 

0.000099424375115 

3 

0. 000054887821119 

4 

0. 00359743G341 133 

4 

0.002441475031989 

4 

0.001656957835130 

5 

9.  035293137015544. 

5 

0.028037339516004 

5 

0.022273237054260 

G 

0.223564646888850  . 

0 

0.  201714575202861 

.  .6 

0. 182000018408540 

7 

1.  052764524 '22836 

7 

1.  05609393638600 

7  • 

1.06124033992851 

8 

4.00102414281284 

8 

4.40453715159784 

8 

4. 84874542800606 

9 

Ilf.  9291807791111 

9 

15.  4322902989365 

9 

18.4200057196422 

10 

36.7962766017075 

10 

47.2051213016749 

NO 

60. 5583970467120 

11 

94.5493118309426 

■  11 

129.452086622003,  . 

■  11 

177.239182457034 

12 

223.377080248356 

12 

324.  519423697219 

12 

471.454847,569135 

13 

491,936214648091 

13 

..754.667301143627 

,13 

1X57; 21 662759  737 

14 

1020.65805993474 

14 

1646.59551338262 

14  .. 

2656. 40069982413 

15 

2011.83353379171 

15 

3401. 13213860386 

15 

5749.82951121328 

16 

3792.85535997668 

16- 

-  6698. 67567700499 

16 

1183.0.  7321442348 

17 

6876.77846135323 

17 

12654.  0512,322732 

17  . 

23284.8874642219 

18 

12045.2452096322 

18 

23098.  1942783113 

18 

44063. 72692066S2 

19 

20459.8178477266 

19 

40568.4524024162 

19 

80519.8990863088 

20 

33808.8708134965 

20' 

S9434.  4035129442 

20 

142599.746019135 

21 

54498.4268584005  ' 

21 

115671.982104073 

21 

245511.814940296 

22 

85896,6676609488 

22 

188125.449367824 

22 

412020. 462068934 

23 

132643.361832561 

23 

299344.404591266 

23 

■675548.865183415 

24 

201037:015512030 

24 

466891.681958444 

24 

1084316.94594541 

'25 

299514.377739745 

25 

714987.677357404 

25 

1706787.44249511 
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Table  17  (Concluded) 


R  (s) 

n'  ' 


s 

s 

~19 

10.  r19 

s 

10"20 

1 

0. 0000000000088G8 

1 

0.000000000002073 

T 

0. 000000000000484 

2 

0.00000015759G926 

2 

0. GOOOOOOG4424826 

2 

0.000000026336543 

3 

0. 00003030 1150032 

3 

0.  000016727931161 

3 

0. 000009234754477 

4 

0.001124528914458 

4 

0.000763184948127 

4 

0.000517951.346167 

5 

0.  017694157057665 

5 

0.014056474737759 

5 

0. 011166651308074 

G 

0. 1G42122C2140188 

6 

0. 148162990712821 

6 

0. 133G82293458858 

7 

1.06550380311765 

7 

1. 06978439448942 

7 

1.07408218285518 

8 

5,33775318868199 

8 

5.87607857049350 

8 

6.46869537539235 

9 

21.9861474944550 

9 

26.2426998669423 

9 

31.3233274033162 

10 

77.6890156223675 

10 

99.6655037569256 

10 

127.853619765950 

11 

242.660832322018 

11 

332.247027394622 

11 

454.895653255481 

12 

684.921585542453 

12 

995.042432506107 

12 

1445.  5807.2542495 

13 

1776.02473008214 

13 

2724. 55604996315 

13 

4178.67472167321 

14 

4285.48761409.53i 

14 

6913. 64224221904 

14 

11153.5613581480 

15 

9720.45132641921) 

15 

36433.0392414276 

15 

27781. 0946880978 

1G 

20894.6110860395 

16 

36902.  5096998264 

16 

65174.7887979041 

17 

42846.8301786762 

17 

78843. 09.03573529 

,J7 

145080. 087211763 

18 

84277.9606197867 

18 

161393. 234040764 

5k 

308304. 312413799 

19 

159736. 421694250 

19 

336887. 188200933 

19 

628044  920055250  ;! 

20 

.292861,  84  5654524 

20 

601460. 122016385 

20 

1235238.67565428 

21 

,,  521094.65212627  1 

21 

1106014.5.3759214  II  >> 

21 

2347497.04755891 

22 

902381.159667455 

22. 

1976338. 14892073  " 

22 

4328450.82926911 

23 

1524552.52963133. 

23 

3440551. 13611099 

23 

7764502.62626056  ., 

24 

2518235.56061485 

24 

'5848391. 83107564 

24 

13582401.08701  12 

25 

4074368.64454212. 

25 

0726155.37138016 

25 

23217854. 4852458 
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S  (s)  =  -  o 

n  «r»./  n  >1  * 


l8a[Ai(-fi  )]' 


c> 

g 

“o 

s 

V 

1 

3.42090527093745 

1 

3.48519424670285 

1 

2 

1. 75346632551597 

2 

5. 69560507897474 

2 

3 

1.43366682592260 

3 

6.9104163367226ft' 

3 

4 

1.26661171013518 

4 

7.80651726981529 

4 

5 

1.15767665395375 

5 

8.53459749697771 

5 

6 

1.07867166996060 

6 

9. 15629016082348 

6 

7 

1. 01762666406664 

7 

S. 703527209G0a37 

n 

i 

8 

0.968423104033338 

8 

10. 1952295598303 

8 

9 

0.927545444958618 

9 

10.6446365110267 

a 

10 

0.892802723165511 

10 

11.0571727842123 

'  10 

11 

0. 862744993984(172 

11 

,  1 1.  441913018297 1 

11 

12 

0.  f"'63672564421,53 

12 

li,  8025  81873226 

12 

la 

0. 8 12946786820^68 

13 

12..  1421221522247 

13 

14 

0.791948015215901 

14 

12.4638373409639 

14 

15  • 

0.772964029156273 

15 

12.7697552005989 

15 

1G 

0. 755679076660912 

16 

13.0616823959993 

16 

17 

0.739843677652785 

17 

13.3411161622160 

17 

18 

0.725257605889135 

18 

13.6093127898938 

18 

19 

0.711757950434424 

19 

13.8673379141378 

19 

20 

0.699210551030022 

20 

14.1161041622739 

20 

ii 


S 

_  S3 

s 

::  S4 

s 

1 

3.617419446239 

1 

3.68540150732 

1 

2 

60.093119059448 

2 

195,19432403454  , 

2 

3 

160.552165662199 

3 

..773.87736706140 

3 

4 

296.  541156310142 

4 

:1827.  67428993613 

4 

5 

463.846817854721 

5 

3419,56096041486 

5 

6 

659 . 75 1058 16 6965 

6 

■  f>600. 28810499744 

6 

7 

882.  291160513919. 

7 

8413.04241049295 

7 

8 

1129.953945^4718 

8 

1.4895.  7714008173 

8 

9 

1401.52132383917 

9 

16082. 5365640847 

9 

10 

1695.98214535924 

10 

21004. 3799527030 

10 

11 

2012.47748244544 

11 

26689.9170276117 

11 

12 

2350-.  26451858038 

12 

33165.7623850564 

12 

13 

$708. 69156455411 

13 

40456,8470934668 

13 

14 

21087.  18011644051 

14 

48586.6623494002 

14 

15 

3485. 21157329407 

15 

57577.4511290508 

15 

16 

3902.  31715348323 

16 

67450.3619871862 

ib 

17 

^338. 07007487289 

17 

78225.5745866814 

17 

18 

4792.07937931402 

18 

89922.4036501233 

18 

19 

6263.98497832129 

19 

102559.386129473 

19 

20 

5753.45362339401 

20 

116154.355109488 

20 

3.5506914033670 
18.5004506465769 
33.3088923335535 
48. 1139653109793 
62.9185655482067 
77.7230475629854 
92. 5274893360947 
10". 331914474915 
122. 136331750209 
136.940744923402 
151.745155788981 
166.549565276592 
181.353973900537 
196. 158381961038 
210.96  2789641347 
2?5. 767197057629 
240,571604285943 
255.376011377507 
270. 180418367666 
284.984825281351 


3.7546611533 
634.0297313842 
3730. 1656865217 
11264.5183948765 
25209.6095346197 
47537. 97 12859592 
80222.  1372812183 
125234.641467042 
184548.017882888 
200134.800596065 
353967.523688858 
468018.721248631 
604260.927365345 
764666. 670130465 
951208. 50163G212 
1165858. 93797522 
1410590.51924046 
1687375.77952500 
1993187. 25292200 
2344997-47352482 
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Table  18  (Cont'd) 

S  (s)  = - S - o 

11 


s  ■ 


s 

S6 

g 

S7 

s 

S8 

1 

3.825222393 

1 

3.89710968 

1 

3. 9703419 

2 

2059.453840512 

2 

6689.51298536 

2 

21728.8599050 

3 

17979.768683169 

3 

86664.26884692 

3 

417730.3739064 

4 

69426.689080879 

4 

427S98. 02348987 

4 

2637267. 035^187 

5 

18S849. 710019759 

5 

1370117.00506489 

5 

10100745.4214935 

6 

403525.438823075 

6 

3425320.33259146 

6 

29075786.2029706 

7 

764954. 102922387 

7 

7294180.87586643 

7 

69553290. 1210595 

8 

1318:427.  77530606 

8 

13879959.8763382 

8 

146123503.901484 

9 

2117’698. 95680265 

9 

24300715.4619724 

9 

278852086. 160221 

10 

3221714.45353455 

10 

39900251.7015419 

10 

494156173.306973 

11 

4694394.80447998 

11 

C225809 1.7895 160 

11 

825680445.448000 

12 

6604447. 10711363 

12 

93198668,3658527 

12 

1315173192.28025 

13 

9025203.  26156089 

13 

134799869. 102310 

13 

2013362379.03825 

14 

12034478. 1326933 

14 

180401040.279627 

14 

2980831712.30761 

15 

15714443. 6900862 

15 

259610527.096302 

15 

4288896706. 01735 

16 

201511516.  2144708 

16 

348312812.566620 

16 

6020480747. 29721 

17 

25436254.3041814 

17 

458675304. G00C01 

17 

8270991162.39021 

18 

31663260.3913802 

18 

594154811.712487 

18 

11149195282.5542 

19 

38931125. 1600065 

19 

758503740. 831967 

19 

14778096509.9646 

20 

47342289. 8836153 

20 

955776045,274508 

20 

19295810383.6192 

s 

S9 

s 

10-10  S10 

fi 

10-11  S11 

1 

4.044962 

1 

0 . 000000000412097 

1 

0.000000000041984 

2 

70579.  C'B0206 

2 

0.000022925658418 

2 

0.000007446706824 

3 

2013501.845751 

g 

0  000970527865841 

3 

0.000467804060056 

■  # 

16254287.319537 

4 

0,010018016859718 

4 

0.006174411700042 

5 

74464485.655362 

5 

0.054896538745729 

5 

0.040470701432211 

6 

246809425.465109 

6 

0. 209503803389161 

•  G 

0.177837068021090 

7 

663221854.378492 

7 

0.632411820288661 

7 

0.603023069251929 

8 

1538338625.08830 

8 

1. 619510G6204520 

8 

1.70496582592635 

9 

3199843481.05264 

9 

3.67183851633515 

.9 

4.21345549239397 

10 

6120019629.04787 

30 

7.57951479373008 

10 

9.38706866816208 

11 

10950354859.8964 

11 

14.5226003859879 

11 

19. 2G0190G211732 

12 

18559069094.4899 

12 

20. 189G340096854 

12 

36.9575071933381 

13 

30071454047.5551 

13 

44.9145349068349 

13 

67. 0840672388398 

14 

46912929749.3858 

14 

73.8325135425724 

14 

116. 199096G05888 

15 

70854734438.6501 

15 

117.055591134381 

15 

193.381734112396 

16 

104062173772.731! 

16 

179.868293992428 

16 

310.896861086180 

17 

149145363009.9081 

17 

268,944058464319 

17 

484, 969 194640357 

18 

209212402219.306 : 

18 

392.582855830519 

18 

736,673815974298 

19 

287924929965.782 

19 

560.970523097493 

19 

1092.95130443089 

20 

389556005511.366 

20 

786,460264756747 

20 

1587.75564820090 
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ToKio  in 


S  (s)  = - - - 5 

11  ^[Ai(-8)]2 


s 

10"12  S12 

s 

10-13  s13 

8 

10‘14  s14 

1 

0.000000000004277 

1 

0.000000000000435 

1 

0.000000000000044 

2 

0.000002418837510 

0 

0.000000785686215 

o 

a 

0.000000255206400 

3 

0.000225486198086 

3 

0.000108686584552 

3 

0. 000052388012046 

4 

0.003805479704761 

4 

0.002345434105609 

4 

0.001445563127527 

5 

0.029835718459437 

5 

0.021995420501467 

5 

0.016215413873613 

6 

0.  150956759272163 

6 

0. 128139444849236 

6 

0. 108770997770739 

7 

0.  575019110878440 

7 

0.548306543595701 

7 

0. 522834911157274 

8 

1.79493012037706 

8 

1.88964147435996 

8 

1.98935037140675 

9 

4.83490403978691 

a 

5.54814861773950 

9 

6.36653195995256 

10 

11.6256858887170 

10 

14.3981659409313 

10 

17.8318238121151 

11 

25. 543286526 1406 

11 

33.8760658910224 

11 

44.9271803406531 

12 

52.  1525935582191 

12 

73.  59514267G15G4 

12 

103.853800089108 

13 

100. 196341547860 

13 

149.652626470000 

13 

223.520223028019 

14 

182.  8 764 78 18 246 2 

14 

287.814684014727 

14 

452.968545532945 

15 

319.476367817286 

15 

527.791055666118 

15 

871.937415416185 

16 

537. 375743594411 

16 

928.837585541267 

16 

1605.46744172601 

17 

874.513164905334 

17 

1576.95227664900 

17 

2843.61469057776 

18 

1382.35356710639 

18 

2593.95860563401 

18 

4867  51103903714 

19 

2129.42125240613 

19 

4148.79862608335 

19 

8083. 19632404435 

20 

3205  46 1370859. fl 

h 

it 

20 

6471.38784341062 

20 

13064.8464525438 

s 

10-15  S15 

s 

10-16  S16 

8 

lo' 17  s17 

1 

0.  000000000000004 

1 

0.000000000000000 

1 

0.000000000000000 

2 

0.  000000082896083 

2 

0.000000026926285 

2 

0, 000000008746189 

3 

0.  000025251541554 

3 

0.000012171493552 

3 

0.000005866780647 

4 

0.000890944985692 

4 

0.000549116778379 

4 

0.000338437547928 

5 

0.011954290534023 

5 

0.008812934877516 

5 

0.006497037061069 

6 

0. 092330117162300 

6 

0.  078374297468267 

6 

0.066527918434750 

7 

0.498546565817380 

7 

0.475386537861734 

7 

0.453302411199334 

8 

2.09432051207314 

8 

2.20482951134879 

8 

2.32116963286696 

9 

7. 30563147993173 

9 

8.38325349755524 

9 

9,61983086572674 

TO 

’2. 0843364197085 

10 

27.3509832890735 

10 

33.8736139797063 

11 

59. 5834103007953 

11 

79. 02C8233891873 

11 

104.799146231846 

12 

146.553310459752 

12 

206.808732933067 

12 

291.838184229394 

13 

333.848401334345 

13 

498.633875555532 

13 

744. 756424945478 

14 

712.891018554608 

14 

1121.96224075091 

14 

1765.76676786172 

15 

1440.48454069219 

15 

2379  75303649836 

15 

3931.47191430589 

16 

2775.00151432851 

16 

4796.50549390571 

16 

8290.61347688478 

17 

5127.70400741145 

17 

9246.45257838401 

17 

16673.5219429065 

18 

9133.78635406462 

18 

17139.3659906726 

18 

32161.6748164360 

19 

15748.6705674905 

19  30683.4839462673 

19 

59781.3118920848 

20 

26376.  1370758127 

20  53249  8112066678 

20 

107504.081639991 
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Table  18  (Concluded) 


,  p 

S  (a)  » - 1 - -x 

n 


s 


s 

io"18  S  - 

10  19  Sia 

10  20  Snn 

18 

19 

20 

1 

0.000000000000000 

l 

0.000990000000000 

1 

0. 000900000000000 

9 

0.000000002840935 

2 

0  000000000922701 

2 

0. 000000000299741 

3 

0.000002827846476 

3 

0.000001363050057 

3 

0.000000657003650 

4 

0.000208589482857 

4 

0.000128560097073 

4 

0.000079235539193 

5 

0.004789730884681 

5 

0. 003531074508585 

5 

0.002603170717806 

6 

0.056472135307532 

6 

0.047930297139975 

G 

0.040690662235071 

7 

0.432244204733653 

7 

0.412164259244740 

7 

0. 393017129526223 

8 

2.44364856185536 

8 

2.57259021887206 

8 

2  70833561648257 

9 

11.0388103988715 

9 

12.6670974493300 

9 

14. 5355660612875 

10 

41.9517540528257 

10 

51.9563595771966 

10 

64.3468517935099 

11 

138.986922432229 

11 

184.327499810417 

11 

244.459166314201 

12 

411.827511180944 

12 

581.  150473552076 

12 

820. 090605266563 

13 

1112.36351898397 

13 

1661 .41916594676 

13 

2481.48523200086 

14 

2778.99929715819 

14 

4373. 64505560255 

14 

,6883.33066221275 

15 

6494. 98967998700 

15 

10730.0501854388 

15 

17726. 5835135638 

16 

14330.0725727167 

10 

24769  0934466879 

16 

42812. 6226896314 

17 

30066.2693745379 

17 

54216. 5330874717 

17 

97765. 1208870703 

18 

00350.7345348181 

18 

113246.936911095 

18 

212505, 594481977 

19 

116473.255051386 

19 

226927.424522805 

19 

442127.731193173 

20 

217036.028999305 

20 

438166.041374418 

20 

884597. 274926842 
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Table  18 

COMPUTATION  OF  |  exp[-i(n  +  1)  7r/3]Mn 


n 

0 

i 

2 

3 

4 

5 

6 

1  n 

-Y  • 

.f,  2 

-2. 033774 

-1.7551830 

-11. 11612867 

-25.9953790 

-60.779888 

-142.11014 

-332.2688 

«? 

SCAl'l-.,)]2 

-0.775208 

-3. 1690120 

-12.95476348 

-52.9504182 

-216. 491336 

-865.00564 

-3617.8535 

n+1 

^2 _ 

n  +  1 

4.087849 

8. 3556653 

22.77169162 

69.6171431 

228.327161 

777.82491 

2725.4648 

-0. 017870 

0.  0863920 

1.23359208 

9.9033070 

67.316595 

423.31658 

2548. 2559 

M„  A2  f(2| 

. 

-0.003500 

0.0090310 

-0.00004156 

1.3821861 

-21. 186953 

-22R. 01932 

-2057. 6321 

,  1 
-M3Aa«21 

-0.001170 

0.00257  in 

-0.00002100 

-0.OBR0117 

1.479584 

52.05308 

869.5316 

H1a4i(2) 

-0.000515 

0.0009890 

-0.00001234 

-o.ois5?;n 

0. 177440 

0. 00006 

-121.  8339 

-MsiSl(2) 

-0.000200 

0.0004673 

-0.00000793 

-0.0066CI10 

0.046019 

O.  . .  2063 

1 

MaA6(|S) 

-0. 0001 '>3 

0.0002522 

0.000140* 

-0.00000542 

-0.0028664 

0,016738 

C.  00002 

-1.4700 

-M,;i\7((2| 

-0. 000005 

-0. 00000389 

-0. 0014315 

0.007420 

0.00002 

-0.4595 

M84*  ((2] 

•0.000002 

0.0000948 

-0.00000289 

-0.000793$ 

0,003767 

0.00001 

-0. 1823 

-M8fl9((2) 

-0.000043 

0.0000634 

-0.00000221 

-0. 000475G 

0.002103 

0.00001 

-0.0843 

Ml0A“fi2) 

-M„6UK2) 

-0.000031 

0.0000443 

-0.00000*73 

-0.0003025 

0.001201 

0.00001 

-0.0438 

-0.000023 

0.0000320 

-0.00000139 

-0.0002018 

0.000801 

0.00001 

-0.0246 

M12A32f(2) 

-0.000017 

0.0000237 

-0.00000113 

-0. 0001396 

O. 000332 

o.oocuo 

-0.0148 

-M13a13((2) 

-0.000013 

0.0000181 

-0.00000093 

-0. OOUiOO* 

0.0(10387 

0.00000 

-0.0093 

M„A14I(2) 

-0.000010 

0.0000  MO 

-0.00000077 

-0.0000736 

0.000261 

0.00000 

-0.0062 

-H15A15K2) 

-0.000008 

0.0000111 

-0. 00000005 

-0.0000554 

0.009191 

0.00000 

-0.0042 

M5liA1Cf(2) 

-0.000007  *  O.OOOOOH9 

-0.00000050 

-0.0000425 

0.000143 

■ 

8.00000 

-0.0030 

1  } 

M..A,7f{2)  1  -0. 00000'  0. 0000072 

! 

-0. 00000049 

-0.0000332 

0.000109 

o.noooc 

-0. 0021 

MlgAUf(2}  -0.000004  ,  0.  0000l».,‘i , 

-0. 0000004! 

... 

0.0000263 

|  0.000084 

0.00000 

|  -0.0016 

1 

•.■xpf-  l(n-  1)7  :»3Mn  |  l.2Vj|r,i  o.'»322i><* 

-O.  (.0*71380 

-0  “3<i*i 2<5j 

1 .0777 14 

- 1 — 

0.05905  |  4.  1440 
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Table  20 


COMPUTATION  OF 


expj-i(n  +  1)  7r/ 3  J  Nr 


n 

0 

l 

2 

3 

4 

5 

6 

-  y  "" _ 

AE-'«-'yi2 

h 

2(12[A1(-i!2)1! 

-o.*7fi?3 

2  *47*0 

-9  25  02  2.7 

-30. 04(55(5 

-5)7.  397 18 

-317.014868 

- 1029. 7269 

n  +  1 

3. 24820 

5. 27539 

11.42.Vi81 

27. 82978 

72.31730 

195.750728 

545.0032 

-NjAC(2l 

-0. 02(1115 

0. 10123 

1.234037 

8.37159 

48. 22359 

258.011329 

132G.G929 

N2A,<:f(2| 

0.00030 

0.0132* 

0.000  HO 

1. 41-041 

-19. 79G41 

-184.925698 

-1480.2752 

-N3P  f{2) 

-0.  (I02SU 

0.00390 

0.00007G 

-0. 11110 

1.  CO  186 

82.052655 

777. 1394 

N,A4f(2| 

-0.00121 

0.00107 

0. 000048 

-0.02803 

0.  22922 

-0.000197 

-128.0083 

-N-Ar,C(2) 

-0.00072 

O.OO.Ifii 

0.000032 

-0.01031. 

0.  QGG51 

-0.000129 

-8.0113 

[ 

-o.ooor. 

0.00048 

0.4)00023 

•0.00193 

0.02GSG 

-0.000090 

" 

-1.0619 

-Hj  a’  ipi 

0.  OOO.'U 

0. 00030 

0.000017 

0  00204 

0. 0)277 

-0.000005 

-0.GG7G 

N8ASI(2) 

-0.00022 

0.  (>0020 

0.0000)3 

-0. 00156 

!).  OOGO-t 

-0  000049 

-0.2HG4 

-N0anl(2) 

0.03010 

0. 00014 

0.00001 1 

-0  00099 

0.00112 

-0.0000 IH 

-0.  1422 

K10610I(21 

-0.00012 

0 . 003  1C 

0.  flflODO'l 

-0.  OOOfili 

0.00201 

-0.000030 

-0  0783 

N„,S".pi 

-0. 00000 

0.00007 

0.000007 

-0.00040 

0.00174 

.....  _J 

-0.000024 

-0.0400 

nl24,8(<») 

-0.0000K 

11.000  or, 

0. OOODOG 

. 

-0.  (10133 

0.00121 

-0.000020 

-0,0294 

-N]a4IJl(2) 

0,00000 

'  0.00004 

0. 000005 

-0. 00021 

0  090*7 

-0.  U  1)0(1 1 7 

-0.0194 

KH  A  14  1(2) 

-o.oooor. 

0.00003 

0. 000004 

-0.00019 

0.00004 

-0.000014 

-0.0131 

-N15415f(2) 

-o.ocooi 

0. OOOU3 

o.uoooo : 

•• 

0.00049 

-0.0000(2 

-0.0095 

H 

Klcn,ciB) 

-0.0000*1 

0.00002  !  0.000003 

1 

■ 

0.0003°. 

0. 000011 

.  -J 

0.  0069 

-N.7A,7f(2) 

-5.UUUU3 

0.00002 

0.000003 

0.00029 

-0. 00(1010 

-0. 0052 

N1Ba’8((2i 

o  .Minna 

-  -4 

i 

_  1 
(Id  0002 

((.  I1'U1[J(J2 

0.  (KJ023 

1)00010 

-ri  Uiiifi 

,  Kpr-  |(..  A.  ij  r.  3*1  JC 

- LUL 

-i.O1***  «o  j 

_ 

-o.o-nrn  i 

_ 

-0. 142  9 > 

_ 

0.  •'9--.21 

_ 

L  r*3(, 

u.  UTliD 

-l."722 
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Table  21 

TABLE  OF  EULER-MACLAURIN  COEFFICIENTS 


n 

M 

n 

i 

.08333  33333 

2 

,08166  8666? 

3 

.02638  0888? 

U 

.018/3  00000 

5 

.01826  91799 

6 

.01136  73982 

7 

.00933  63363 

8 

.00789  23380 

9 

.00678  388 99 

10 

.00392  803681 

Za 

.00523  669356 

12 

,00867  750008 

13 

.00821  895756 

lh 

.00382  6o996 

13 

.00389  737552 

16 

.00321  85822/ 

17 

.00296  952272 

IB 

.00275  823323 

19 

.00256  638180 

20 

.00239  979050 

21 

.00225  132691 

22 

.00211  82896 

23 

,00199  83013 

We  have  shown  that  we  can  use  the  Euler-Maelaurin  formula  in  the  form 

|  f(8>  -  f  m  -  |f<N)  *  fm  ds  - •;!  fw  *  ^5  Jm(N)  -  jjij- 


s— 1 


s= 


N 


1 


1209600 


f(7)(N)  +  .... 
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and  use  Diver's  relations  to  arrive  at 


M  =  exp 
n 


i  (n+l) 


lim 


N- 


N 


a 


Jk  [Ai'(- 


"S>1 


N 


[Ai’t-aj; 


n+  1 

“n_ _ 

n  +  1 


ir  /  1\  n-2  t r  , 

12  V1  “  i)  “N  '  "7T  "  2) 


2 

r** 

6 


1-3-5  _i_  /  A/  7\ 
1 !  (96)  120  \  "  2/  \  ~  2  / 


n-t> 


,  /..  7\  T  472  1-3-5-7-9-11  .  *2  ,  „w  1-3-5  .  tt4 

+  ~  In'7;)l  — - ^ - +  15  (n  "  2)(n  -  5>  ii(96T  +  252^ 


12  1"  2/  i  231  2!(96)2 


(n  -  |)(n  -  2)  (it  -  5)(n  -  -!|) 


a 


n-8 


2  r 


N  12 


448  ,  P1  1-3- 5- 7- 9- 11- 13- 15- 17 

221  (n  -  5) - - g - 

221  31  (96) 4 


il  (tM  ("  -!)<"-  s>  f  -  t)  4  si-  <"'  -  2»"  -  r>'  (» -  f )  * 


19\  ,  41 
77 


„  „v/  13\/  28\  \  1-3-5-7-9- II  ,  /  ,  „./  7\,  „./  13\ 

(n  -  2)(n  -  -j[n  -  yy)  J  ~ -j  +  420  <n  "  2>("  '  l)(n  “  4  “  t) 

(il  -•  8)  Y^T^y  1  100800"  (n  ‘  2'4  ”  4  "  i4  ”  r4  “  4j'R  "  4  “  “t) 


n- 11  . 
"N  + 


(12.  11) 
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ana 


Nn  =  exp 


i(n  +  l)f 


lim 
N— « 


N 


=1  ^  CAi<-/5«>J 


T  +  2 


fin+1  2  2 

+  !n__+i!/  U  n-2  +  z!  |  1^317  _2L 

n  +  1  12  V  2)  6  1  ; 


11(96)  120  (n  "  2)  (n  “  2) 


,  n-5  fl_ 
N  “12 


/„  7\  r  376  1*3*  5- 7- 9  ,  tt  1' 3 

ln  "  2)  I  - ~  +  Til  7<n  "  2)(n  "  5) 


15  2!(96)2  15 


11(96)  2520 


(n-|(n-2)(n-5)(n-^)l  ^"8  +  ^ 


2048  B,  1-3- 5-7- 91  11' 13- 15 

"«■  (°  _  5) - Q - 

3!  (96) 


15  (if  (n  “  I)<n  “  8,(n  -  l)  -  i  (n  -  2)(n  “  5Hn  “  f)  +  f  <n  -  2) 


(”  -  f)(”  -  A))  “gf*-  ♦  fe  -  4  -  >  -  »-Jjj 


06) 


100800  (n  “  2)(n  ~  2>(n  _  2) “  5)(n  "  t)(I1  "  8)(n  "  T) 


(12.  12) 


In  Tables  22  and  23  we  illustrate  the  use  of  this  method  to  compute  M  and  N  (in  the 

n  n 

case  of  certain  entries  for  n  <  o  are  included  and  will  be  discussed  later).  The 
coefficients  are  defined  by 
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Table  23  (Cont’d) 


1  .Msn-2HKOtl7 


A ,  .(a,,,.) 

in-2)  25 


A(n  -  b/ff25^ 


-  1 C  L  1\  n-2 

12  l\  "  2)  01 25 
2 

it  1 

=  -  ~tt  (n 


f  MIT)  ir2  (  i\ 

/  7\  1 

11(90)  r  120  V  2/ 

r  ~  2) 

,n-5 

25 


O’ 


rj 

A  Itv  )  =  JL.  /n  Z\  472  1  ‘  3  ■  5  ■  7  -fl  -1 1  1.5-5 

(  n  -  8)  tv25  12  \  2/  [  231  „  2~"  +Ts(n  ”  2^n_5) 

2. (.Hi) 


■4  )  Irv  n  v 

M96j 


4 

!-2^o(n“i)(n‘2»n-5>(H-T) 


O' 


n-8 

25 


A(n-  11)^25^ 


7T 

12 


448 


221  ^ 


1-  3-  5-  7-  0-  IT  13-  1.5 •  17 
3!(f)G)3 


.15 


231  (n  “  D(n  '  8)(‘l  "  “2/  ''  2§I  (n  "  2Hn  -  S)(n  ~  j) 


#•.-4-^-2) 

4 


1-  3-  5-  7'  !)•  11 
2 !(!)(!) 2 


&  (n  -  2>(»  -  5).(«  -  5)(n  -  f)(n  -  8)  |j 

i  00800  (n  "  2)^  “  ^(n  “  p(n  "  “  ^§)(n  -  8)(n  -  -~j 


,n-11 
'  25 
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2  .  n_ 
B(n-2)^20)  =  12  (n  ”  2/  ^20 


2  2 

B(n-5)^20*  =  "V  <n  ~  2'  [  11(96)  "  120  (n  "  2)  (n  ~  2)  _  ^20 


,a  \  t?  /  ZN  T  3Z6  I'  3*  5'  7-S  1?  .  w  _b 

B(n-8)  ^20  "  ~  12  (n  “  2)  |_  15  2,(g6)2  15  7(n  2)(n  5)  1!(! 


1-  3 
11(96) 


-ifer  (n4)(n“2Hn~5)(n“^ 


13\  I  -  n-8 


...  ir  2048  .  ...  1-  3- 5*  7- 9*  11 

^(n-ll)  ^20  "  12  “5T  (n  "  o)  3^3- 


13- 15  ir2  f 04  /  7 \,  1?\ 

- To  TT  \  ~  2/  n  ~  8  \  2) 


13\ /  4\  1-3- 5- 7' 9 


29/J  21(96)2 


-^(n-2)(n-5)(n-f)  +  f  (n  -  2)  (a  -  f)(n 

+  ^n-4“l)(n-r4-f)(n-8)Ti(i" 


ToosW  («  ’>  -  2>("  -  l)(n  -  4  - T) (n  “  4  "  f)  C1 
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Section  13 

FURTHER  REPRESENTATIONS  FOR  1(1),  g(£),  p(£),  q(|) 


We  can  also  show  that 

* (n) f  yvv  _  5n  ir  .  A  r-  /3  vr\3\“  4/ XT'  .  /  2  \2m  /„  4n-l  3\ 
f  (0)  -  exp(i  —  - 1  3)  ^  (^y7  2  Am n  fc)  T\2m  -  6  ’  V 


m-o 


,§(»-!) 


(n),_,  /.  5n7r\  r- /  3tt\  3  \u  4/  V  „  ,  2  \2m  /„  4n  -  3  1\ 

g  (0)  =  exp(i  — ■)  X  (-3)  2  Bm(n)  fc)  H2m  '  6  '  4) 

m-o 

(n),  ,  exp[’  '  A  ^  7  1  /3n\3  f-?)  f*  r  ,  /  2  ?m,  /-.  2n  -  1  3\ 

p  ,0) - - ^  tm(  >  fe)  t(2m - —4) 

m--o 

-  -  ^5^  *(#'DS ,V“»  ©2”M2™  -2  r  ■  1) 


q(U)(0) 


(13.1) 


where  £(\,  p)  is  the  generalized  zeta  function  and;!  T(\,g  )  is  the  generalized  tan 
function 

'  ,  \l 

T(\,  M)  "  21  "X£  (X,  |)  -  £(\,  ,j) 


(A ,H)  -  y  — ~ ■  1 

•  ;  n=o  (n  +  M>*  * 

°o  n 

*,«>  -  y 


\  >  i 


(13.2) 
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The  coefficients  A  (n),  ...  D„(n)  are  given  by 


Ao(n)  -  1 


A-  (n)  =  (n  -  1) 


A  ,  ,  5  L  2  . ,  26385\ 

A2(n)  =  "1T72  (5ri  "  143n  +  “I6-) 


a  /  v  25  tr  3  4i4  2  ,  435025  676598^ 

A3  n  =  J.3  I  (?n  -414n  1  16  n 


(-1) 


7T7  (4»"2  *  3M"  *  TF2) 

-  -T|V  (ion3  *  ^  n2  *  n  *  38  887  952) 

213 ,  g4  \  2  80  / 


C  (n)  =  1 
o 


Cl(n)  =  ~  (n  -  2) 


C»  =  o  o  (n  -  B)(5n  -  128) 

,J  2 3^ 

C  (n)  =  25  T  (n3  -  429n2  +  52832n  -  209780) 

d  2  •  34 
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Do(n)  ,  1 


Dl(n)  =  -  48  <n  "  2) 


D2(,l)  =  29  .  32 


(7n  +  80)(n  -  5) 


^  ,  v  1  3  ,  „„„„  2  ,  6175701  109  552  801\ 

°3(n)  “  -  J3—4  vW3n  +  8673n  +  10  -  ~ir— ; 

L>  O 


We  can  also  show  that 


I 

s-N 


<“b> 


Ai*  {—or  )  "  UE 
s 


(-aN) 


Ai'(aN) 


2  /  JL\  m 

.  ..N-1  r-  /37il3\a”4/V  a  ,  .  / 2  \2m  L  4h-l  M 

=  (•■  i)  VF  j  2  Am<n)  u  n2m  I-- N- 


m-o 


n-1 


00  (P  ) 

sr  2V _ 

Z  Ai(-fl  ) 

s=N  3 


=  H. 


\n-l 


(-■\N) 

Ai(a^) 


2  /  3\  00 

/  ,,N-I  r-  (M^V  47  V  n  ,  J2\2m  /  4n-3  .. 

M)  ^  (-.a)  Z  Bm  1  \3tT.)  T(2m-— ;N- 


rri-o 


1 


2n-l 


s=N  [Ai’(-«S)J 


•ft)  8 


m=o 


2  ("° 


n-l 


2n-l 


N  [A‘(-»s)T 


•  ft)  •■*-!) 


The  tau  function  can  be  written  in  the  form 


OO 

T  (A  ,  p)  --  ^ 


...  blL 


(n  +  p.) 
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for  all  values  of  X  since  this  is  a  summable  divergent  series  for  Re  X  <  1  , 
a  uniformly  convergent  series  for  Re  X  >  1 ,  and  a  conditionally  convergent  series 
for  X  =  1  .  The  Euler  summation  process  can  be  used  on  this  series  to  obtain  the 
values  of  the  tau  function  for  X  <  1  .  However,  the  form  involving  differences  is 
unsatisfactory  fot  analytical  purposes  and  in  its  place  we  use  the  result 


N-l 


^  (-if  T(n)  =  ^  (-if  T(n)  +  (-1) 


N 


n=o 


m=o 


1 rm  - 1  T<N>  *  a  tS 

dN 


T(N) 


Lr  T(N)  4 


17 


480  jvt5  ’  80540  ,„7  T(N>  +  *’• 


dN 


.  . n  .  2n  , 

+  (-1)  (2  -  1) 


R 


£ 

,2n-l 


(2n)’.  dN2n-l 


-  T(N)  +  . .  . 


where  B  are  the  Bernoulli  numbers 


T>  ,  =  1  r  ..  JL  n  -l  n  -  -  r  =  -Mi 

1  G  ’  2  30  1  3  42  ’  4  30’  ^5  GG  ’  G  2730 


R-  =  ^,  B-7=I> 


Tliereforc,  we  take 
s  N-l 


(X,  M)  ^  ^ 


<^U(-1>N 


—  in  "i 
n=l  rl 


|(n  i-/xrA+|(N+Mrx"1- 


^Lvr±2j(N+M)-A-3 


,  X(X  +  1)  (X  +  2)  (X  +  3)(X  I  4)  ,N  rX  -  5 
480  v 


In  the  case  of  the  zeta  function  the  series 

£(X, 


nn)=  y  — ~  „ 

^  (n  +  R )' 


n=o 


is  a  summable  divergent  series  for  Rcx  <  1  and 
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a  uniformly  convergent  serine  for  Re  X  >  1  .  For  X  ~  1  the  zeta  function  is 
not  defined.  This  divergent  series  can  be  summed  by  using  the  Euler-Maclaurin 
summation  formula  in  a  form  involving  derivatives ,  namely 


™  N-l  3 

2  T<")  - 1  T<">  *  i  T‘N>  *  /  T<-»d"  -  A  A‘ r(N> +  h  zs  T'N» 

n=o  n-o  VT  dN 

N 


S  - - ' 


d' 


1209600  ,,,7  T(N* 

dN 


47900160.  '”9  T(N) 
dN 


n  B  H2n-1 


03.3) 


Therefore,  we  take 
N-l 


t(x^>  =  X  +  i<n  +>i)'x  h  (rny(n  +  ^~*  + 1  +  u (n  " 1 


n=l 


X(X  +  1)(X  +  2) 
720 


(n  +  n) 


-X-3  X(X  l  1),(X  +  2)(X  -i-  3HX  +  4) 
30240 


(n  +  n) 


-X-5 


X(\+  1)(\  ■*-  a)(X  '  3)(\  !-4)(\  6)(\+g)  ,  -X-7 

1209G00  U  IJ} 


(13.4) 


In  the  work  of  Fock  it  is  suggested  that  the  integrals  be  expressed  in  the  forms 


m\  ,i  f _ ggPti&L  dt 

t(€>  ‘  tt  J  Bi(t)+iAi(t) 

O 


exp 


Ai(t) 


dt 


*«» ■  II  srf^W *  ♦ ;  /  *4 ^ «)  btwW) dt 
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oo 

p(4)  =  7="  J  oxp(i^t) 


mr,:  dt  . 


B1(L)  i  lAi(t) 


"M  'tl  (  /3  +  i  rA  Ai(t)  „ 

k  /  CXP  BioT-'i  Ai(t)  dt 


qa)  =  J  °X,'(iit)  fMW  MAHt)  dl  + 


f1!) 

00  / 
r 

_ J _ _£ - 

'fir 

l  exp 

r  /  a/3  +  i  (4\  Ai  (t) 

J  expl"  2  w  Bi’(t)  -  i  Ai'( 


It  should  be  observed  that 


o  /  .  27t\  «> 

r  1  exP  \- 1  3  /  r  /  f3  +  i  j-  A  _  1 _ , 

J  BUtTnAUT)  dt  =  *  j  exp  V  2  *7  Bi(t)  -  i  Ai(t)( 


/  exp(ia)  m^TTAF/i)  dt  =  x  J  CXP(‘  'V  1  a)  Bi'(t)  -  i 


iwn  dt 


7?  /  BI(1A)ilL)  iAT(i)t't  '  -  h  I  “PWt)llt 

O 

i  f  Bi(t)  -  i  Ai(t)  r1) 

+  2/tt  J  exP^a>  Bi(t)  +  iAi(t) 


2’/tt^  4  Vvr 


J  exp/-  —y  1  ^t) 


_ Ai  ft)_  dt 

Bi(t)  -  i  Ai(t) 


1  f  Ai'(t) 

Vtt  J  eXp(lct)  Bi'(t)  +  iAi’(t) 


?t/t\  dt 


/  .  7T\  « 

1  exprs  f  /V3  +  i\ 

27¥I  +  vx  i  expl"  2  j 


Bi'(t)1-  i Ai'(t)  dt  <13,5) 
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The  integrals  of  the  form 


f  exp(i£t)  •  •  •  dt 

J.OO 


are  characterized  by  integrands  which  make  them  improper  integrals.  For  ex 

A  A 

ample,  for  t  — 00  ,  the  integrands  of  p(£)  and  q(|)  have  the  properties 


Bi(t)  -  lAljil  _ >  exo  -  i2 1—  f-t»2  +  — 1 1 

Bi(t)  +  i  Ai<t)  t  — •  p  L3  1  4J ) 


Bi’(t)  -  iAi'(t) 


Bi'(t)  :  i  Ai'(t)  t  =■  ■  •« 


Z  -exp  |-  i2||(-t)2  +  j 


which  permits  us  to  write 


m  I  it)  i tmi  cxp(ia)dtrT^^f  /  exP[ut-if(-t)2]dt 


V.'  w 

i  f  Bi'(t)  -  i  Ai ’ (t)  1  r  !•<•,  .  4  ,  ,,2 

2Vi  J  Biit  “i  Ai:(U  cxP<Ut)t11  r~  "  27?  J  exp  i«t-ig(-t) 


’(t) 


i£t  -  i  |(-t)“  | dt 


The  improper  integral 


Ki)  =  2?f  J  exp[i{t  -ij(-t)z]dt  .  £<0 


1  /9. 

has  a  point  of  stationary  phase  at  t  =  -  (U 2).  It  v/e  write 

.3  .  ,  ,2,2 


12  (-£) 


V  (-9 
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we  note  that 


Therefore,  the  improper  integrals  behave  like  Fresnel  integrals.  On  the  other 
hand,  the  integrals  of  the  form 


00  r~  ,  \ 

J  exp(-  ~'3'2~ 1  *  i)  .  .  .  .  dt 


arc  uniformly  convergent  with  respect  to  £  since 


"W^^-^oxpfft372), 
Bi#)  — -i, -Jr  -jT-  <an(|  |3/Z)  ■ 


Fock  proposed  that  these  integrals  be  evaluated  by  introducing  the  expansions 


exp  (1C 


l>  =  ■  exp^-i-1  a)  =  £ 

n=o  '  n=o 


-exp 


and  interchanging  the  roles  of  summation  and  integration. 
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In  this  way  wo  find  that 


ooaSSI+eos^jjjIn)*  s,„  SM  +  sin  f 


].T2<">} 

l{[  ■>*"  *  mfK  <»> *  H  - cos  f  K<"j 


Tv,  = 


5  = 


n 


cos  i  cos  Ij  (n)  +  jsiu 


FH_  (5n  +  4)  + 

1  Sill  TT  7T  f  S 


i|j.  Bln!f],i(„)+  [co,  ESJUl  ,  -  Ms  =f],2(„)| 

glLiL?l  ,  +  cos  !!i  |j3  (n)  +  jsin  @!L±Jl  „  V  sin  ~  j.JA  <n)| 

! 


x. 

VW 


.  1  If  .  (fin  +  2) 

bn  =  77  'I-  aiu 


n7r  (5n  +  21  n7r 

jr  i  sin  -g-  (n)  +  cos  ^  T  ~  cop  "  2 


Vn> 


d  = 


x 

Vi7 


sin  +  sin  f  ]l3  (n)  +  (cos  *  -  cos  f  ]l,  (n)j  (13.7) 


whore 


(n) .  /qp<H, 

1  o  K  (t> 

OO 

J x  (n)  = 

I,w  -/  ■ 

2  o  F2(l) 

OO 

J2(n)  - 

■3<»>  -  /  ElAip®*- 

3  o  Fz(t) 

CO 

J3(n)  - 

I,(n)  =  / 

4  O  F*(t) 

J4(n)  = 

F2(t)  «  AiZ(t)  +  Bi2(t), 

G2(t)  = 

f  tn  Bi’(t) 

_  J  2 

o  G  (t) 


dt , 


/  ^4^  dt. 

o  G2(t) 

oo 

J  tnAHt)Bi'(t)  dt[ 

o  G2{t) 

OO 

=  f  tn  Ai'(t)  Ai’(t)  dt 
o  G2(t) 

Ai'2(t)  +  Bi'2(t)  .  (13,8) 
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The  integrals  I  (n),  =  •  *  J.  (n)  have  been  evaluated  fur  n  -  0(1)20  with  an 
i  *4 

accuracy  of  about  five  significant  figures. 


For  large  values  of  n  we  have  used  the  results 


1  1 


7T  Bi(t> 

1  1 
7T  Bi'ftl 


=  -  2Ai 


,...  /jL  ,  15  X  A  4  59025  1  2421  83775  1  \ 

1  9}  a?.  4  si  2  7  leva  in  +  131072  13  I 

\  t  t  t  ~  t  / 


Ai(t) 


_  /I  ,  21  1  2121  1  ,  13(5479  1  .  2681  22501  1  , 

-  2Al(t>  “  (^2  +  32  J  +  -512  J  +  “2048"  JTl  +  '131072  Jl?  +  ’  * ')Al 


Ai'(t) 


1  1 
t r  Bi(t) 


2.  IS  1  .  1695  1  .  59025  .Lt..\A1(t)A1,( 


4Ai'(t)  Ai'(t)  +  (  “  +  1r  X  *  rZr  T*  W  -fS  "  •  - }  Al<t)  AI '«) 


t  8  4  1 28  7 

i  t  t 


256  10 


I  i  +  Hi  ±_  +.  3(515  1  54  7625  1 

..2  32  5  1024  .8  8192  ,11 

41  t  t  i 


'  Ai(t)  Ai(t) 


f  1  _ 
1  ~  Bi  '(l) 


......  .....  /  2  21  J  2121  1  J  136479  1  , 

^  4 Ai (t)  Ai(t)  -  (  j  +  T  +  T28  -8  +  -512-  |TI  + 


f  J_  a  ?1  Lx  4683  J_  +  690457  1 

1  ,(4  '  32  '7  1024"  JO  8192’  J3 

\4t  t  t  t 


Ai(t)  Ai'(t) 

•}  Ai'(t)  Ai'(t) 


,_J._ 

7T  Bi(t) 


1 3 


J  9  1  r>  1  1  r.qn^r  j 

=  •8Ai'{l)Ai'(l)  Ai'(t)  -  3Ai'(t)Ai-(t)Ai(l)(  f  +  .■£  +  ^  ~  + 


1  .  547625  1 


'3Ai'(t)  A,<1)  Al<1)  (^2  4  16  t5  +  512  t8  +  4096  Jl  + 


.....  .....  1  .45  1  ,2880  1  ,  1527525  1 

-Ai(t)Ai(t)  Ai(t)(  -T+ - 

t 


\8t 

\ 


3  '  128  45  4  1024  ,9  +  32768  J2  + 


1 


„  pi  *  /*-  \ 

7T  ui  \\.j 


^  .....  2  ,  21  i  ,2121  1  ,136479  1 

=  8Ai(l)  Ai(t)  Ai{t)  -  3Ai(t)Ai(t)Ai'(t)( -2  +  -8— ^  +  -y^ -y  +  — ^ - fl 

.  n..,..  1  .  21  1  ,4683  1  ,  590457  1  .  \ 

+  3Ai(t)  Ai  w  Ai  <t)  (  — 4  +  Is  T  "512  To"  +  ~409(T  43  +  ’  "  ) 

\  2t  f  t  t  / 

•  »i  ...  ji’i/j.  .  ■  i ..  i  /  1  ,63  1  ,  3843  1  ,  1914255  1  ,  \ 

-Ai  (t)Ai  (t)Ai  (t).  fi  +  12S  9  +  1 024  12  h  32768  .15  ‘  "J 

\  or  t  t  t  / 
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In  this  way  we  find,  for  example, 


Bi'  (t)  \ 

Bi*(t) 

OO 

*!  ."(f* 
0  \ 

15  1 

8  t4 

OO 

.2  f  .n/  1 

15  1 

(t)  Ai'(t)  dt 


+  *~j  1  (72-^2  ;r+  io24  j +  "7Ai  (t)dt+  SSi 

o  \4t  L  t  ' 

=  4rr2  n!  Hn  +  7T2  1 2  (n  -  1)!  +  -y  (n  -  4)!  Gn_4  +  •  •  •} 

*  .2|j(n-2!l  V2  +  M(n  "  5,1  Vs*  •"  I 

OO  00  00 

y>‘)  "  /  tn  uf(t)  (X  -  -  •  •  •)dt  -2nf  tn  Ai'(t)dt  -’r/tn(ft+  §  ~7  +  '  '  -)Ai(t)dt 

00  <JQ 

+  87 r3/  lnAi2(t)Ai,3(t)dt  -  3»3/  tn  (-2-  +  ^  -j- +  •  ■  ■  )  Ai3(t)  Ai,2(t)  dt 
o  o  V  t  ’ 

-  37r3/tn(-\-  +§T+---)A‘4(t)Ai'(t)dt  tn(^-  +  V-")Ai5^dt 

o  \2t  t f  o  Vat  t  > 


-  -  27T n !  Bn  -  *{|<n  -  1)!  Ar_1  +  ||(»  -  4)1  A^  >  ^|<»  ■  7)!  A 


59025  .  ln.,  ,  2421  83775  ,  -.qua  +■••! 

+  3524  (n  10)!  An-10  +  “131072  (n  13)*  An-13  +  I 

+  B7t3  nl  ltn  -  37r3  )2{n  -  1)!  Qn  l  +  3  (n  -  4)!  CJn_4  +  •  •  •  | 
-3l3j|(n-2).Pn_2*i|(n-5):Pn.5*---| 


j|(n  -  3)1  O, 


n-3  +  li^-^°n-6  +  - 
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We  have  shown  that 


Ao  '  3  •  A1  -  -  Al'«»  ■  J75^7/3)  •  A2  "  tA1(  >  ’  2  ,2/3* (2/3)  •  '  n  +' 


and 


Bo  -  -  At(0)  =-373 


3  '  T(2/3) 


,  B  =  -  A  ,  n  >  1. 
n  n-1 


Also,  we  have  shown  that 


C  «  Ai'  (0)  = 
o  '  ■ 


31/3r(i/3)j 


C1  "  f  Al{0)Ai'(0)  =  jrfa 


C2  ^  *>A1  <°>  -  £ 


32/3r(2/3) 


c 


n+3  2  (2n  +  7)  ’ 


n  ^  0 


Furthermore, 


Do  =  -  |  A1Z<0)  =  -| 


32/3T(2/3) 


1  ^ 

D  =  -  7T  c  1  ,  n  »  1  ,  D  q  =  575—7 
n  2  n-1  n+3  2(2n  +  5) 


E  = 


|Ai(0)  A1'(0) 
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Table  24 

TABLE  OF  TAYLOR  COEFFICIENTS  y 


6  FOR  THE  FUNCTIONS 
n 


f(r) 


WJ 

«>-£ 


y  ■=— ,  +  i 

m+r  m: 


ra  =  o 


co 

I 


m 

m+r  m! 


m  =  o 


n 

6 

n 

,  /  2 
yyr  +  < 

-1 

-0.368146 

0.  212549 

. 425099 

0 

0. 387911 

-0. 671881  ■ 

. 775821 

1 

0 

1. 14673 

1. 14673 

2 

-0.431479 

-0. 747343 

.  862957 

3 

-1.  74873 

-1, 00963 

2,  019  26 

4 

9.  97777 

0 

9.  97777 

5 

-12.  6478 

7.  30219 

14.  6044 

6 

-24.  5374 

42.  5000 

49.  0748 

7 

0 

-3. 59472 x  10Z 

3.  59472  x 

8 

2 

3.  60285  x  10 

0. 24032  x  102 

7.  20570  x 

9 

2.  71105  x  103 

1. 56522  X  103 

3. 13045  x 

10 

4 

-2.  91055  x  10 

0 

2.  91055  x 

11 

4 

6.  24272  x  10 

4 

-3.  60424  x  10 

7.  20847  X 

12 

1.  89184  x  10 

-3.  27G76  x  10° 

4.  18803  x.  I0b 

3. 78367  x 

13 

0 

4. 18803  x 

14 

-6.  08711  x  108 

-1.  05432  x  lo' 

1.  21742  x 

15 

-6.41752  x  107 

3. 70515  x  107 

7. 41031  x 

16 

9.41657  x  108 

0 

9.  41657  x 

17 

,9 

-2.  69736  x  10 

1. 55732  x  109 

3.  11464  x 

18 

„  10 

-1,07015  x  10 

1 0 

1.  85356  X  10 

2.  14030  x 

2 

i 

r 


o2 

o2 

.o3 

,o4 

A 


10 


6 

7 

7 

8 

9 

10 
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Table  24  (Cont'd) 


n 


y 


n 


5 


n 


n 

r 


+ 


6 


2 

r 


19 

0 

20 

5.  61909  x  1011 

21 

7.41073  x  1012 

22 

-1.  34416  x  1014 

23 

4.  70865  x  1014 

24 

2.  26253  x  1015 

25 

0 

26 

-1.  69854  x  1017 

27 

-2.  64831  x  1018 

28 

5.  64059  x  1019 

29 

-2.  30587  x  102° 

30 

-1.  28557  x  1021 

31 

0 

32 

1. 27909  x  1023 
24 

33 

2.  27963  x  10 

25 

34 

-5, 52593  x  10 

,  26 

35 

2.  50050  x  10 

36 

n 

1.  61199  x  10 

37 

0 

38 

90 

-2.  02353  x  10 

39 

— 

q  n 

-4. 03109  x  10 

32 

40 

1.08894  x  10 

-3.  04929  x  1011 

,11 

9. 73255  x  10 
4.  27859  x  1012 
0 

-2.  71854  x  1014 

-3.91881  xiOxG 
1  fi 

7, 73903  x  10 

-2.  94195  x  1017 
1 8 

-1.  52900  x  10 
0 

20 

1.  33130  x  10 

2.  22687  x  1021 

22 

-5.  07533  X  10 

23 

2.  21545  x  10 

24 

1.  31615  x  10 
0 

26 

-1.47835  x  10 

27 

-2.  79204  x  10 

00 

7.  16039  x  10“ 
29 

-3. 50486  x  10 

.  30 

-2.  32735  X  10 
0 


3.  04929  x  1011 

1.  12382  x  101“ 

i  n 

8. 55717  x  10X“ 
1. 34416  x  101" 
5. 43708  x  1014 

4, 52505  x  101J 

1 

7. 73963  x  10 

3. 39707  x  1017 
1 8 

3. 05800  x  10 

19 

5.  64059  x  10 

20 

2.  66259  x  10 

2.  57114  x  1021 
22 

5.  07533  x  10 

2.  55818  x  1023 
24 

2.  63229  x  10 

5. 52593  x  10“J 
26 

2.  95670  x  10 

3.  22398  x  1027 

28 

7. 16039  x  10 

29 

4. 04707  x  10 

30 

4. 65471 x  10 

32 

1.  08894  x  10' 
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Table  25 

TABLE  OF  TAYLOR  COEFFICIENTS  a  ,  (3  FOR  THE  FUNCTIONS 

n  n 


n 

B<r,(«)=y « + 

A-j  m+r 
in  =n 

a 

>  m  ^ 

in'  m+r  m! 

r>V=0 

(3 

.  /  2  2 

n 

V  n  r  n 

-5 

1.  444255 

-0. 833841 

1.  66768 

-4 

-0. 847553 

1.  46800 

1.  69511 

n 

-o 

0 

-1. 71501 

1.  71501 

-2 

0, 85588 

1.4  9242 

1.  71175 

-1 

-1.42244 

-0.  82125 

1.  64249 

0 

1.  39938 

0 

1. 39938 

1 

-0.  647253 

0. 373692 

0.  747334 

2 

-0.  343104 

0. 594273 

0. 686207 

3 

0 

-2.  94954 

2.  94954 

4 

1.  74135 

3. 01611 

3.48271 

5 

7. 74049 

4.46897 

8. 93795 

6 

-56. 1946 

0 

56.  1946 

7 

84.  5802 

-48.  8324 

97.  6648 

2 

2 

.  2 

8 

1.  85  255  x  .10 

-3.  20611  x  10 

3.  70285  x  10 

a 

«/ 

0 

3.08379  x  10 

3. 08379  x  103 

10 

-3. 45171  x  103 

-5,  97854  x  103 

6.  90342  x  103 

11 

-2. 86020  x  104 

-1.  65134  x  104 

3.30268  x  104 

12 

3, 36144  x  10° 

0 

3. 36144  x  105 

13 

-7.  83146  x  10° 

4. 52149  x  105 

9.  04299  X  10& 

14 

-2.  56109  x  106 

4. 43593  x  106 

5. 12217  x  106 

15 

0 

-0.  608715  x  i08 

0. 608715  x  10 
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Table  25  (Cont'a) 


n 

a 

n 

V  “n  + 

16 

9.45444  x  107 

0 

1.  63756  x  10 

1.  89089  x  108 

17 

1.  06114  x  lo9 

6. 12648  x 108 

1.  22530  x  I09 

18 

-1.  65044  x  10]  ° 

0 

1.  65044  x  1010 

19 

4. 99689  x  1010 

-2.  88495  x  1010 

5.  76991  x  1010 

20 

12 

0. 208930  X  10 

-0. 361878  x  1012 

4.  17860  x  lO11 

21 

0 

1  9 

6. 25779  x  10 

6.  25779  X  1012 

22 

-1. 20927  x  1013 

-2.  09452  x  1013 

2.41855  x  1013 

23 

-1. 66888  x  1014 

-0. 963526  x  101'4 

1.  92705  X  1U 

24 

3. 16128  X  10ib 

0 

3.  16128  x  1015 

25 

-1.  15446  x  10lfi 

0.  GGuSltfTTo^'  ' 

"1  fl 

1. 33306  x  10 

26 

-5. 77329  x  10 16 

i  r* 

9.  99963  x  10 

1.  15466  x  1017 

27 

0 

1 8 

-2.  05226  x  10 

18 

2.  05226  x  10 

28 

1  ft 

4.  67362  x  10 

1 8 

8.  09434  x  10 

18 

9.  34724  x  10 

29 

19 

7.  55164  x  10 

4.  35994  x  1019 

1  Q 

8. 71988  x  10  ‘ 

30 

-1.  GG478  x  1021 

0 

1.  G6478  x  1021 

31 

7. 03610  x  1021 

-4.  06230  x  1021 

8,  12459  x  1021 

32 

?? 

4. 05126  x  10 

22 

-7. 01698  x  10 

8.  10251  x  1022 

33 

0 

1.  65014  x  1024 

1.  65014  x  1024 

34 

24 

-4.  28655  x  10 

24 

-7.  42452  x  10 

24 

8.  57309  x  10 

35 

-7. 86747  x  lo23 

-4.54228  x  102b 

9. 08457  x  1025 

36 

27 

1.  96235  x  10 

0 

27 

1.  96235  x  10 

37 

27 

-9. 34900  x  10 

5.39765  X  1027 

28 

1. 07953  x  10 

38 

-6. 04673  x  1028 

29 

1.  04732  x  10 

1.  20935  x  102H 

39 

0 

-2.75752  x  103° 

2.  75752  x  103° 

40 

30 

7. 99506  X  10 

1.  38478  x  1031 

1. 59901 x  10o1 
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Table  26 

TABLE  OF  TAYLOR  COEFFICIENTS  c  ,  d  FOR  THE  FUNCTIONS 

n  n 


CO  CO 


p(r)  (o-5  c  A 

<->  m+r 
m  =o 

m! 

+  i>  d  ^  +— r 

Lj  m+r  m. 
ttv^o 

A 

c 

n 

u 

n 

,  /  2  ,2 

\/c  +  d 

V  n  n 

0 

0. 306828 

-0. 177032 

0.  354064 

1 

-0. 075074 

0.  130032 

0. 150139 

2 

0 

0.  019102 

0. 019102 

3 

-0. 103899 

-0. 179957 

0. 207797 

4 

0.  263286 

0. 152009 

0. 304017 

5 

0.  016830 

0 

0. 016830 

6 

-1. 00941 

0.582785 

1. 16557 

7 

1. 30741 

-2.  26451 

2.  61483 

8 

0 

-0. 050352 

0.  050352 

9 

8.  85214 

15. 3323 

17. 7043 

10 

-44. 1769 

-25. 5056 

51. 0111 

11 

-0.  312482 

0 

0.  312482 

12 

4.46438  x  102 

-2. 57751  x  102 

5.  30630  x  102 

13 

-8. 88385  x  10Z 

1.  53873  x  103 

1. 77677  x  103 

14 

0 

0.  327929 

0.  327929 

15 

-1.  22548  x  104 

-2. 12260  x  104 

2.45097  x  104 

16 

8.  41077  x  104 

4.  85596  x  104 

9,  71193  x  10* 

17 

52.  0334 

0 

52.0334 

18 

-1.49  242  X  iOR 

8,  61651  x  105 

1. 72330  x  ±0b 

19 

3.  83642  x  10 

-6.  64488  x  106 

7.  6773+  x  10 

20 

0 

-1. 16244  x  103 

1. 16244  x  103 
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T.’ible  26  {Cont'd) 


n 

e 

n 

ti 

n 

\/c  h  d 

V  n  n 

21 

7 

8.42125  x  10 

1. 45860  x  10 

1. 68425  x  108 

O 

8.  27602  x  10 

22 

7. 16724  x  108 

-4, 13801  x  108 

23 

0 

0 

0 

24 

1. 89036  x  1010 

-1. 09140  x  1010 

2.  18279  x  10i0 

25 

-5. 84380  x  10i0 

1.  01218  x  10U 

1. 16876  x  1011 

26 

0 

0 

0 

27 

1  2 

-l.  81137  x  10 

12 

-3. 13739  x  10 

12 

3.  6  2274  x  10 

28 

1.  81272  x  10U 

13 

1.  04657  x  10 

,  ,  13 

2.  09316  x  10 

29 

0 

0 

0 

30 

14 

-6.48931  x  10 

14 

3.  74060  x  10. 

7.  49321  x  1014 

31 

2.  31776  X  10]° 

-4. 01448  x  10 15 

15 

4.  63552  x  10 

32 

0 

0 

0 

33 

1  c 

9.  4  19  29  x  10 

1  7 

1. 63666  x  10 

1. 88986  x  1017 

34 

1  U 

-1.  07722  x  10 

-6.  21933  x  1()J  / 

1. 24387  x  1018 

35 

0 

0 

0 

36 

4. 94407 x  10 19 

1  q 

-2.  85446  X  10 

5.  70892  x  1019 

37 

-1. 98836  x  1020 

20 

3.  44394  x  10 

3.  97672  x  102° 

38 

0 

0 

0 

39 

-1. 01748  x  10 2 2 

22 

-1.  76234  x  10 

2.  03497  X  10“2 

40 

1.  29347  x  10 22 

7. 46786  x  1022 

1.49357  x  1023 

41 

0 

0 

0 

42 

24 

-7.  31948  x  10 

24 

4. 22590  x  10 

.  24 

8. 45180  x  10 

43 

3. 25563  x  1025 

2^ 

-5. 63892  x  10  " 

6.  51126  x  10 25 

44 

0 

0 

0 

45 

27 

2.  02294  x  10 

27 

3.  50384  x  10 

4.  04589  x  10‘j7 
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Table  26  (Cont'd) 


,  /  2  ,2 

n 

C 

d 

\  c  +  d 

n 

n 

V  n  n 

46 

no 

-2.  82412  x  10 

-1.63051  x  1028 

28 

3.  26101  x  10 

47 

0 

0 

0 

A  O 

TO 

1. 91512  x  10 

SO 

-1. 10569  x'10 

on 

2.  21133  x  10 

a  n 
<*57 

on 

-9.  29f714  x  10 

1.  61031  x  1031 

1. S5943 x  1031 

50 

0 

0 

0 
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Table  27 

TABLE  OF  TAYLOR  COEFFICIENTS  a  ,  b  FOR  THE  FUNCTIONS 

n  ’  n 


oo 


m  -o 


a 


m  * r 


m  "o 


b 

m  f-r 


*  ™ 
ml 


11 

a 

h 

\i  a  f 

n 

n 

V  n 

-14 

-0. 043007 

-0. 371795 

0. 743589 

-13 

0. 707504 

0 

0. 757564 

-12 

-0. 668309 

0. 385901 

0. 771801 

-11 

0.  303153 

-0. 080901 

0. 786306 

-10 

0 

0. 801080 

0. 801086 

-0 

-0.408075 

-0. 700805 

0. 816149 

-8 

0.  720114 

0.  415758 

0. 831516 

-7 

■  ••0,  847238 

0 

0. 847238 

-6 

0.  747798 

-0.431742 

0. 863483 

-I) 

-0.  440410 

0.  702823 

0. 880833 

-4 

0 

-0. 901488 

0.  901488 

-3 

0.407003 

0. 809912 

0. 935205 

-2 

-0.  904014 

-0.  522453 

I.  044906 

-1 

0,  537744 

0. 147704 

0.  557660 

0 

-0.  200001 

0. 153626 

0. 307177 

1 

0.  131893 

-0.  228410 

0. 203755 

2 

0 

0.  040272 

0.  040272 

2 

0.  120164 

0,  218471 

0. 252283 

4 

-0. 361509 

-0. 208757 

0.417454 

5 

0. 033482 

0 

0.  033482 
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n 

a 

b 

V a2  +  b2 

n 

n 

v  n  n 

6 

1. 19487 

-0.  690009 

1.  37980 

7 

-i. 56808 

2.  71544 

3.  13568 

8 

0 

-0. 08668 

0.  08668 

9 

-9. 99823 

-17. 3138 

19.9933 

10 

49.  6659 

28.  6805 

57.  3521 

11 

-0.475105 

0 

0.475105 

12 

-4. 88786  x  102 

2.  82260  x  102 

5. 64431 x  102 

13 

Q  C71Q/I  v  1 

-1. 67523  x  103 

1.  93449  x  103 

14 

0 

4. 55409 

4. 55469 

15 

1. 31501  X  104 

2. 27719  x  104 

2.  62961  x  104 

■*  n 

ID 

-8.  99173  x  104 

-5. 19245  x  104 

1.  03833  x  105 

17 

67.  8254 

0 

67.  8254 

18 

1.  58366  x  106 

-9. 14516  x  105 

1.  82875  x  106 

19 

-4.  05504  x  106 

7. 02207  x  106 

8.  10881  x  106 

20 

0 

-1.44881  x 103 

1.44881  x  103 

21 

-8. 65467  x  107 

-1.49903  x  108 

1.  73093  X  108 

22 

7.  51322  x  108 

4.  33776  x  108 

8.  67552  x  108 

23 

0 

0 

0 

24 

-1. 93601 x  1010 

1. 11775  x  1010 

2. 23551  x  1010 

25 

5.  97790  x  1010 

-1. 03540  x 1011 

1. 19558  x  1011 

26 

0 

0 

0 

27 

1.  84938  x  1011 

3. 20322  x  1011 

3. 69876  x  lu11 

28 

1  Q 

1  a  A  nor  1  niU 

-l  .  O'lood  A.  J-U 

1  q 

-1. 06772  x  10 

2.  13544  x  1013 

29 

0 

0 

0 

1  A 

30 

6.  61135  x  1015 

-3. 81707  x  1014 

3. 87390  x  10 
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Tabic  27  (Cont'd) 

,  /  2  ,2 

n 

a 

b 

\  u  p  b 

n 

IT. 

■  V  n  n 

15 

15 

1 5 

31 

-2. 35990  x  10 

4. 08747  x 

10 

4. 71980  x  10  ‘ 

32 

0 

0 

0 

33 

i  r 

-9.  61080  x  10 

-1.  66464  x 

TO17 

1. 69216  x  1017 

34 

1 8 

1. 09507  x  10 

6.  32241  x 

io17 

1  O 

1. 26448  x  10 

35 

0 

0 

0 

33 

1  9 

-5.  02133  x  10 

l1) 

2.  89907  x  10 

5, 79813  x  1019 

37 

‘)A 

2.  01857  x  10 

-3. 49626  x 

io20 

20 

4.  03714  x  10 

38 

0 

0 

0 

39 

99 

1. 03213  x  10 

1.  78770  x 

io22 

99 

2,  06426  x  10 

40 

-1. 31201  x  1023 

-7.  57488  x 

io22 

7.  57602  x  1022 

41 

0 

0 

0 

24 

24 

,  24 

42 

7.  49854  x  10 

4.  32928  x 

10 

8.  65857  x  10 

43 

-3.  33337  x  102:’ 

5.  77356  x 

io25 

25 

6.  66074  x  10 

44 

0 

0 

0 

45 

-2.  06904  x  1027 

-3. 58368  x 

ia27 

j  \J 

4.  13808  x  IO27 

28 

28 

46 

2.  88703  x  10 

1.  66683  x 

10 

3.  33365  x  10 

47 

o 

0 

0 

48 

-1.  95595  x  1030 

1,  12927  x 

io30 

2.  25854  x  10'  ° 

49 

9.  49125  x  1030 

-1. 64393  x 

io31 

1.  89825  x  U)'51 

50 

0 

0 

0 
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Section  14 

RELATIONS  BETWEEN  THE  INTEGRALS 


In  this  section  we  will  obtain  some  relations  between  the  integrals.  Since 

OC  00 

v(t)  =  27-  /  sxp/ixt  +  i  |x3)dx,  y'(t)  *=  f  x  exp(ixt  +  i  | x3)dx 

-.00  '  '  _oo  ' 

we  have 

oo 

exp(i^t)v(t)  =  ■— :  f  expil^t  +  i  |(£  -  i  j)3^  , 

-oO  *■ 

00 

^exp(il1t)v'(t)  =  |i  /  -«1)exp[i4t  +  i  1)3]dl  (14.1) 


Therefore,  we  see  that  the  integrals 


f«\  =  J_  f  dt  eft)  =  4=  f  g-xp(i^ 

'  ■/¥  J  w  HO  i  5  w  -/Tr  J  w.  i/t\ 


vT  ^  w^t)  BV5/  Vtt  j,  w^'(t) 


dt 


are  related  to  the  integrals 


_  1  /pxoiiit)  dt  AtfV  =  4-  /  h<- 

p^'  expu^t;  w  'I'"'  Vx  f  w'(t)“ 
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in  tlie  following  nianner: 


lA 

VI? 


P <«  1>  =  i~  f  exp[l|(£  -«  )3lf(i)d«. 

-OO  1  * 

OO 

7^  q(?l)  =  I  (S -S^expji  |  ^ 5)3 jfi  (£) . 


(14.  2) 


If  we  let 


Ftf)  =  exp(i|^3)f(0. 


)  =  exp(i^3)f?(l) 


we  can  write 


^cxp(i  =  ~  ./ex  p[(-  i42«  j  +  14  «  ?)|F  <« )  dS 


'Aexp(il{i)‘*^i>  =  2!/r  ./  <*  r*i>  pxpMS2*!  +  i 4 ^ f ) c:  ) d4 . 


Now  write 


and 


,  2/2 


-  (^^1)2-2^i)(V:).+._T-T  -  hk-j) 


£,  \2  C 


feexP(ilVl)P^l)  =  A  J  exp  (-1 4  J  (s+21)  )f  (OcU 


V¥ 


(^exp 


|o«>« 

v  — OO 
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Now  define  a  new  variable  u  by  the  definition 

t  , _ 


i  -  -=■  + 


V-2 Sj  “ 


a(?- 


«l\2  »  2 

2  /  2  U 


Then  we  have 


1  /,  1  t3\A(f  .  1  /“*  r  /.  7r  2\  T,  /,  si  ,  r  l  , 

Vtt  exp(l  12  *1/  p^l5  2tt  V-2^  J  6XpV  2  u  /  \  2  V  -2^  U/du 

-QO 

^exp(i-i%|^(^)  =  /(-|«i+  i51U)eXP(ifu2)Gf^+>^SI1U)dU- 


(14.3) 


V-rr 


If  we  write 


I'(T+1/r2T1u)’F(T),-F’fi 

fib  u)°(t + ^5,  “ 


^iu  +  lF"(r)(^)u2*'- 


]uZt 


And  use  the  properties 


/  exp^i^u2^du  =  V2  exp^i  ^ 


4/ 


=  0 


/  u  exp^i  -  u2jdu  = 
r  2  /.  ir  2\  ,  '/2  /.  3tt\ 

7  u  ^p{12u  )du  =  T expll T/ 
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we  arrive  at 


1  ™PV4 

2  yTnt 


3({l 


lrA>)  -  4  F"  (t)  4 


'■’‘pf'n  <?)<*«!>  = 


(14.4) 


This  result  is  primarily  useful  for  large  negative  values  of  ^  .  For  example, 
since 


F(Or-^r  2iC 


o  (£) 


i  .  J_  J_  +  ITS  L  + 

«3  2CG  64  «9 


i  1  ,  299  _i_ 
4t-*~ZG  04  i9 


(14.5) 


and 


F"  (1 ) 

G*(«) 

G”(t) 


3  ,  .  30  1575  1 
t.  --  -«  '4  1  , 7  "  4  ^10 


Si  .12  2091  i 


«  —  2*4  i?  32  «10 


fii  84  ,  13455  i 
i  .5  ^  8  Hi  ll  ‘ 


we  find  that 


J.lF„£l\ _ u 

V  2/  4^  F  \  2  -  -»  *1 


2  ,  .  20  A 
~2  4  T 
h  m 


,  ,  .  2  28 
H  ?1 
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Therefore. 


1  '  {i  h 


ex4i2«?)®«i)f^:  i  +  i4- 


pS  .6 

41  41 


We  can  also  show  that  the  integrals 


(14.6) 


A  if  w'(t)  T  w.(t) 

U  (£)  =  &  Lexpm  w^Tt)  dt  v  <*>  =  h_J  wift)  dt 

are  related  to  the  integrals 

OO  CO 

f(^  =  hj  exP<i{t>  w^F)  dt  6(0  =  exp(tft)  ^  dt 

in  the  following  manner: 

»  CO 

f(^)+^/  expfl^t)  v'(t)dt  =  ~  /  exp[i|(| -«j)3]ti(S)ctf 

00  oo 

K(^)-^  f  exp(i^t)  v(t)dt  =  -~=  /•  -^)exp[i|(| -^1)3]  v(£)d£ 


7f  I  exp(i£t)  v  (t) dt  =  exp^-  i  3  5' 


i_  f 


e(i£t)  v'  (t)  dt  =  -i  |  exp^-  i  |  £  3) 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILES  and  SPACE  DIVISION 


LMSD-288087 


we  can  write 


f(^) 


=  PXP(-i|«?)+  271  /  exp|i^ 


(£ )  d? 


gw)  =  exp  I 


"IT?  f 

_on 

We  remark  that  u  (£ )  and  v  (1 )  are  even  functions  of  £  . 


(14.7) 


We  can  also  write 


exp^i  |  4^]  f  (6  1 )  -'F(tj)  -  +  2  •/  expf-iC2^  +  i  £  4  2  i  i  3  £3)  u  (£)d(; 


(14.8) 


exp(i|€*j)  Rrt.j)  =  Gtf^  1  -  ^  J  («  -Ij)  exp(-!52?1  +  iS<J+ 1  |«3)  v(l)fU 


Near  £  =  0, 


v(0 


If  we  define 


u(0  *--j|  j  exp(iit)  w'(t)  v'(t)dt  -  HV ’il'  4  -•  ^('i  12r'J) 

-uO 

uxp(i  2)  /  I  ;A 

J  exp(iU)  wx(l)  v(t)dl  =  2  -  exp^-i  j2  £’) 


U  (i )  =  exp  i  y2  ^  )  ~  2 


V  (£ )  =  exp  i  —  £  v  (0  »  2 


ji2  1 1  oxpii) 

■'I  4  2£  !  v! 


exl’(i  J  ) 

vf" 
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we  can  write 


F<*1>  =  +  i  /  exp(-i«261  +  i^J  +  iis3)u({)d« 

CO 

G«l.)  =  /  {l-l1)exp(-iC2|1  +  i||2+i^3)v(|)d^  (14  9) 


Now  write 


j £ 3  -  +  *  £2 

4  s  J  Ji 


\  &  -  241)3  +  -i-  a  -  2I1)2 


so  that  it  we  let 


1  =  2^+y^u 


^1  /t  .2  7T  2 

T  «  ~2*1>  =  2  u 


we  can  write 


*(«,)  = 


Gtfj) 


oO  .  *  \ 

i?i +  2  ^  / exp^  4p 11  y  exp(‘  f  u?J)u(^i +  V17  u)du 
00  » 

+/f1u)  exp(^uy exp(l 2u2) v(2?i ^ u) 


Now  consider  the  case  for  which  is  moderately  large  and  write 


exp 


(>  7T3  3 \  ,  .  7T3  3 

1  - X  u  )  1  +  1  - o  u  +  •  •  • 


\4i: 


4£ 


1 
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U 


(2t1}  +  y^u)  -  U(2*1)  +  u-mj.y—  u  +  gf-  U'-^U2  + 


{?i +  Ji~")Vi2h  +  Jru)  =  ^  v(2iv +  Iv  <2^i) +  «iv'(2^))  #^u 

1  1  i 

+  ^-[2V'{2|1)  +  V"(2*1)]u2 


We  then  find  that  since 


we  have 


F  (4 


) 


u, 


exp(i  J) 

V*, 


U  (2t, 


T 


i 


T»"(2« 


G(«j) 


/i  i  , 

:  |  i 

|V(2^)  +  [2V(2^1)  +  V"(«1)|  +  ■■■ 
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Since 


wc  obtain 


G(^)  -2  . 

The  results  in  this  section  reveal  that  u{£)  and  v(£)  are  the  basic  functions,  and, 
at  least  in  principle,  the  functions  f(£),  g(£)  and  $(0>^((i)  can  be  considered  to  be 
integrals  of  u(£),  v(£).  However,  except  for  the  asymptotic  formula  discussed  above, 
no  practical  use  (for  the  purpose  of  computing  f,  g,  0,  (b  for  these  relations  lias  been 
found.  However,  from  a  theoretical  point  of  view,  these  relations  are  of  great  value. 
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and  which,  for  y  »  y  ,  has  the  property  that 


arg  G  >  0 


i,e.  ,  the  phase  of  G  increases  with  an  increase  of  y,  provided  y  >>  y 


The  integrals  can  be  evaluated  in  the  form  of  a  series  of  residues 


^(x.y0*y>fi)  = 


C(x,yo,v .  <i)  =• 


CO 

£ 

s=  l 

cxp(ixtg) 

Wl,(tS-'V) 

"VW 

l8  -  q2 

VV1(V 

W1(V 

00 

E 

s-l 

exp(ixl  ) 

w'(i-y) 

1  .5  .! 

"T'W 

1  (ts/<l2) 

W 

W  '(t  ) 

1 '  s' 

CO 

2-j 

s-l 

expfixt  ) 

wtas  -y) 

wi<l8-y0) 

w.<v 

w1(ts) 

00 

E 

s  —  1 

exp{ixtK) 

w,(ts-y) 

1  wlVy«: 

1  ^  (Iv/tl2) 

wi'<ts) 

OR.  3) 


where?  t .  denotes  the  roots  of 
*) 


w.'fl  )  -  u  w.(t  )  ■-  0. 

I  S'  '  I  S' 


In  order  to  obtain  these  forms  we  have  made  use  of  the  fact  Wj(t)  and  v(t)  are 
solutions  of  the  differential  equations 

w  "(l)  =  t  w  (l),  v"  (l)  =  t  v (t) 
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which  have  the  Wronskian 


v(t)  w^t)  -  v'(t)  wx(t)  =  1. 


We  call  the  fields 


F  (x,y  ,y) 
o'  J  o 


exp 


f‘f) 


(y  -  y0)  x3 

i  _  i - i 

2x  2 


O 

.  X  .  .  X  .  ,  .  ,  . 

3*p  iio  +  iofy+yJ-'-i 


(y  -yj' 


l  12  '  *2^rV  11  4x 


2z  s  exp(ixt)  w^'(t  -  y^)  v'(t  -  y <) dt 


Go(x,y0.y) 


±  f 

-oo 

gxp  [~ 1 12 + 1 1  <y + y0> + 1  “47^"  ] 

oo 

1  r 

=  2n  J  exP (lx<)  W1  (t  -  y>)  v(t  -y  <)  ( 


exp 
2/7 rx 


(15.4) 


the  primary  fields  or  the  "point  source11  fields.  We  can  show  that 

gxp(-  1  f)  /  x3 


F(x,  0,0,0)  ^"ITq  2Fo(x,0,0)  = 


G(x, 0,0,0)- - n  2  G  (x, 0, 0)  = 

X  *  U  O 


2x/ttx 


2 

exi>(i  f)  ,  3 


Vttx 


—  exp 


“"(-‘fz)' 

(-•£) 


(15.5) 


It  is  convenient  to  renormalize  Ffx.y^y,  5)  and  G(x,yo>y,q)  by  defining 


U^-yo'y’6)  =  4 K-fHk  exp(i  F[x,yo,y,  ~j 


V(x,yo.y.q)  =  2VttT  exp(- i^G(x,yo,y,q) 


(15.6) 
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It  is  also  convenient  to  introduce  the  special  functions  5)  and  Vf 

by 


or 


U (x , 0 , 0 , d )  :=  2Uo(x,5) 


V(x, 0 , 0,  q)  =  2  VQ(x,q) 


Uo(x,6)  =  -exp(ij)^-  f  exp(ixt)  ' 

(~ 1 S  [x  f 


x(t)  -5w'(t) 


dt 


exp 


Vo<X,q)  = 


W.(t) 

,  „  J  exp(ixt)  — — - —7TC  dt 

'/  v  _<*  w^(t)-q  w,(t) 


r 


We  can  show  that 


Uo(0,A)  =  1 


Vo(0,q)  -  1 


ii  we  jei  y 


o 


,  we  can  introduce  the  asymptotic  estimates 


7T\ 

1/4 

/•  2 

3/2 

•  / —  A 

yo)  T~ 

-« exp(> 

?)y 

0  ux>5 

X  3 

l 

'  c 

Wyol) 

•  u 

y  )  — 

Jo  v 
■  o 

/ 

.  7T\ 

1/4 

l.  2 

3/2 

.  r  • 

■=r£  cxp( 

1 

yo  exl 

3 

■Vo 

I 

< 

O 

to  obtain 


r./  /  •  v\  1/4  /.  2  3/2\  1  „  n 

F(x,»,y,d)  -  -cxp^-i-jyo  exp(i--yo  j  ~ 


<5) 


G(x,°°,y,  q)  =  exp 


(j  ?\  ,r 
V  4  j  ■’  o 


1/4  '-xnf1  2  v3/2'  1 

r  V  3  Jc 


'  O  /  2  V  7T  ^1 


Gff  ,y,q) 
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(15.  8) 


(15.9) 


(15.  10) 


(15. 11) 
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where 


and 


£  =  x  -  Vy~~ 
J  o 


Fl^.y-6)  =  "7=  /  exp(tU) 


v i /t  ~ v\  _  .y(t).  -  q. w  Ut_v) 

'  w^(t)  -8  w^'(t)  "l  1  y^ 


dt 


Gj^.y.q)  =  7=  /  exp(iU) 


Vft  _  v\  _  -v'( t)  "  g  vft)  w  ft  -  m 

y'  Wj'(t)  -  q  w1(t)  Wl't  y' 


dt 


(15. 12) 


We  call  the  fields 


F0(«.y)  =  /  exp(ilt)  v'(t-y)dt  =  i£exp^y-i^-) 

-OO 

T  3 

GQ(£  ,y)  =  7^  J  exp(ilt)  v(t-y)dt  =  exp  (i  £  y  -  i  (15.13) 


the  primary  fields  or  the  "plane  wave"  fields.  We  observe  that  G^(£  ,y,q)  satisfies 
the  diffusion  equation 

8  G.  DG- 

—  +  1  W  +  y  °1  - 0 


9y 


and  the  boundary  condition 


(£♦<■<0  -»• 
•'  xr— 


y=0 


Also,  we  observe  that 


F^S.y.6)  =  ^  G^.y,  1/6). 


(15.14) 
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For  y  =  0  we  define  the  special  functions  li  Vjtf.q)  as  follows 


(15. 15) 


where 


and 


For  y  —  we  find  that 

Fi^.y.fi)  Gj(^.y)  +  ■  y1^4  e.*p(i  |y3//2)  u2(z,6) 

Gjft.y.q)  —  _r£  Uj^.y)  +  y"l/4  exp(i  |y3/2)  V2(z,q) 


=  f,  •• 


u2^>  -  V2(*.J) 


(15. 16) 


and 


V2(z,q)  - 


exp(i  J 


V 1  (t)  -  q  v(t)  ®XPV  4 


cxp(izl)  — U-  dt 

1  '  '  Wjfl)  -  qWjIt) 


!i) 

2 VtF  jT 


The  function  G^(C  y)  is  defined  by 


Gj  (I  ,y)  -  exp(i|y  -  i  ^-)+  “jW  cxp(i  |  y^^  [  p  K(-  r) 

v 

i74  t'xp(i  I  y3/2)  P  K(t) 


(15.17) 


,  7,  <  0 


,z  >0  (15.18) 
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where 


T  —  H  Z 


4 

M  -  V- 


and  K(t)  is  the  modified  Fresnel  integral 


(15.19) 


K(t)  =  exp  i  r2  -  i  /  exp(is2)ds  (15.20) 


We  also  observe  that  if  yQ  is  large,  but  not  infinite,  we  can  write 


V<x- V’q)  H(X,y,Vo)  +  V  yy 


-  exp[i  |(y3/2  +  y3/2)]v2(z,q)  (15.21) 


where 


z  =  x  -  VyQ  \/y  =  |  -  Vy 


3  x  (yi  -  y?) 

H(x,y,yo)  =  exPi-lT  +  2(y1  +  y2)+-— - 


+  4  yy"  ex4  3  4^ ail M K(_ T)i  ’  z  <  0 


(15.22) 


^~4!(v3/2*yf)i*K,T>, 


where 


r  =  p  z,  \x 


(15.23) 
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It  is  also  convenient  to  dcfino 

un «'■'*>  ‘  v,  ,(*•*) 


Vt](*,q) 


cxp(izl) 


'(t)  -qv(t) 
i(i)  -  qw,  (t) 


V 


(15.24) 


For  large  values  of  t 


V-  K(t)  +  V2(K,q)^V11(z,q) 
-#*  K(-T)  +  V2(-/.,q)  t  _  _;V1.(z,q) 


=inic(’ 


exp  i  -- 

K(±l  T  !)““>-.STv^TtT 


In  order  to  evaluate  tin •  special  functions  defined  above  we  write 


U 


^  <o 

=  -  exp(i  J)  J 


w,'(n 

exp(ixl)  -  Jr, - s — T77T  (it 

'  w1  (f)  ■  ft  Wj'(t) 


exp(-i  J) 

Vo(x,q)  = 

2 

T  \  tt  x. 

-  r if  at 

\J  J  w  / 

Vj  A  ,  q) 

x‘A ,  q) 

U11(/.,<5)  = 

;  -  ^  I) 

'xp(ixl)  — r 


Wj(t) 


Wj'(t)  qwt(l) 


dt  =  e 


exp^-  i  2’/tT x3/^  J(x,6) 
xp(i^)v^x  K(x,  q) 


V,  .  (z,q)  =--  -  exp 


(i  J)s(f.,q) 


(15.  25) 


1  5-8 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILES  and  SPACE  DIVISION 


1 1 MSI)  -2880H7 


whore  the  tunotions  wo  have  now  introduced  have  the  properties  Ihai 


<  (t) 


w\  ^-(rr:7vW)dt  =  2  Jm<?> 

•n  -*■  *- 


m 


m=o 


f(*- ®)  "  Tif  yexp(iU) 


wjft)  -  o'W;(t)dt  ’  2 

m=o 


r(?lQ;)  =  A  /exP<i€t>  ^)T-<bfVSdl  “  77 

■P  1  ^  TS 


\  .  .  1TJ+  1 


m«=c 


K(^.p)  =  ~  f cxp(iil)  ^j7 
r 


k(£>0)  =  T^r-  I  exP(i 
r 


w  (1.) 


-,{(.)  -  /iw1(t) 


(It 


">  K  <0 

r_'  m 


(15.26) 


m=o 


rdt  = 


2  "m*5*""’ 


m-o 


B  ({,/?)  =  - 


wi<t)  -  /5w1(t) 

*  /•*««  -  -  -h  .h-m  ^  *  i-n*>^+i 

T1  -L  >  *  *•  ^  _ _ 


in~o 


These  functions  can  be  represented  in  the  form  of  residue  scries.  Let 


w,(r  )  -  awl(T  )  =  0 

11  ,  s  =  1,2,  3 ,  • '  • 

wi(Tc.)  -  /5w1(ls)  =  0 
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Then  we  can  write 


J<4  .«) 


CO 

«  exp(i(;  t  ) 

s~l 


2 

-  a  t 


K<*  ,  (?) 


E 


a=l 


exp(i?  tg) 
2 

t  -  P 


kexp(U  r  ) 


X - '  a  ‘  1  r- 

f(^,a)  =  2/ii)  — — ~  ^TFT  8(4,0)  =  2/Tri 

—  ' 1  -  a  t  1'  s' 


cxp(ii  r  ) 

r({,(»)  =  2v7rix 


E 


S“1 


,  2  ■ .  i  2 

1  -  n<  r  w’(t  ) 
s  1  s' 


El 


exp(i£  tg)  1 


s=l 


2  w.  (t  ) 

-  p  1  s' 


exp(i|  lg) 


>P)  =  2^i  y  — -2 

a— Ji  -  n 


(15.  27) 
1 


s=l 


ls  -  lwl(ts>l 


Let  us  now  observe  that  if 


w1  (Ts)  -  «  w^(rj  =  0 


then  since 


wJ!(t)  -  tw^t) 


we  find  that 


wl(T  ) 
1  s 


d  r 

__  s 

d  « 


W1<V 


rv  w''(r  ) 
1  '  s' 


d  r 

s 

d  O' 


or 


d  t 


s 

d  cv 


,  2 
1  -  a  t 

y 


(15.28) 


oo 

If  we  define  t  to  be  the  solution  of 
s 


VO  =. 0 


(15.29) 
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and  t  to  be  the  solution  of 


\  =  n 
]' s' 


(15,30) 


then  we  can  write  the  limiting  forms  of  TR(CX)  >n  the  form 


r  (0)  =  t 
s  s 


We  can  then  use  the  differential  equation  to  show  thaL 


(tj" 


T  (CV)  —  t  +  CY  + 
S  '  f? 


1  co  3  i  4  1  co  2  5  7  co  6  /V  5  \ 

3ts(V  +4a  +5<tH)  “  +l8(te.)a'  +  (—  +  28  ) a 


We  can  also  show  that 


(15.31) 


dt 

_ _s 

dp 


t.  -  p 


We  define  t  to  be  the  solution  of 
s 


w;<t°) 


=  o. 


The  differential  equation  then  leads  to 

P 


t  (fl)  =  t°  +  —  ft 
trHI  s  t'j  ' 

S 


2<tV 

s 


4  (3(t°)2  *  2(t“)5)' 


l  1  1  5  N 

+  (  1  + 

■ 21  i  7  ^ 

\l2(t°)4  8(t°)?y 

Y  W/ 

20{t°)6  8(tJJr/ 

(15.32) 
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From  the  properties 


1  GO  OO  2  l  °°  3 

iv!(t  )  =  wi(t  111  +  7l  (r  -t  )  +  »  (t.  -  t  ) 
1'  s'  lsI  2  s  s  s  o  a  s 


co  9  oo 

cO  4-  ^  c  CO  fj 

+  ~24~  iTs~ia)  +-^(T8-t8>  + 


wl',s) 


w.(l°) 
l'  s' 


1  o  ,(>.2  1  „  .0.2 

1  +  -  t (t  -  t  )  +  7T  (t  -  t  1 

2  S  S  S  o  8  S 


(Q 


y  -O + 


we  find  that 


wi(T8) 

W1  (ts> 


Wi(lB) 


w,  (1  ) 
1 '  s 


l 


2.1  3.3  ..00. 2  A  ,  1H 


i+t  "  +s"  +iiV  "  4 


C 


19 


vao<t°)'1  <)'/ 


(1  F>.  33) 


We  can  also  show  that 
1 


,  2 
1  -  a  t 


1 


on  9  !4  oo  9  /I  7  oo  5 

-  1  +  t  a  h  a  •  (l  .)  a  +  £(t  )"  + 
s  s  os 


1  1  P.(-K+  3 


bWdh'r^V 


.  -,2  .  O  ..0.3  ^  I  .  0.2  nJi'M"  I  »  «1  U"»  - 

ts-/3  tg  (ts>  yy  ^y  /  •  v'is;  • 


/_J_  .21  35  \  4 

k>"  -‘O"  <>t 

\15(tg)5  20(1  J’)8  8(tg)nJ 
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and 

exp(il  Tg) 


exp(iHs) 


exp(i|y  Jl  +  U  a  -  ||2a2  +  (ji£(t“)  -  |i^3)a3 

+  (i<«  -|«2(0  +  a«4)»4 


(15.  35] 


r^y 


+  (it  — ^-o  -  ii3  — ~3  +  t" — ^“+  It  TTn  )P' 
\  3(t°)“  S(t^)J  2(tJ‘ 


2(t  °f 


,2_J_  ,4  _i__.  +  .t 

\  3<t°)3  24(t")4  '  12(t”)4  4(t")5 


+  t 


7T  +  it 


8<t")6  ^  «<t°)7, 


5(0® 


<>4 


o  5 

120(r>' 


+  ^_3_+  1,_21__g4_l_ 
4(t°,5  %0<t°)6  12(t°)fi 


.  ,3  3  .  ,2  7  .  . 7  \„5  , 

<>7  <>8  »(0T 


(15.36) 
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These  results  can  be  used  to  show  that: 


exP(^TJ 

- -j —  =  exp(i|  t  ) 

l-a  t  s 

s 


4t^^4--FC  +  <o2H 


-t 


V-  J_i  5  7  * 

V*  J.  20  ?  3  s 


,1:3,“  .iMUA2)a5 

*  «  •»  L  *  i  r  **  *-L  .  t  }  S  i 

a  rt  id  s  ' 


(15.  37) 


exp(iiT  ) 

s _ 

(1  -a2rs)w'(rs) 


cxp(iitg ) 

OO 

w!(l  ) 

1  s ' 


•*(•!§<♦  £‘4*K>8-6«,C)' 


-( 


7,2  .  1.  ,5  (5  « 
1 2  ^  1  1 20  ^  5  s 


1  3  oo  SFI  od  9.  \  p, 

+  iT^  lB  -lT^<  V/a'  + 


(15.38) 
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exp(i?  rg) 


exP(i^t  ) 

ft 


(1  -  «2t 


w'(r  ) 
1'  s' 


v,./t°°U2 
r  s 


+  (i±t+  J_t4  itVU4 

l1  12  4  24  4  "3  {  V 


/  5  ,2  .  1  ,.5  2  4°° 
U2  '  1  120  15  ~  5  Ls 


,  1,3.“ 

1  yj  S  1/ 

6  s 


i|ny2)c^  + 


(15.39) 


3Xp(i$t  ) 


fcs  0 


=  exp(i|t  ) 

b 


(i  )  (t  ) 

's'  's' 


<lu)2  2(t;r  2(t“)*  2<tJ 


i  . . i2  _[ — 3 _ t  +  — !L_ \o2 

n.34  1  „„o,4’  „„0.5  IP 


+  U  — -i— 4ta^3+  y-£2+i— 

2(y 


3(t°)3  3(t°)4  *  6(1°)4  <t;r 


5  y 


2(t°)7 


1  s  ^  _15^  _L  4  +  ._21  .  5  y  3 

o . o  b  . .  „o.5 


Vl°)3  y>4  "  4(t°)5  24(t°)G  4(t°)G  12(t°)6 


15  >2  ,  35  ,  35  \  4  _23_  58 

8«y  "  8(y  fl(vB>y  U$4,  i5(o5  3(o 


,  1  £  3 


s' 


S' 


11  y  2 


181 


4(6r 


’+1120(tj°‘?  ,1-°-7 


4  231 


20(ts')’  •  8(t")7 


r- 


20(t°)8 

s 


:  7  t3  ,  7  1 2  .  63  .  _ _ 63 _ \  „5 

l8(t°)8  2(t°)9  ^(t®)10  6(tg)U/ 


(15.40) 
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exp(i£tg)  j 


,  2  w.  (t  ) 

t  -p  Vs1 


exp(i?t°) 

,,o. 
wit  ) 
i'  s' 


4+  (i—jE-^aio 
C  \  aV  d“)  / 


f  1  1  >a_.  3  ;  ,  3  \q2 

V2(<")2  2(t°)3'  2(t°)4  2(t”)7 


J5_{— i 

A  ,4 


\««V  2(0''  Cd'V 


1  |3+_!_s2tl_5_4.._5_y 

2(t°)6  2(t°)  y 

s'  s'  s'  s'  /  . 


/  3  _ 7_ 

\8<l®>3  12(1° 


_  ,2  .  8 _ y 

4  ^  “ 1  o  r,?  0 

(Q  3(1°)  24(1°) 


.L.  ,4  +  __91 


24(t°)' 


A  .  :> _ , 3  _  _1  5  _  , 2  _  J.5_  t  ,  35  \  A 

8(l")7  8(l°)8S  8(l°)9/ 


+  /. 89 _ f  _  233  _  .  _  J _ ,  3  +  25  ^  2  +  . 

\l20(i°)4  120(l°)r’  *  4(t^)5  12(t")6  120(1”) 


I___ 

O  fi  ’ 

s 


.  ,  277  ,  t4  _  357 _ _  _7_  f  3 

40(t°)7  8(t°)7  S  40(t°)R  8(t°)8J 

rt  K  S  s 


_ 7__  2  .  63_  .  _  _ _ 63 

2d")9’  ‘fid")10’  8d")1J 


p'  +  ... 

(15.41) 
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1 

exp(l|tp 

h<v 

2  “  0.  2 

\v,(t  ) 

.  1  s' 

,o  !  „o. 


1 


t:  \(tp2  (t°)7  2(t°)3 


s 


1  t2  .  3 

4  -  l 


s' 


2(t°)4 


«  +  ~ o-5V2 

20  / 


+  \  3(t°)3  ^  ~  3(t°)4  ”  1 6(t°)4  ^  +(t^  +i2(t°)6^2(tyf 
+  /  1  t 2  _  19  ,  1  ,4  7  ,  5  , 3 

U:>4  W0/  2<>5  *06  lw0/ 


15  #2_i_35_^+^5  ^4 


'**V 


8(t°)8  8(t°)9/ 


,  /.  1  3  .1,3, 

+  [  1 - 1  q - z  -  1  - z  q  + 

1  ,o.4  _,.o.5  .,,0.0  ' 


17  ,2..  1  ,5 

4  +1 - -—  £, 


5  (t  ) 
s' 


5(tp  6(tp- 


12(C)6  120(C)6 


+  1_24_£__l_/4._J^_i_7_£3 

:,(t°)7  8(t°)7  io(t°)8  8(t°)8 


,  7,2  63  ,  63  ' 

2(lg)9  8(t”)10  8(t°)uy 


(13.42) 


15.1  THK  INTEGRALS  J  (4) 

n 


We  can  now  use  these  expansions  to  show  that 

m 

J  JO  =  2  6Xp(«t")  =  j(0)(4) 
v  8=1 

GO 

Z,  (i4)exp(i4t°J  -  i4  J^(4) 

8=1  S 

j2(?)  -  2  |-|42  +  rjexP(i4r)  -  j<0)(4)  ~  ij(1)(4> 


8=1 
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J3«)' 


■MO 


■MO 


2  l1--^3 +  i^CIpxpo«0  =  (i  -^3>  j<0)(o  + 1«  j(1)  «) 

S=1 


(15.43) 


S  I1  I  4  +  24  44  -  I  4  2C  *  <C)2| 

-  (‘ft  ' 

00 

2  |- j!2  *  1 20  2  1  *  sC  -3{3C  +  1  15S(C,2|“P(I4C* 

-  (-W* A  <  V#,«> - (« | * V>«> - •  g« 


In  general,  we  have 


U  <lJn_2<0 

J  (0  -  •  -  j  t  (i)  -  1  •  •  . 

ir  n  n-1  el  k 


(15,44) 


We  observe  that 


J<n)(0  -i?--  j(0 


where; 


J(0  *  J(0)(«) 


00 

J  (O  ~  zL  oxp(i£t”)  =  ^  cxp("-v~Li  a  f) 

0  8-1  S'- 1  V  2  53  ’ 


where;  or  denotes  the  roots  of  the  Airy  function 


Ai  ( -  cy  -  0. 
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k2«>-S 


s— 1 


3  .  3  t  __  1 _ y  2  X 

'<f  2^2'  is 


cxp(iii^) 


^K('4)(0 -h  K("3,(«)  +  U2  K{-2)({)  +  i  K H)(£) 


(15.45) 


K, 


«>=z: 


s-l 


3  8  t  ,  If 

TrTA  1 7~oT>  *  ol  * 


1.2,  1  .3  7 


>  'J  *  .  ,  1  k 

1  (73  ^  ~  „  ■)  +  1  n^i 


2(tsy  2(g-  (tsr  <):r‘.-H02 


K 


=  |K(~G)(0-|?K(''r,)(0  +  |2K('4)(i)-7^3K(':,)(«)+  i?K(  :5)(i)-i^  K(~2) 

oO 

i«»-E 


>  ,  35  „  15  ,2  r,  ,  3  21  1  ,4  .  15  5  .2 

U  ~  *  ,,  n  ^  ~  ,.~r  s  +  1  ~r  s  +  - p  + - ~  ,  £  -  l - £  - - "  £ 

o«->  -..0,5  rt..„o%4’  ^  „  o.4  ,, ,.0.3 


»«'’>8  S(i'sv  Hy  ,*j,»  4(.y  «<$* 


,0,7 


,o.fi 


(t")2 


“  K<-»>,4 ,  -  f  i  K<'7>,£  f  £ : 2  -  4 £  3k(-5)(£  , 

+  iT  K(“r,)«) 4  54^  KH)«)-i7«  K(~4)(C 


(0 


*»  s 


s-l 


-1  i 

_ *13. _ + 

i  t ■ 

_  7  _ 

1 2  . 

7 

1 2 

233 

,,o  10 

,  o,9  * 

O  8 

",  “  1 

ti  7 

r,  - 

o 

«(tK) 

»d,.) 

-.n 

2d  s) 

«US> 

20(tfi) 

. _ 1 _ 

t  r>  +  __u 

,.2 

1 

3 

58 

i2oa”)r’ 

'  <>r 

.  1 
) 

<> 

1 

5(i°; 

s 

1...  f4  _181 _ , 

:t”)f’  20d")(i 


22  -  7 
.,.0.3  ’ 


exp(iit 


s  (53 


l0^ } 


I 


(O 


1  f  !  t  )  -  4  < B  K<R>« )  ♦  i  V  «  2  K™« )-&  3  K<-4>(5  )  -  ? I K(  %  > 
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-4 


We  can  show  that 


dKn«) 

cU 


1  K  .  (4)  +  IK  0 (4) 
n  n-1 '  '  n-2  ' 


(15.46) 


Wo  observe  that 


K(n)(«)  -  ~  K(0 
cUn 


where 


K(f)  - 


-s 


eXPWtS)  #  .  7T  V  1  H 3 

- -  -  exp(-  i  3 )  Z,  J'  exp 

s-1  1S  s-1  s 


where  /3g  denotes  the  roots  of  the  derivative  of  the  Airy  function 

Ai'(-  p  )  --=  0. 


We  can  also  write 

3  +  i«> 


i 

/,  7T 

1 

exp  h  f. 

vtt  \  - _ ' _ LM 

2?r 


exP(xa)#^)drv  ■  x  =  ^T"1 


4  "  exP(-i|)^ 


c-i°° 


exp(-i  ~j 

T~ 


r/i 


1  \2/  (  X  At 

~  4  r(2.j  eXpVl  4/^ 


7r\.3/2  ,  7  rV2; 

32  Zm  Gxp 
l\2) 


hiV 


■-“p(-‘DS  j\, 


{3n-l}/2 


n~o 
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cnn  bo  summed  exactly  by  using  the  generating  function 


L(fu.  _  _  \  _ — I JL - _  a  +  a  R  -  <Z  S  +  +  ■  •  • 

Ai 1  ( cv)  Z  (a+P  )  fi  ~  -1-2  -3  -4  + 

s=l  ‘  ° 

2  3  _  4 

<y  ry  3  ry 

-  -S  +  a-8%-  +4S  -  (fi  +  OS'3)  + 


(15.50) 


where 


s  -  -Snoj  ’  1-:)V17211(I4. 


In  the  applications  it  has  been  convenient  to  define  and  tabulate  the  functions 

jr\>3/2  T(n). 


u(n)(|)  =  2/?  exp (-5  ;[)Z/2  J(n)(0 

v('%)  -  expfi  -j)Z/Z  K(n)(0 


(15.51) 


We  observe  that 


since 


(n).,.  t—  ^  (0),t, 

u  (O  ^  “7,  uv  '(4) 

dZ 


(n).t .  ,  d  (0).,. 

dZ 


UW({)  =  Z/2^|r3/2u(0^)i 

dZ 


("),*,  -  *1/2  jZ  |*-l/2„(0) 


vvv(i)  =  4 


<14 


>«>)■ 
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15.3  THE  INT EGRA LS  f  (4  ) 

n 


The  functions  f  (£)  have  the  properties 


V  cxp(i4l  )  ,Q, 

,«)  =  2^i  2,  — - f(  ’(O  =f«) 

!  W'(t  1 
s=l  1  s 


V 


exp(i^L  ) 


i  (?)  =  27ri  ^  04) 

S=1  wl(ls  > 


a!  _  ,  t  f(0) 


r  ;(4)  -  il  f(4) 


V|  1  2  i  °o  |  exP(>4ig ) 

!«>  -  2*»2  4l. 


S=1 


wiV 


i  4 2  f(0)(4)  -  if(1)(4) 


fg(4)  =  2*i 


oo  _  oo 

.  V|2,.5  «  .1  ,a|  cxp(Ula)_  [2  i  ,3|  f(0).t  5  t  f(l) 

1  Z  |3+l64t8  "lG*  I  I  3  ”  Ci  i 


(4) 


S~1 


wlV 


V  f  11  1  4  3  «>2  7  >  2 

f4(4  )  =  2rr  i  ^  |  1  |7j  l'  +  24  +  8  (Ls  )  "  12  ^  ls 

s=l 


CXP(,V  Ml,,  1 


wi(ts) 


<li4+^44|f(0)(4) 


+  i^42f(1)(4)  -|f(2)(4) 


f5(4)  =  27Ti 


1 2 |- 

S“1 


.  ,  1. 3,".,  89.  ,.,21°^' 


12 


{  *  +  h  20  {  +  5  V  ‘  i  1  V  1 1 20  *  *8  > 


-  00 

w’(t  ) 
1  8 


II {2  *  iW  ‘'"’I  r<0>«  >  -  1 1  *  J 8  3 1 r<ll({)  ‘ 1  it { <<2>tt  > 


(15.  52) 


We  observe  that 


.  n-1  dfn-2«> 


fn(^  -  n  fn-l^)  1  n  ci  4 
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Also  we  define 


f(n)(«)  =  ~  f«) 

fU 


where 


OO  ,  CO 


(01  oxp(l€t  ) 

f(«)  =  f  («)  =  f [  ’(Z)  =  2^i  X 


exp 


exp 


2. 

S=1 

(-¥».*) 


w'(t 

s=i  r  s 


Ai'(-  cv  ) 
'  s 


exp 

27T 


/  ~A  V  > 

(-‘i)2y 

S=1 

>r\  C/i0°  A/3"-  i  ,\ 


exp\-x— p$l 

"aUpT 


dP 


=  7?  / 


-OO 

cO 


e-i00 


cxp(iijt) 

w  i(t) 


ill 


r  1  T  CXP(‘^) _ f]t 

7r  y  Bi(t)  +  i  Ai(t) 


exp| 

Ci**) 

\  1  3/  1 

OO 

f  expl 

IT1") 

*  J 

Bi(t)  -  i  Ai(t) 

dt  + 


f  _ 

J  Bi(tj  i-  iAi(t) 


dt 


We  can  show  that  f(£)  is  an  entire  function  oi  £  which  can  be  represented  in  the  form 

oO  ec 

ini -2[(n,»>s-L<vMv& 


n=o 


n=o 
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where  f^(0)  can  be  evaluated  by  summing  the  divergent  aeries 


f(n)(0) 


exp(ir,n|-i?)  )_ 


oo  n 
a 

s 


s=l 


Ai'(-  a?  ) 
v  s 


by  means  of  the  Euler  summation  scheme 


2  f<s>  13  X  f<s>  +  |  f(N>  -  |Af(N)  +  ~A2f(N)  -  - 1 


s=l 


S=1 


where 


AI(N)  =  f(N  +  1)  -  f(N) 

A  0+1  f(N)  -  Anf(N  +  1)  -  Anf(N) 


Wc  can  also  write 


n  rr 


5n  +  4  ,  ii7T  T  ,  ,  .  bn  +  4 

cos  ■  — — -  v  +  cos  'y  Ij  (n)  +  sin  —  ~ y 


(i 


.  1  5n  +  4  .  mr  T  ,  ,  ,  5n  +  4 

0  -  -  -  sin  —  —  v  +  sin  —  I  (n)  '  cos  — 

n  a  <i  2  1''  6 


where  the  integrals 


urn  -  f  -  « 

*  J  Bi  (t)  +  Ai  (t) 


I,  <n) 


CO 

f  ^  Bi(t). 

J  Bi2(t.)  +  Ai"(t) 


dt 


can  be  evaluated  numerically. 
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jan  show  that  f  (4 )  has  an  asymptotic  expansion  of 


the  form 


m) 


2i4  exp 


175 

64 


i 


395  1  318175  1 

16  ^12  ”  1  1024  .15 


+  641305  1  2015  50385  J_  23321  26775  1 

128  .18  2048  .21"  1024  .24 

4  4  4 

_  .  1589  56578  25375  1  ^  23917  93186  85125  1 

"  1  262144  ^ 27  '  131072  ^30 


We  have  also  show  that 


f(n)(4) 


has  an  asymptotic  expansion  of  the  form 


f(n){l)  -  (  i  4  2)n  (2i 4 )  exp (  i 


An>  A^ 

i  - 1  -4-  +  -4~  +  i 

43  4b 


A(n) 

A3 


» 


.12 


(15.53) 


where 


A<n+1)  A  ^  -  (2n  +  .1) 

A<n+1)  =  A(n)  +  (2n  +  1  -  3m  +  3)  A(n)  ,  ,  m  >  1  (15.54) 
mm-  '  m-1  '  ’ 

In  Table  28  we  give  values  of  A^  . 

n  m 

For  negative  values  of  n  (the  integrals  of  f(4)  )  we  must  add  to  the  asymptotic 
expansion  the  contour  integral 


r(n)(5, ,  „^/!ia^pdt 

"c 


(15.55) 


where  c  is  a  contour  which  encircles  the  origin  in  a  counterclockwise  direction. 
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Table  28 


TABLE  OF  COEFFICIENTS  A(n) 

m 

f(i% )  =  (-is  2)n  (2  i  £ )  exp(-  i  (  3/3) 


-2 

-1 

0 

1 

15 

3 

1 

3 

4 

'  4 

4 

4 

50 

5 

1 

0 

2 

"  2 

2 

1 5345 

945 

175 

1  5 

04 

04 

04 

04 

192010 

7870 

395 

45 

04 

~  04 

10 

10 

47401185 

1318785 

31  HI  75 

40095 

1024 

1024 

"1024  ' 

"1024 

809191450 

15970120 

041 305 

075990 

1024 

1024 

128 

'1024 

30911355075 

405314175 

201 550385 

27115425 

2048 

2048 

2048 

2048 

2 

3 

4 

5 

4  5 

35 

03 

99 

-  4 

4 

"  4  ' 

"  4 

'0 

1  5 

2 

8  5 

2 

-  137 

1  5 

04 

1  5 

4  05 

8025 

04 

04 

04 

45 

15 

0 

0 

'32 

32 

14175 

4095 

1095 

1095 

"1024 

1024 

1024 

1024 

194850 

531  00 

20340 

10170 

1024 

1024 

1024 

1024 

0835725 

1709025 

001425 

235305 

2048 

2048 

2048 

2048 
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lx  we  observe  that 


exp(Ut)  = 
w1  (t) 


,22  .33 

1  +  l|t.  -  - - i  — ^ —  + 

z  b 


1  .3  ,  1*4.6 


1V/  WjfG)  1  +  +  w^(o)  t  +  |t-  ■  7, 


2t4  +  4#t7+ 


=  ^L_+/-U_  „  JWL\  + 

wi<°>  \wi<°>  [wl(o,|a/ 


we  find  that 


f  (_1)(S) 


w1(0) 


=  -  3^ 3  r||)exp(  =  -  2.  816678S28  exp^-i 


=  2\/7). 


w'(0) 


i  w  (  (0)  f 


v1(0)  j2 


-  2.816678828  exp^-i  | ^  -  2.0533902 


Wo?  have  also  shown  that  the  coefficients.;  y  and  6  of  Table  24  can  be  used  I'd" 

n  ii 

evaluate  f  (£),  Thus, 
n 


<o<«>  *  I  (c°  *  1D°)  7f 


S=0 


C°  =  y 
s  's 


D°  -  5 
a  s 


(15.56) 

Cont. 
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fj(0 


y  (ci  +  iD 

^  \  s  s  I  si 

S-0 

1 

-  s  6 


s-1 


S  v 

's-l 


s=o 


n*  _  1 


-  6  1 

s-2 

s  +  1 1 

's-2 

+  y 

ss  +  ]| 

"  ^(c«  +  iD3-«T 


S~0 


ci!  *  ii»(» -d(» -2)v.i +  'v"^ 


.8 


Dg  =  -  jr  8(8  -  l)(s  -  2)yfi_g  -  (5s  +  4)6g 


S 


f4«>  - 


8=0 


C4  -  ^  8(8  -  i)(s  -  2) (8  -  3)  7g_4  -  H  I^Li«s_1  -  I  ys+2 


D4  = 


24 

24 


1  (B  -  1)(B  -  2)(S  -  3)<5s  4  +  s 


12 

7s  i  4 
12 


Ts-1  “  86s+2 


(15.  5G) 
Coni. 
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f5«>  “  2  (‘ 


C  +  i  D‘ 


s\r 


s=o 


s/  s: 


l4o  S(s  -  l)(s  -  2)(s  -  3)(s  -  4)  fia_5  -  ~s(s  -  l)(3s  +  1)  yg_2 


_L> 

Us  ~  120 


s(s  -  i)(s  -  2)(s  -  3)(s  -  4)' 


+  ^  U44  +  o9b)  ug  +  1 

1 


s-5  12 


s(s  -  i)(3s  +  1)  <5 


“  (144  +  89s  W  . - 
120  '  '  ■ s+  j 


15.4  THE  INTEGRALS  g  (£) 

hn 


The  functions  g  ((; )  have  the  property  that 


(15.  56) 


**  y  .  ..<»> 


i° ...  i<°\ 

s=i  y  "i  '"s' 


k'  '«)  =  (S«) 


s=!  '  ls  <V  /lswl<V 


(0 


«2tt)  " 


O 

r  -  i 


2(t; 


2(t")3 


oxp(Ut°) 


2(t0)4/l°w  ■  (t°) 
a  '  «  Is 


f  B("4)tf)  -  |4b{'3)(5)  |?2b<_2)(«)  +  i|g(_1)(€) 


/-IC  CH'S 

U-J.  <->  r  J 

Cent. 
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K  (|)  =  2/wi  y  (i— 0  3  „ 

~,wy  2(1°)  «(tB) 


a  -,.-0_<3  +  --L_  f2  + 

°':J  o4' 


r.  \  PXP(iHs) 


aO(5/tSwi^ 


7  2.8,.  1  1 4  91  .  5  . : 

s=1  x«a")2  12(l°),}?  3(t")4  24(t")4  -'l0'5 


24(Cf  12(t  / 


25  \  ‘'Xp^V 


If)  2  3  r> 

8(C)^  «(^)7’  8(l“)8^  t°Wl(tS) 


25  ( 


+  if^2K("3)(0-|R(_2)(0 


■V  / 


293 


r  v  ,  nij  .  .  ]  ,3  _25 c  2  .  — 1 _ *!3  _277_> 

b. (e )  -  zA i  2,  ( ' r v„7,7»  ■ ' ',5,703 " 1 75,7 {  . ».*J 


89 


S'  1 


izoa")'*  120(t”r  4(17 )  12(1")"  120(tn)'  40(1  J 


I  t4  357  .  _  7  ,3  7  ,  2  i.63_  f _ — > 

■V  '  2(1°?'  m0)J  '  3(l°)10)  t' 


53  \^«p(Ul8) 


»&“)"  '  .KKl")7  BO.")'''  2(L°)° 

u‘-%  .  W*> 

1 .  25  1 2  1  (.5!  (_5 )/t  \  I  233  (“4V^. 

'  ‘  12^  -T2oM»’  (e)"|l20  4:  (i) 


120  b  '  ' 
(15.57) 


In  general  we  have 


yyi5 

cU 


n  bn-  1 


(15.58) 
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The  functions  are  defined  by 


where 


S  (0  =  — ^  g(0 
d  c, 


1 


3 

"S 


I 


* 


ij 

3 


/G\  v^exp(lH  ) 

B(«)"g0«)  =  g-  = 


•.  t  wJt  ) 
s=l  s  Is 


30  /  ^3  -  i  a  A 

r^K  ~  W) 


Z 

S-l 


pB  Ai<"  *B> 


c  +  i°° 


_L  f 

2'ffi  J 


C-l°° 


exp(-^-lp^) 
'  Air(p) 

=  J-  [sum* 

V7T  J  W^(t) 

-oO 

co 

=  1  f  _ j, 

7T  J  Bi’(t)  +  i  Ai'(t)  a 

-OO 

CO 

=  1  f  exft 

V  I  Ri  »  \ 


dp 


j  :  :i’\  dt  + 1  \  . dt 

J  Bi'(t)  -  i  Ai’(t)  7T  J  Bi’(L)  +  i  Ai'(t) 


we  can  show  that  g(£)  is  an  entire  function  of  £  which  can  be  represented  in  the  form 


g($) 


E-^S-E 


(a1  +  i  (j  )  — 
n  ir  n! 


n=o 


n=o 


A 

M  LOCKHEED 
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Note:  The  reader  is  cautioned  not  to  confuse  the  a  ,  defined  by  g^(0)  =  Qn  +  i  fin 

with  the  Airy  integral  roots  defined  by  Ai(-  a  )  =  0  and  Ai'(-/3  )  =  0. 

s  s 


fn\ 

where  g  ‘'(0)  can  be  evaluated  by  summing  the  divergent  series 


co  n  -1 

n  11 


(n),„.  /.  5n-/r\  V  ps 

g  '(0)  =  exp^i— g— j  2  Ai(- 


s~l 


V 


by  means  of  the  Euler  summation  scheme.  We  can  also  write 

K. »«•><«  -  *.  «  »|h«  a*  *  cos  -V'|jl(n)  .  [sill  a*  *  sin  ^^(0 


Im 


(n),„,  _  1  5n?r  .  ii7T  T  .  .  ,  5nir  m 

K  (0)  s  Pn  =-  “  -sin— +  sin  y  d^n)  +  cos  —  -  cos  y 


J2(n) 


where  the  integrals 


Jj(n) 


J2(n) 


_ t1t 

lii'(t)  2t]Ai'(t)  2 


OO 

/ 

O 

<iO 

/  j  Bi ’ (t)  2  +  [a  1  *  (t) 


2  nL 


can  be  evaluated  numerically. 
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For  large  negative  values  of  £ ,  we  can  show  that  g((j)  has  an  asymptotic  expansion 
of  the  form 


g<0 


2exp(-  i~) 


_1  .409  1  5005  1  11  22121  1 

^6_1  64^9  64  ^12  1  1024  ^15 


24  33368  1 
12ft  ^ 18 


1610280019  1  3  86998 44839  1  6763  07799  36425 

1  4096  ~  21  4096  ,24  +  1  262144 

51837  22434  61681  1 
65536  ^  30 


We  have  also  shown  that  g^(£)  has  an  asymptotic  expansion  of  the  form 


K(n)(?)=  <-i«V  2  exp(-  1  — )  L  +  i-4 

O  h  K 


A<n>  A<n>  Aln)  A<n) 


«s  f“  ■'  <n 


.12 


(15.59) 


where 


A<"+J>  =  A<">  +  (2n) 


A(n+1)  r;  A<n)  +  (2n  ~  3 in  +  3)  A^n)  .  m  >  1. 
—  m-l 


m 


m 


(15.60) 


In  Table  29  we  give  a  set  of  values  for  A 


(n) 


For  negative  values  of  n  (the  integrals  of  g(£)  )  we  mast  add  to  the  asymptotic 
expansion  the  contour  integral 


_L  f  (it)'1 
^  J  w 


c 


exjiMild,. 

rl; 


(15.61) 


where  c  is  a  c.ontour  which  encircles  the  origin  in  a  counterc  iuuk  wise  direction. 
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TABLE  OF  COEFFICIENTS  A 


Tablo  2D 

(n)  for  asymptotic  expansion  of 


in 


»/ 


;(4) 


m 


1 

2 

3 

4 


''v  n 

m 


')%xp(-i  |3/3)l 

A<n>  A<"> 

1  +  1  ~T  o 

l .  i  t 

Af  A<n) 

"  1  '  9  +  12  + 

i  4 

•  »  *  ) 

n  >  0 

+  2(-H2)nexp( 

<  A <">  A<">  A?> 

-  i  43/3)  { 1  +  i  -y  -  —  -  i  “V  + 

1  4  S  4 

Af  1 

5 

j  ,  n  <  0 

-10 

_g 

-8 

-7 

441 

4 

301 

4 

289 

4  ’ 

225 

4 

81  70 

22501 

4 

3745 

9489 

4 

33528780 
"  04 

100239  25 

04 

11  200501 

04' 

5987541 

04 

20285021 05 

204  050821 

518281 309 

14708049 

04 

10 

04 

4 

-0 

_ rr. 

-4 

-3 

1  00 

'  4  " 

121 

4 

81 

4 

40 

4 

1  4 )  0 

31  20 

4 

1550 

4 

005 

4  ' 

2051 001 

04 

1 310820 

518805 

170201 

04 

04 

04 

00055341 

04 

37083000 

04 

12000309 

04 

3180024 

64 

1 7093830281 

04 

4940503101 

1024 

1098574281 

1024 

5903251  23489  140479370404 

26845733701 

1024 

1024 

1024 
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Table  29  (Concluded) 

TABLE  OF  COEFFICIENTS  A(n)  FOR  ASYMPTOTIC  EXPANSION  OF 

m 


2.11 


I 


K(n)(4)=  2<-i|Vcxp(-i  +1  3 


.  (n)  A(n)  A(n)  A(n) 


0 


-  i 


A4_, 

9  h  12  ' 


P '^(0  =  B^n)4)+  2(-i^2)nexp(-  i  ^J/3) 


A<"> 


Hi 


C 

A(n)  A(n)  A(n) 

2  ,  3  ,  4  J 


5 


n  >  0 


n  <  0 


\n 

m\ 

-2 

-1 

0 

1 

i 

25 

9 

1 

1 

4 

4 

4 

4 

o 

224 

49 

1 

4 

4 

4 

42581 

0741 

409 

85 

04 

04 

04 

04 

032709 

79150 

5005 

784 

04 

04 

04 

04 

180820509 

18853005 

1122121 

101101 

u 

1.024 

1024 

1024 

1024 

3775073800 

339909049 

2433308 

20351  29 

o 

1024 

1  024 

1  28 

1  024 

m\n 

2 

3 

4 

5 

1  ■ 

9 

25 

49 

81 

4 

4 

4 

4 

0 

9 

34 

329 

Ci 

4 

4 

4 

3 

21 

21 

21 

2709 

04 

04 

04 

04 

189 

84 

21 

0 

4 

64 

64 

04 

35721 

11529 

3465 

2121 

5 

1024 

1024 

1024 

1024 

6 

540030 

147105 

43344 

19089 

1024 

1024 

1024 

1024 
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If  wc  write 


.  on 


r  +  n 


+  n. 


ct 

n 


c 


w’(t) 


dt 


(15.62) 


we  can  show  that 


CY 


a  +  i  (3  ■  ~  0  IIs  0 

n  n 

+  i  ft  ^  -  2 ■/?  — rrr:  -  -  \  expfi  -S  ==  -  3.  3460500  -  i  1.  9318490 

■  1  H-1  w:{0)  fl  \  (>/ 


"  2  +  i  (J_2  --  0 


fy-4  +  1 


-if*?  -  i  |  i  «xp(i  f)  =  -0.  6439497  +  i.  1. 

1._KHr  " 


1 1 581)80 


«5+  ifi-V  ■  “2V?  f~:V»;i:T  *  4  „3 


WjfO) 


ft 


cxpli-pj-  1.5740020  -  i  0.9087509 


<  Wlt°)  -i  /  T\ 

i  i  W  ,-^-ro  -  i  ^  -2  oxp(i  |)  -  1  ■  5899749 


5  hH2  10  * 


ry  + 
-7 


7  I  1  [wi(°)]  7  1  /.  ir\  1  CY3  ■  /.  7ff\ 

*  ^-7  =  FO  *  wJO)  *  4  *  j-0)|T  =  72  *  M'  *Y  V  °XP(' 


1,4048572  +  i  0.8110951 


(15.63) 

Cont. 
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°-8  +  1  P-H  ^  1  TO  ^ 


12 


ri^ 


w,  (0)1-  1  n,2 

w1(o)i3 " 1 20  7" exp 


(f¥)= 


0. 1817502  -  i  0. 3148004 


°-9  +  1  ^-9 


1  /*“ 
7T  V7T 


'MA 


|w-,0)|'  +  21  r  wiC°) 


|w'(0) 


[w'(0) 


2-  -!f^5 


exp 


T) 


21  or 

h  1G0  ^2exPl1 


=  11.5505755 


j(0) 


13 


~  ■  .or  .  17  r-l^ 

-10  1P-10  1  GO  I  ,,/n\!4  1 2208  " "  w;(0)  *120^4 


iilLv?  -J-  =  i-17  « 

1  m  n  r>  r>  M  _ i  7A  v  x  - 


\v: 


;  i<°)j 

-  0. 7004083  -  i  1. 3171691 


/.  7  7r\  .  127  .1  /.  7T 

^PVTj-'isFos^Ph, 


Although  the  function  R^(4)  must  be  added  to  the  asymptotic  expansion  in  order  to 
represent  g^(ii)  for  large  negative  e, ,  it  will  generally  be  found  that  when  computing 
grn (4 )  in  terms  of  g^(S)  the  terms  involving  g ^n\i)  vanish. 

The  coefficients  or  ,  ft  given  in  Table  25  can  be  used  to  compute  ((;).  Thus, 


'„«>  -  1  tA» +  *  b”)1t 


s,-=o 


A°  ~  or 
s  s 

B°  -  /? 

S  B 


h(()  -  I  (As  +  1Ba)lr 


s=o 
A 


(s  -  1)  «,  _2 


Bs  =  “  (s  “  4)  &s  _2 


(15.64) 

Cent. 
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) 


=  ^  (a2  +  i  n2)^r 

\  S  S/  si 

s=o 


a2  =  _l 

s  2  s-4  2  Ps-1 


b2  =  is,-  3)(s  -l)p  ,1 
s  2  s-4  2  s-1 


r',<£) 

o 


3  ,  ..  „3\«s 


S  (A“  +  1  B 


s=o 

A 


3  =  3 Xs^  l)(2s  -  5)  -s(s  -  l)(a  -  2)  9  -  5s 

6  s-fi  0  s-3 


03  =  3(s  -  l)(2s  -  5)  -s(b  -  Hfe  -..2)  _  + 


9  -  5s 

s-0  6  “s-3 


ts4<0 


s^u 


A  +  i  B  ,  , 
s  s  /  s : 


4\r 

si  s! 


A*  -  <.  -  „o  _e-Mi 

bJm.- „(isaiiu^ an 1?) | »  * .'i 


14  1  3-fj  8  b-2 


14s  -7Rs  +  91  3  „ 

24 - V5-8V2 


Kr.«)  = 


A5  *  i  B_  )”gV 


8=0 


A'g  =  J(«  -  1)(s  -  3)  -p*  ~  3)  +  Yw  s(H  “  2)(1°  '  s) 


s-1 0 


+  |^(277s  -  357)  +  jl2  s(s  -  l)(3s  -  31)|  /?a_7  +  jf|o  <89s  "  233'|  "£ 


s-10 


Bg  -  j(s  -  l)(s  -3)[-|(S-3)  +  1^s(s-2)(19-s)||/3s 

Its  <*”»  -  357)  *  -i  .Is  -  1  Ms  -  31)  |  «a_,  A  1^. (80s  -  233)  |  ^ 


(15.64) 
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15.5  THE  INTEGRALS  r  (i ) 

n'  ' 


The  functions  r  (I )  have  the  property  that 


•  n 


CO  oo 

exp(l£t  )  a/q\ 

JO  =  2Vtt  i  2,  OO  - ^~2  =  M  JO 

KM 


s=l 


j(0  = 


co 

.  n  exp/iit  I 
1  ..  2.  S' 


s=l 


1  .2A(0)/f. 

2%  P  JO 


r2(0 


or,  V/I(.iu“  i  3^expa0.s) 

Z-f\3  1  S^s  "  1  6  1  /  rwl/ 

S=1 


-  °°  -,2 

km 


-i^3  +  ||$(0)(O  +  §*  p(1)(0 


r3(0 


iM  Jjm  «2C)  jgj- 1^4*  ‘A‘l 


S  =  1 


r4<*> 


-  2Vv 


°° 

t  5,2,,  ]  ,5  .  a.»  ‘s’ 


,  2^J- 

s=l  /.  L  1  s  J 

=  (<  lio  «  5  -  il  *  -  (s 5  3  + 1  f) )-15tp<2,({) 


exp(iS  f  ) 


rf)(0 


„  r .  V'  I  -1  fr’  -11 13  +  JL  +  J-  t4fw  +  i-9-  it  t“  -  —  £  2  ft  V2I  - 

2/7T1  2_J  j  72Q^  "" 1 7  2  ^  18  K  f's  10s  s  90  ^  's  I  jy-^r 


s=l 


® - 1  i « 3 + f8 1  «(,,,k  > + 1  fo « - 1  4'ba>«  > + i « J(2)« »  (1 5 ' C5) 
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In  general,  we  can  show  that 


>■„«>“  ;rb  -‘jTiJrw*’ 


(15. 66) 


The  functions  are  defined  by 


d4 


where 


p(4)  =  p(0)(4)  =  2^ 


^--^exp(ias) 


s= 

uO 


/  V3  -  i  ,\ 

i  / .  Mv^'xprr  as£; 

=  -  2fir  eXPr  6/2-/  ^  ~  ^ 


7^  [Ai’(-  "„)]* 


l 

exp^i 

jr\  c  i  i'y> 

A's-i 

~  ~2'fi 

.....  J 

PXP\  ~jT~ 

e  -  i'« 

OO 

11 

8  i 

exp(i4 1) 

V-^-dt 

Wj  (< ) 

CO 

_  _i_  f 

exp(i4 1) 

Aijl) 

V7T  J 

Bi(l)  +  i 

-  OO 

UO 

>r\  r 

1 

exp 1- 1 

-i-  ' 

3/  r 

—  '  1  f‘Xt) 

-  2^4 

V  7T 

J  exp 

0 

OO 

■'  hi 

exp(i^t)  j 

Aijoxp^  i  ~)pj 

. Ai(pT 


dp 


dt 


Bi(t)  -  i  Ai(t) 


dt 


Ai(t) _ []t 

Bi(t)  +  i  Ai (l)  " 
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We  can  show  that  p(f)  can  bo  represented  for  all  finite  values  of  £,  except.  £  =  o, 
by  a  Laurent  expansion  of  the  form 


fr«>  =  - 


t 

2%'F£ 


+  p(0 


where  p(£)  is  an  entire  function  of  £  . 


P(0  =  -^-^;J  exp(-  “%)  dt  -I-  j=  J  exp(iU)  Bi^rPi  Afft)  dt 


00 

K)  / 


1  y  ov,lWn  - AIM 


(t)  +  i  Ai(t) 


We  can  express  p(£)  in  the  form  of  a  Taylor  series 

P(^)  =  Lp<n)(0)^T  =  £<cn  +  ic,n)TL 


n-o 


n=o 


where  p^(0)  is  to  be  evaluated  by  summing  the  divergent  series 


p^(0)  =  c  +  id 
1  '  '  n  n 


exp 


i(5n  1) 


2VT- 


■f 

6^ 


E 


Tf  [AX-ogr 


8-1 


by  means  of  the  Euler -Maclaur in  summation  scheme 


CO 

I  "s>. 


=  N 


*yy 

|f(N)  +  f  f( 
N 


1  .  +  2^  ^  XN)  -  A'1  f(N)  +  A4  f(N) 


S)ds-iAf(N)t 


2 

N 

33953  .7  ...,. 
1628800  A 


-  -SPA.  A*[(N)  +  _2Z?_  .  -33953 

60480  '  1  24192  -  3328800 

8183  8  3250433  9 ,  4671  1 

1036800  A  ,'rs)  "  479001600  A  t(N)  788480  A 

13695779093  11 f . 

2615348736000. 
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The  Olvcr  relation 


cl  tv 
_ s 

ds 


Ai 


*’<-  V] 


permits  us  to  interpret  the  integral  in  the  sense 


exp  i(5n  -  1  i(  j  f 
2SW 


exp 


N 


Ai(-  n's)| 


2  ds 


1(5n-i)fj  («N) 
n  +  1 


2  VW 


n+ 1 


We  can  also  write 


3  Jf  5n  +  2  ,  n  tt  j  T  .  |  .  5n  +  2  .  n  r  i  .  1 

3n  =  7tt  \lcos  ~T~  ,r  +  eos  T  I  3  n  +  lSin  ~1~  +  sin  T  JI4(n,f 

,  ]  If  .  5n  +  2  .  ,  n  7ri ,  .  ,  .  f  5n  +  2  nTru  ,  .1 

n  =  7f  ||-  31,1  6  *  +  sin  Tl  Vn)  T  lCoa  6  n  ~  009  TlV^f 


where  the  integrals 


i,(n)  f  jZmimL-  dt 

J  Bi  (t)+Ai  (t) 


l4<n> 


=  f  t-n  MttIBlilL. 

In  O 

.  J  Bi  (t)  +  Ai^(t) 


can  be  evaluated  numerically. 
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For  largo  negative  values  of  £  ,  wo  can  snow  that  f> (£ )  has  an  asymptotic  expansion 
of  the  form 


Ptf) 


- _ *2(3: 

£  —  _oo  2 


eXp[-i(l2+f)l 


2_  20  .  560  20020  _  l(i  01000 

|3  V"  £12  £15 

1115  68000  ,  ,  1  22874  36800  138  63185  60000 


I 


18 


+  1 


£ 


21 


£ 


24 


j  18276  60924  99200  +  27  64468  11630  84800  + 


.27 


,30 


r1  r 

Wc  have  also  shown  that  p^(£)  has  an  asymptotic  expansion  of  the  form 

A<n>  A<n>  A<n>  A<n> 


(15.67) 


where 


tf+1)  Ajn)  -  (8n  +  2) 


(15.68) 


a["+1)  --  A^  +  (8n  -  12m  +  14)  ,  m  >  1 


In  Table  30  we.  list  values  of  A 


(n) 

ro 
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Table  30 

TABLE  OF  COEFFICIENTS  FOR  ASYMPTOTIC  EXPANSION  OF 


$<"><- 

2n+l/2 

..x  _  ,  x  .  _ 

„xn[i/L  2L\1 

,n  .  n 

Ai  Ag 

1  +  1  —  +  -~-i 
3  (> 

X  X 

An  An  An 

3  4  o 

'  '  l)  22n+l/2 

Pl\l2  4/J 

9  12  15 

XX  X 

m'x 

-5 

-4 

-3 

O 
“  u 

0 

1 

1 

1 

1 

1 

-108 

-70 

-40 

-18 

2 

•  -10220 

-4820 

-1880 

-520 

3 

-i  ooi  no 

-307520 

-107240 

-20700 

4 

-105016560 

-31530720 

-7274400 

-1054480 

5 

-12110294400 

-3033270240 

-573874080 

-04060080 

6 

-1512075598400 

-324078747200  -51084425600 

-4620751040 

-1 

0 

1 

2 

0 

1 

1 

1 

1 

1 

-4 

2 

0 

-10 

2 

-52 

20 

0 

0 

3 

-1000 

500 

120 

120 

4 

-10480 

25520 

0480 

3360 

5 

711080 

1001000 

427080 

181440 

6 

158538880 

111 GG8000 

18075200 

-2708800 

15-46 


LOCKHEED  AIRCRAFT  CORPORATION 


MIS5IIFS  nnrl  SPACF  DIVISION 


LMSD  288087 


Table  3n  (Com-.liiHod) 

TABLE  OF  COEFFICIENTS  A(n)  FOR  ASYMPTOTIC  EXPANSION  OF 

m 


CO 

4- 

CO 

O 

w-  /  »)  1  1 

r  An  An 

A,  Art 

*  El 

A„ 

.  ..n  x 

(  ^  2n+l /2 

Hfe  -  f)l 

1+1-3  +  -6“i 

3 

9 

2 

l  X  X 

X 

\  n 

3 

4 

5 

m\ 

0 

1 

1 

1 

1 

-28 

-54 

-89 

2 

-GO 

-452 

-1640 

8 

1  20 

0 

-4520 

4 

1  200 

0 

0 

•  ) 

80(540 

54  240 

54240 

fi 

-10329280 

-13071040 

-.14481280 
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We  can  also  show  that 


3/2 


ro<-x) 


i’2(-  “) 


ry(-X)  = 


-  i 


exp 


,  ,  3 

|‘fe 

JL\  1 

4/1 

5/2 


exp 


MnrDl 


1  +  i 


3/2  r  ,  3  .. 

8  l'\12  4/1 


1  + 


4/2 
x _ 

iG 


oxpll 


3  , 

x _ tr 

42  ~  4 


.  .  x 

r4(-x)  =  -  i 


5/2 

32~ 


exp 


r  (-x) 


x6/2  Ul  A 

'  64  C'Xpl  Vl2  4/ 

x7/2  f./x3  *' 

r6('X)  =  1  T2T 


1-i^ 


;  20 

.  560 

25520 

1  6 

12 

X 

X 

X 

20 

560 
"  1  9 

25520 

+  6 

12 

X 

X 

X 

16 

.  440 

19920 

6 

1  9 

12 

X 

X 

X 

34 

940 

1  9 

3x 

42400  , 

3x°  ~ 

1  o 

3xJ* 

16 

312 
"  1  9 

12320 

;  +  "6 

12 

X 

X 

X 

♦  4- 

u 

.  280 

1  ’  9 

10080  , 

-  12  + 

X 

X 

X 

GO 

.  1840 
’  1  9 

8560 

~  6 

12  + 

X 

7x 

X 

(15.69) 


We  can  also  write 

r0<0  ■  -  IT?  T  1?  1)<0,(!l 


1 


(15.70) 

Cent. 
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-  sfedr '  i )  ‘  (It  * 1  ik L)  ■>“’’«) 4 1  t  I><1)«> 


I 

*4 

1 


"i 


1 


Si 


>4(0 


r-(i) 


- » ♦  0  &  -  >,0,«>  -  £  ♦  •  l)Pp,«> -•§< p,s,«) 


J-J-sL 

2\'A  7  20 


fi-#3^V°to4  (-44H)p(1)«)4I^p(2,«> 


Wc  observe  that  the  functions  rn(£)  are  entire  functions  of  £, . 


The  coefficients  e  ,  d  of  Table  2 f>  can  be  used  to  show  that 
n  n 


po«)-E(0>h|)^ 


r2(0 


r--o 


,0 

G  -  - rd  . 
r  r-1 

-  ,  0 

H  -re  1 
r  r-1 


■SW  **»;)£ 


1--U 


..  L(L-J1 


dr-2 


Hr  =  cr-2 


^2  (°2  +  >  n2^ 

^  \  r  i'i  i . 


,2_  r(r  -  l)(r  -  2) 


•i  .  r  +  1 
d  „  +  — s —  c 
r-3  3  r 


„K.  .  '-'v  ue  c  .tti-id,. 

r  6  r-3  3  r 


(15.71) 
Cont . 
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r3(0 


£(°;  *  -  =3& 

r=o 

_3  r4  -  Gr3  +  Hr2  -  6r  _  r(4r  +  3)  A 
G„  =  - — -  cr-4  ”  12  r-l 


24 

4  3  2 

„3  r  -  Gr  +llr  -6r 
Hr  "  24 


fl  +  lilr  +  3) 

r-4  12  r-l 


•r4(0 


T.  (g*  + 1  «4 


r=o 


4\r 

r  /  rl 


G 

r 


r5  -  10r4  +  35r3  -  50r2  +  24r  , 
120  i 


r(r  -  l)(2r 


+  11 


+  ^  d 


X6 


"r-2  '  5 

r  +  2 


r+1 


..4  i-r'  -  lOr  +  35r  -50r  +  24 r  _  riL_lll2X±JJ  4  c 

Hr  - - 120  °r-5  12  r-2  5  r+1 


r5(0 


r=o 


,  r°  -  i  r>r5  +  Br,r4  -  225r3  +  274r  2  -  120r  „  +  r(r  -  l)(r  -  2)(4r +JJ  d 

Gr  - - - 72(j  r-fi  72  r-3 


/'  -  1  Gr3  +  85r4  -  225r  !  +  274i^  -  120r  (] 

Hr  "  '  - 720  r_fl 


35  +  r  (58  +  23r) 

90  'r 

r(r  -  lHr  -  2)(4r  +  1) 
72 

35  +  f  (58  +  23r)  . 
90  ~ 


r-3 


(.15.71) 

Cont, 
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'>,«>  ”  ‘On 


O6  =  f(rrl)(r-2)(r-3)(r-4).(r-r,)(r-C)  + 

r  5040  r-7 


72  r-4 


47r(lL'Oi  .  7r(r-l)(r-,2) 


r(r-l)(r-,2)l  r+3 

4  5  ]  r- -1  7  r  + 


„6  _  _  v(r-l)(r-2)(r-3)(r-4)(r-r>)(r-B}  +  r^i 

i-  ~  5040  r-7 


[~41r  ,  47r(r  -  1)  7r(r  -  l)(r  -  2)  r+3  , 

‘  L  «3  ^  00  45  J  r-l"7  rH 


(15.71) 


15.6  THE  INTEGRALS  sn(?) 


The  functions  s  (0  have  the  property  that 


,  2rriyUi- sL r\ 


V(-— , 

2(t°)2  2{t°)3  p.(t 


JL\- 

>)Vt° 

'  gr  G 


exp(i?tg) 

.Or  (,0.-i2 

VXWl 


~  |qH)(i)  +  §«  0('3)ft)  -  |  r  Q<_2)(£) 


r-  . /,  1 _ t  2  .  1  f  3  1  >2  ,  5 _ >  _  5  \  LA1^is  V 

3(ts>3  leo3  o' '  205  <>6'«r 

-  -|0<-a)«)  - -  -  (|«3  -  i|)^3)(0  + 

(15.  72) 
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=  2-fir  i 


iV  C--i- 

*-i\  3(1°' 
s=l  '  s‘ 


S*2’*  0.4 


19  .  +_1_  .4  +  +  j  ...A_ 

^  r*  /l  5  A  r,  T  1  M  s 


12<V 


24  (Q 


9(tg)  12(0" 


15  2  .  35  „  +  35  \  _ 

~8<t°)6  8Ct°)7  ^  8(1  Y/t 


exp(i|t°) 


8(1  )  8  (t  . 

's'  s'  s 


,,o.  2 
w,  (t  ) 
lv  s' 


-  -f  «<-">«>  *  ft  H^)  -ftStt‘-*>«)  *  (&t*  -  D^d) 

/  1  >4  .  19  t\  ?S-4),t\ 

"  (24  ^  -1l2^q  (l) 


ij***™#) 


=  2V7T 


5{l°)4 

'  s 


‘  nil  ^  +  0  •) 

1 2(0 


1?.,.  £  2  i> - 1 


‘ig- 


s 


_.:g+i_A4_^ 

120(t")b  5(t°)6 


1  Y 


83 


«<0,! 


i  _7_  f*  h  7 
loO)7 " 1 8(t:y *  2d°)8 


i2  +  i 


53 

8(l!)9 


03  \  gYV 

f  *  f  i  r,<  - 1  i2  r,(-»)(f)  +  (I  4»  - ,  m)s <-'>«> 


+  7_L  ,5  ,  17 


t  Kj  _  • 

V120  '  "  1  12 


+  (;*  1  i '  t3) ?i(_4>(t)  -  |t  4(_3,(t) 


(15.72) 

Coni. 
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s5(0 


~f  9<-12»(£)  *  «<•“>«) - “5 s20('lo)ff> 


In  general,  we  can  show  that 


(13.7  2) 


d  s„  (^ )  i  n  „  I 

*•  _  i _  to  (?)  +  i  3 - i  S  <t) 

~  n  +  i  °n-l.  1  n  +  1  Bn-JJ  ' 


The  functions  are  defined  by 


(15.  73) 


where 


M) 


«<l<0)(4)-  -  2^i  £ 


-  -  2kRxp(- 1 9  X 


r. 

cU1 

exp(Utg) 

t>i02 

. /  '/3l- 

—  fl  A 

■  \  z 

'"s  7 

q(?) 


C+  1» 

27?  J  ™>Cafip?) 


[27r 

OW(-  1  f  P)| 


Ai'(p) 


c-l°° 
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CO 

T,  f 


tn  I  ex^l>  ell 


h  I  exp(ia>  m 7(i7t t  a i 1  <t  j 


-Ailtt 1 _ dl 


2V  7r  * 


“(“‘s)  f  /  +  i,.\  Ai'(L) 

7r“J  oxp (-.--2-€t)BF(tprr- 


Ai'(t) 


dt 


00 

+4  r 


J  cxp(iU)  Cil<l)  1-^  ?Ai’(t)  dt 

o 

We  can  show  that  {)(£)  can  be  represented  for  all  finite  values  of  £,  except  £  =  0 , 
Ly  .1  Laurent  expansion  of  the  form 

A/ 


pm  -  -Ym  *  mo 

where  q(£)  is  an  entire  function  of  t, 

H) 


I'Xp 

q(? )  =  ~j, 


f  exp (-— 2— «t)T 


m* (tj  -  \  Ai’(t)-  clt  +  7?  f  exP(i^t)  T,.,/tv  } Arr7Tv<lt. 

O 


Bi'(t)  +  i  Ai'(t) 


We  can  express  q(0  in  the  form  of  a  Taylor  series 


"«>  '  U'<<ni<°>iT  ”  S<\+ibn'^ 


n=o 


1 1 1  r,  i  v 


» 


(0)  is  to  be  evaluated  by  summing  the  divergent  series 


/  n  > ,  . 

q'  ,f0>  -  «„+  lbn 


,  IT  1  CO 

oxp  i(5n  -  1 )  - 


'I7ii 


E 


i5-r,4 
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bv  means  of  I  ho  Kulev-Mnclnurin  summation  schoino.  The  Olvor  relation 


a  q  '  9 

^[ak  p sr 


permits  us  to  interpret  the  integral  in  the  sense 


TT  oo  n 

exp  i(5n  -  ,  Ps 

2\f¥  J 


c!s  = 


ixp]i(5n-l)|  '/1N!IHl 


2Vfir 


n  +  1 


We  can  also  write 


a  - 
u 


1 

77 

l 


!  5n  +  2  ,  nir  T  .  .  ,  .  5n  +  2  ,  .nn, 

cos  — - t r  +  cos  J3(n)  +  sin  — ^ —  7r  +  sin  —  |  (n) 


b  =  ~r=- 
n  V  7T 

where  the  integrals 


.  5n  +  2  .  .  mr  _  .  .  ,  5n  +  2  mr 

-  sin  — g — -  7 r  +  sin  —  J^ii)  +  e.os  — ^ - 7 r  -  cos 


J4(n) 


J3(n)  =  f  dt 

d  J  Bl'^(t)  +  Ar  (t) 


f  tn  Ai'(t)  Di'<l)  ,, 
j~o  ?■  1 

J  ru'"(t)  +  Ai'  (t) 


can  be  evaluated  numerically. 
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For  large  negative  values  ot  we  can  show  that  q(ij)  has  an  asymptotic  expansion 
of  the  form 


_  _v3 

i  -*■  -<*>  2 


exp 


‘U2  '  4/1 


,  .  2  28  ,  896  .  43120  ,  ,  27  54752 

1  +  1  73  "  ;  6  “  1  TF  +  TIT  +  1  “Tir~ 

?  4  4  4  4 


2190  97984  .  2  08486  79936  230  98470  54592 

,18  _1  ,21  '  ,24 

s  4  4 


.  29209  4671769600  41  52479  68861  14304  , 

+  1  - rr - - - - — - + 


.27 


,20 


We  have  also  shown  that  a<n)«)  has  an  asymptotic  expansion  of  the  form 


A(n), 


(O^-ZT-  -  (~  i  V)  rxp(-  [(l2  +  I)| 


where 


A<n>  A <n>  A<n)  A<n> 

1  +  i  — 7T  -  — i  - -  +  ~ + 


r  v 


i 9  s12 


(15.74) 


(in  1.) 

k  A 

=  Ajn)  + 

1 

.1 

(n+1) 

k 

-A(n)  + 

m  . 

;i  - 

m 

‘i 

i* 

OB  of 

A(n>. 

m 

))  A(n)  , 
'  m-1 


(15.75) 


We  can  (hen  show  that 


s  (-X)  = 
0 


gexnfife  -  ^ 

. - ‘T\12  4/ 

'  1  1/2 


,  ,4  84  ,  .  3080  ,  1601  60  .  10762752 

1  “  1  “3  "  -6  +  1  —9“  +  — 12 - 1 - + 

X  X  X  X  X 


(15.76) 

Cont. 
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TABLE  OF  COEFFICIENTS  A 


(n) 

in 


FOR  ASYMPTOTIC  EXPANSION  OF 


2n+l/2 

2n+T72 


A  n  An  An  A" 

1  3  6  9  12  15 

xx  xx  x 


#%x) 


q 


'(-x)-(-l 


2n+l/2 

vn  x 

’  2n+l/2 


x 


n 


X 


\  n 
m\ 

-5 

-4 

-3 

-2 

0 

1 

1 

1 

1 

1 

112 

74 

44 

22 

2 

10948 

5348 

2240 

744 

3 

1104936 

426160 

137368 

34328 

4 

119873040 

38107776 

9981216 

2013872 

'  5 

14123851392 

3814769952 

842363424 

143G78304 

6 

■1808633829184  - 

42449.0392768 

81 167097088 

12093296320 

-1 

0 

1 

2 

0 

1 

1 

1 

X- 

.  ,i , 

1 

8 

2 

4 

14 

2 

1.72 

28 

8 

0 

3 

6056 

896 

280 

168 

4 

297472 

43120 

12656 

5376 

5 

18818240 

2754752 

771232 

290304 

6 

1461101824 

219097984 

59322368 

20760768 

n  >  0 


n  <  0 
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Table  31  (Concluded) 

TABLE  OF  COEFFICIENTS  FOR  ASYMPTOTIC  EXPANSION  OF 

m 


A(n),  .  ,  ..n 

q  V  *)  =  -  pi) 

x2ll+1/2  r/x3 

ni 

•  A" 
l~l~3 

X 

^  A11 

A2  .  A3 

.n  An 

A4  .  A5 

1 2  "  1  1 5  +  •  *  * 

X  X 

22n+l/2  eXpl‘il2 

4/J 

“  ~6  +’~9  + 

X  X 

A(n).  .  ~(n), 

R  ;(-x)  =  q'  '(-x; 

2n  +  1  /2 

X 

_ Is 

/x3  nil 

A1  A  2 

1 

X  X 

.  n  .  n  .  n 
A3  A4  A  5 

9  +  12  _1  .15 

XX  X 

)-(-!)"  2?.n  i  1  /?,  1 

\12  ~  4/J  ] 

\  n 
m  \ 

3 

4 

5 

0 

1 

1 

1 

1 

32 

58 

92 

2 

84 

r 

>32 

1808 

3 

108 

330 

5050 

4 

2332 

072 

0 

5 

1 29024 

772.80 

07872 

0 

85080QO 

41  Hi  j  84 

2171904' 

; .  '  •  '.1 

s  <_*,  - 

sl'  >  3/2 


10  204  ,  .  11000  ,  022100  .  44309332 


1  [  3  ~  "  0  ‘  9 

xx  x 


1  5 


8  exp  i/X  -_  - 

(-,)  =  i 


.  18  000  J  .718970  ,  8905040  . 

i-1  ~ 3  ~0  +  1-~g-+^rT2-  + 

x  x  26x  5x 


(15.70) 
C  ant . 
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s3(-x) 


16rXp|j(l2  i) 
i7T 


,  .  28  1160  ,  159897B  ,  22023168  , 

j  +  +_^__  + 

x  x  25x  5x 


32cxpli 


,/x 


s4(-x)=-i - ^ 


12  4 


j  ,  40  2024  ,  34228224  .  9740288  . 

1  -  *-S- —  +  iT^9'_  ~ 12“  + 

x  x  125x  x 


,  3 

64  exp  1(^2  -  4)  (  54  3284  .  .  29376512  ,  497156096  . 

*(-*>  = - n72 -  i1  - »  —  -  —  +  1 - —  + - + 


3  6 

x  x 


!25x 


25x12 


.  i28^Kl2'f) 

sfi(  x)  l  13/2 


,  .  70  5044  a 

1  "  1_3  -~T 

x  x 


(15.  76) 
Cont. 


We  can  nlfio  write 


s0(O  -  -  -^i(“2)(5)  +  £qH)(£) 


..  1  i!  3  (-4) ...  +  3  ,  (-3)  .  1Z  (-2)  , 

l(?)  -  27?  IT  "  2q  (5)  2?q  (?)  2  q 


,«>  -*  (M-t  «'•*>« » *  -  «*  «<-*>«>  ♦£-*  >  *  U2)v 


1  /  4 7  ,  .t4\  35  (-8)..  ,  35  t  (-7)  15,2  (-6),.. 

33(?)  “  27x  12520  +  1  32  j  “  T  q  V>)  +  -^4V  qV  '<0 


(15.77) 

Cent. 
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s4<!  >  -  -  2«yioo  * 1  risk' «' 0  -  Iff  )■ -■ f‘ 1  *  it 4  '|("S,(« 


!b(t>  ’  2«( 


5' 


*  ,(-l2)(£»  +  f  £  ,<-l% 


7484400  4838400s  .3000 


105  >2  (-10),,.  ,/7,3  .77)  (~9),t.  (7  ,4  749  A  r,(-8U. 

"T(T*  q  ^)+VT^  ■1iT/q  (*>  W  _1WVq  (£) 


(ilo 5 S  ■ 1  iM !  2)f|< !  7,(4  * '  (raj ! 6 ' 1  Ml 4  3 "  f ■),i(‘r,)(£) 
ifi  *l4)ll<"5l<4)  *  ||£2'i<"4,(£) 


(15.77) 


We  observe  that  the  functions  s  {!•).  are  entire  functions  of  However,  the  functions 
q(-r)(£),  where  r  >  0,  which  are  employed  in  this  representation  have  not  yet  been  de¬ 
fined  since  q  '^(O  is  defined  only  lor  n  >0, 


o(4)- 


d  4 


LOCKHEED  AIRCRAFT  CORPORATION 


15-00 


MISSILES  cmd  SPACE  DIVISION 


LMSD-288087 


,  fni 

111(1  (unctions  q'  '(f)  for  n  <  0  are  defined  by 
9 


A(-10) 

q  ' 


277(3(1 28 80  ln'^  1 


7129 


914457600 


r.‘“)  ♦■*«>£  *"(-10)«) 


A(-9),t,_  JL_  (  r  ,  IH  2283  „ 8 

1  ^  277  V40320  1  I  ~  33868-800 


48)  +  A(f)  | r  +  q(_9)(f) 


q  \s  1  — 


}~  "277(5040  111,1 1  “  42HH0 |7) +  A(§)  ly +  q^> 


a(-7) 

q\  / 


(f )  =  -  T^rs  In  If  I  -  Z~-  f6)  +  Affl  ir  +  q("7)(f) 

2V7T  BU4UU  '  /  bl  ^  '  ' 


^(_r>)(^  =  ”  2^  (120  inl^ 1  -  iUso  4 5) +  A(l)  77  +  q(’6)^) 

^  277  (fc;  In|*l { tiB-i*)  *  A <*>  1T.+  C1(_5)(0 


a(-4) 

q 


;.2 


^(“S)(€)  =  -  ^(V  in  If  J.-|fZ)+  A(f)  §r  +  q(_3)(f ) 
q(“?)(f)  =  -  gTf  (f  In  |f'|  -  f )  +  A(f )  f  +  q(  ’2)(f  ) 


0(_1)(«)  -  -  277  In  If  I  +  A(f)  +  qH)(f) 
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The  function  A{£ )  is  defined  by 


A  (£) 


0 


£  >  0 
£  <  o 


(15.79) 


The  function  A (£)  serves  !o  define  the  appropriate  branch  of  the  multivalued 
function  1  n£  which  we  have  written  in  the  form 


or 


In  £ 


ln(£)  £  >  0 

ln(-  £ )  +  i  ?r  £  <  0 


"  1,1  *  :=  ~  2/i  1  nl^l  +  A(^‘ 


The  constants 


+  ib  ..  r  •••  2,  3,  4,  5,  •  •  • 
-r 


are  defined  by  the  convergent  series 


n  ]  'w 


q(  r)(0)  =- 


exp  -  i(flr  +  1)-.|  y 


1 


s  I  f/'n  [Ai  (—  pjf 


(15.80) 


The  case  r-  1  requires  special  attention.  In  this  case  wo  find  I hn 


q(-1)(0)=a_1  +  ib 2^ 


(£-/*)  si 


l*”?  f  /  O  b\\(-  p 
\s=l  1  /a  d 


•fj 
12 

(15.81) 
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where  y  =  0.57721  GOG 4 9  denotes  Euler's  constant.  The  operation 


oo  oo 


(2  -/  dsir(s) 

W  i  / 


is  to  be  interpreted  in  the  sense  of  the  Euler -Maclaurln  summation  formula,  i.e.  , 


2  -  /  A 

s=l  1  / 


f(s)  -  |f(l)  -  ~  Af(l)  +  ^A2f(l)  + 


It  is  important  to  observe  when  constructing  sn^)  from  r  (£)  that  the 
portions  involving  the  multivalued  (unction  Inf  vanish. 


The  functions 
A(-r) 


"  oxp(Ut°) 


X> 


(15.82). 


are  defined  by  a  contour  f4  running  from'  ■ *>  to  <o  in  upper  ••half plahqk'  'in  order 
to  obtain  the  asymptotic  expansion  for  £•--»  the  contour  must  start  at  infinity  in  the 
sector  7r  >  arc  t  >  w  and  return  to  infinity , .along  the  ray,  argt  “  -  J  .  Therefore, 
the  function  defined  by  tho;  asymptotic:  eifpatision  for  the  case  r  *  1  represents  the 
sum  of  q^  r\(4)  and  the  residue  contribution 


~(-r) 

qv  ' 


/  (it )r  ■  1 


mdt 

(D 


where  c  is  a  contour  which  encircles  the  origin  in  a  counterclockwise  direction,  If 
we  let  •. •■  ■  ■■ 


r) 

q'  ' 


i 


m 


(I)  =  (a  +  ib  )~r 

'  '  /  i  '  m-r  '  m-r'  m: 
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vve  can  show  that 


a  +  ib  =  0  , 
n  n 


n  a  0 


a_l  +  *  =  77  exp^i 

a2+iK_2  =  0 


a-3  +  1  b-3 


a  . + i b  =0 
-4  -4 


a-5  +  1  b-5  = 


%4r 


[w'(0)f 

77  wi  (°) 


2  [w^(0)]2 


~  ,  •  r  .  4VT 

a-G  1  b-fi  "  1  15 


[w'<o)r 


t\J  jV 

a_  7  +  i  b_7 


77  lwi(°M2 

4  [wUO)]4 


~  +  .  r  ,4^  Zf± 

a-8  1  b-8  1  15  ,  ,,  ,3 


,  .  S"  _  77V K  1 

a-9.  v  1  b-9  "  1008  r.  ,,„v2  8 


V7  iw!<°)r 


[w'(0)‘i  [w^(O)]'3 


r„,  /ml4" 

,  ,  r  _ fa 

10  -10  5  _ _ ,4 


0  K<o)f 


<15 .  .34) 


Although  the  functions  ~ ^  (v )  are  needed  in  order  to  define  q  r'  (£; )  for 

M  :-ho*ud  be  observed  that  in  constructing  s  (£)  from  r^(|)  all  of  the  terms 
involving  r^{|)  vanish. 
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We  can  use  the  coefficients  ,  b  of  Tabic  27  to  express  3^(4)  in  the  for 


so«>“L  ,e°  +  11?°>7: 


r=o 


E  -  (1  -  r) a 

Y»  X  '  1’  — 


F  =  (1  -  r)b 
l'  1  v 


r-2 


^>=2  (Ei  +  iF>-)  t 


r 

r'  r\ 


r=o 


F1  _  jr_zJ D(r  1)  a 

r  "  2  i-4 

1  v  9  1—4 


!«>‘S  <Er*  1Fr>FT 
3 

!r  -  [-  F 


r=o 

F,L 


f24 

r  L 


'  r! 

■  2 

1 1  51 

,  r-2 

4r  - 

2  ,.r  +  2j:V-G 

+  3 

br -3 

2 

11  i  51.- 

r  -  2 

4r  - 

2  r  +  2'Jbr-6 

3 

ar-3 

>3«)-S<Er+ 


ft' 


r=o 

E 

F 


4 

2  3 

43  2 

22  3r3" 

ar- 8 

_24  r 

-'3r 

H  1  2  r 

3  8. 

ri  4 
L24 r 

2  3  43  2 

-  —  r  +  —  r 

3  12 

22  ,  35l 

3  8  . 

OO 

1 
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12 
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r-n 


12 
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r=o 
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r  12 


+  54 
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Section  16 

A  HISTORY  OF  FOCK'S  INTEGRAL  V1  (z,q)  WITH  PARTICULAR 
REFERENCE  TO  THE  ROLE  OF  THE  NOTATION  FOR  AIRY'S  INTEGRAL 


The  integral 


V,  (z,q)  -  -r-  f  exo(izt)  - - -  dt  (16.1) 

w^(t)  -  qwx(t) 

was  introduced  by  Fock  (Ref.  12)  in  1945  in  a  stuciy  of  the  field  produced  by~a  vertical 
electric  dipole  located  on  the  surface  of  a  sphere  having  a  radius  which  is  very  large 
compared  with  the  wavelength.  Fock  showed  that  for  the  primary  field  derived  from 
the  potential  function 

U  =  ,  R  "  >/ a2  +  r2  -  2a  r  cos  0  , 

0  K 

the  resulting  t.(Jtal  field  is  asymptotically  equal  to 
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T.,  m  cxp(ikaO)  /.  2  3/2\ 
uir.O)  =  - 1  cxp^i  g  y  ) 


Vj(z.q) 


where 


x  = 


/  2  Nl/3 

=  fc)  k<r”a> 

=  x  -  Vy 

(¥)‘/3 • 


q  =  i 


(¥) 


1/3 


1  - 


The  function  w.  (t)  is  defined  by  the  integral 


wi<()  h  /  ,’x',('z  -  i  /3)d* 


1‘ock  showed  that  for  z  >  0  he  could  comput.e.  Vy '{», q)  •••^corit  the  Fdsidue  series 

representation 


V1(z,q)  -  i  2/tt 


CXp(  i  Z  t  ) 

£X-q%{y 


-■  -  i  2'/tt 


1  > 


V 


<i  X— / 


exp(izta).r;? 

_  r~l— ~  no.  2) 


s=l  i1  -f)wlV 


where 


wl(tj  -  qw  (t  )  =  0  . 

.  J.  o  Lb) 


For  z  >  0 ,  Fock  showed  that 


vi'z’q>F 


2exp^- 
y. 


/  .  3X 

(-‘t) 


(16.3) 
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?or  z  <  0,  and  q  -  0,  he  noted  that 


V1^’0)^T^  2  exp  (-  i  ~ )  (l  +  ^3)  . 


For  small  values  of  z,  Fock  showed  that  one  could  write 


V^z.q)  =  ^  Mr  (q) 


n=o 


where 


and 


/I  'I  /  f.iA  /0\  / 

(q)  =  %  j(q)exp(-i^'J  +  a^;(q)exp^i 


(1),  ,  1  i  f 

an  (|  F(n  +  1)  f?r  J 


w2’(t)  •  qw2(t)expfi 


(2)  1  _  1  r _ t 

an  'c"  i’(n  +  1)  'fi  J  w^(t)  - 
o 


n 


q  wx(t) 


dt 


and 

w^t)  =  u(t)  +  i v(t),  w 2 (t )  s  u(t)  -  i v(t)  , 
However,  no  values  of  iiR(q)  have  been  published  by  the  Soviets. 

In  this  early  work  Fock  gave  a  table  only  for  the  case  of  q  =  0. 

OO 

»!*•<»  - .«  -  h  j 

-CO 

was  computed  for  z  -  -4.  5  (0.1)  4.  5  with  an  accuracy  of  three 


16-3 


(16.4) 

(16.5) 

dt 

(16.  6) 

The  function 

(16.7) 

decimals. 
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Fock  also  showed  how  V((7..q)  could  be  used  to  describe  the  field  induced  by  an  inci¬ 
dent  plane  wave  on  and  near  the  surface  of  a  convex  body  of  finite  conductivity.  In 
particular,  he  showed  that  the  tangential  magnetic  field  on  the  surface  of  an  obstacle 
with  radius  of  curvature  a  at  the  shadow  boundary  is  given  by  the  relations 


Hy  =  H°  exp  (ilex)  exp(i  ^  V^.q) 
/  9  \1/3 

Hx  --  H%xp(ikx)F(0 


where 


Fig,  lb  Plane  Wave  Incident  on  a  Convex  Surface 


and 


F(0 


O 


/ 


-GO 


wx(t) 


(1G.9) 
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Tho  asymptotic  behavior  of  V  ^  (i  ,  q)  for  £  -  -«>  was  obtained  by  the  method  of 
sta*'  >ary  phase.  This  result  is  identical  with  the  results  derived  from  geometrical 
optics.  The  residue  series  was  first  introduced  by  Nicholson  and  Poincare  in  . 

1910  and  placed  on  a  sound  mathematical  basis  by  Watson  in  1918.  The  residue 
series  converges  only  for  points  in  the  shadow,  i.e. ,  £  >  0.  In  the  vicinity  of  the 

shadow  boundary  neither  geometrical  optics  (stationary  phase)  nor  the  diffraction 
formula  (residue  scries)  provides  a  means  of  determining  the  field.  Fock's  proposal 
to  numerically  evaluate  the  integral  representation  for  V^(£  ,q)  for  small  values  of  £ 
provided  the  fir  st  satis  factory  treatment  of  the  penumbra  region  (for  the  case  in  which 
one  antenna  is  on  the  ground  and  the  other  is  at  a  very  great  height).  For  this  out¬ 
standing  work  Fock  received  the  Stalin  prize. 

The  work  of  Fock  was  highly  publicized  by  Lhc  Soviets.  The  first  four  papers  were 
published  (in  English)  in  the  Journal  of  Physics  in  1949-40.  A  survey  paper  entitled 
"New  Methods  in  Diffraction  Theory"  appeared  in  the  Philosophical  Magazine  in  1948. 
However,  it  was  almost  ton  years  after  the  publication  of  Fock's  first  papers  on  this 
subject  before  other  scientists  made  direct  use  of  Fock's  table  of  g(£), 

Fock's  work  has  often  been  criticized  by  people  who  have  read  only  the  classic,  paper 
in  which  it  is  shown  that  for  a  periect  conductor 

HUm  '“LH"01  '  1  »)*<«>  »*•>« 

The  criticism  is  generally  made  that  since  only  one  universal  function  is  introduced 
that  this  is  a  scalar  theory.  These  persons  take  the  formula  to  mean  that 
denotes  any  component  of  the  magnetic  field  which  is  tangent  to  the  surface.  In  his 
second  paper,  appearing  209  pages  later  in  the  same  volume  of  Journal  of  Physics 
Fock  writes  the  formulas  in  the  form 

,3\ 

Hy  =  Hy  exp^ikx  +  i^)  V^.q) 

.1/3 

Hx  =  KM)  H°  expUkx)  F<£)  (16. 11) 
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and  thereby  explicitly  shows  the  dependence  on  polarization.  For  a  perfect  conductor, 
q  =  0,  and  =  g(£)  so  that 

3 

Hy  «  exp(ikx  +  i^g)  e(0 

0/2  \1//3  /  i3\ 

Hx  =  Hz(ka)  exp(ikx  +  1  3  )  f(l)  (16- 12) 

where 


For  positive  values  of  £  these  functions  can  be  computed  by  means  of  the  residue 
series  representations 


where 


g(£)=  p/x  i  y]  - 

_  1  t 


cxp(Ut") 


O  .  /jOi 

1  *  w,(t  ) 
8-1  8  1'  8' 


wi<v  - 0 


oo  ,,  ,  °o 

exp(Ut  ) 

f(|)  =  2/jfi>  - — 

^  w'(t "°) 

S-l  F  8  ' 


WA'  =  0 


(10. 13) 


tP~  1.01879  exp^i 
t°=  3.  24820  exp |j 
t"  =  6. 16331  exp(i  |j 


oo  /  71  \ 

tx  -  2.33811  exp^i  gj 
t”  =  4.08795  exp (i 
1*  =  6.78671  exp(i 
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mac;  jliiO  notation  t  ,  t  dOCS 
S  S 


not  agree  with  the  notation  of  Fnek ..  Fock  wrote 


'vv 85  u 


wi'ls  >  - u 


so  that 


O  » 

t  =$>t 
s  ^  s 


t'  : — >t 

_ s  _ , 

Fock  This  paper 


(id.  14) 


We  have  deliberately  changed  Fock's  notation  in  order  to  let  the  limiting  cases  of 


t  (q),  where 
S 


w}lyq)l  “  q  wiOs<fl)|  =  I). 


be  denoted  according  to 


t  (&°)  =  t  ,  t  (0)  =  t  ‘ 

H '  '  s’  S  '  g 


(10.15) 


It  apparently  is  not  known  generally  that  the  Importance  of  the  universal  functions 
f(£)  and  g(£)  had  been  recognized  by  two  scientists  at.  the  Bell  Telephone  Laboratories 
prior  to  the  publication  of  Fock's  papers.  In  1941,  Burrows  and  Gray  (Ref.  37)  expressed 
the  field  of  a  vertical  electric  dipole  located  above  a  sphere,  r  =  b,  0  -  0,  In  the  form 


i  / ri  v-'  0XP(  i  £r 

£  — frfT- 


f  (ll , ;  f  (h„p  (IE.  HI) 

5  +  2t  s  V  s'  &'  '  ’ 


where 


1/3 
2  n  a  \ 


=  b  -  a 
h2  =  r  -  a 
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and  t  denotes  the  roots  of 
s 

—  "»  1 1  a  /oi 

exp  i  g  H'2//3  jg(-  2tb)  '  J 

/  7T\  _  .... 

V°CXP1  1  4/  .  ■,-2/3l“a,"u2/3'V 

■/-  2t  i  J-l/3^Zs)  +  Jl/3*V 

s 

„  _  1  ,  „  .  .3/2  .  .  , 

Ks  =  3  2'* s)  exp(-iTT)  (16.17) 


The  height-gain  functions  are  defined  by 


x.  = 


j  V 


(2  7T 
'  A 


s) 


2/3  h. 


j  -  1,  2. 


(16.  18) 


The  quantity  E  for  a  vortical  electric  dipole  would  be 

E  -  — ,  R  Vb2  +  r^  -  2rb  cos  0 

o  R 

Since  f  (0)  -  1,  if  we  lake  b  -  a  (source  on  the  surface)  and  consider  the 
3 

diffraction  region,  we  can.  to  a  high  degree  of  approximation,  write 


E(r  ,0)  = 


expj-ik^)  2J 


1  <-”P(~  i  ftg) 


6  +  2  T 


UM 


(16. 19) 


SO 


For  great  heights,  Burrows  and  Gray  observed  that 

f  0>o) 


exp(i/fTx2  rg) 


s'“2'x„  »  1  /ft-  4/nrr-  HTT  J  ,  /„(?.„)  +  J1/3(zo) 


2  >  1  72/  d  -1/3 


l,2x  *3/2  A  ,7k 

3 '  2‘ 


oxp[-i  “  +  i 


12) 

(16.  20) 
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and  wrote 


t  =  vnr 

a  o 


Then  they  wrote  for  the  case  h1  =  0  ,  x?  »  1, 


E(r,5)  =  (Eq)  2^^exp 
2 


exp 


2x 


(Eo)2V2^expri3(2x2)0/"+iii 


/  j  i  V- 2t  (6  +  2r  )f-J  ,  /0(?.  )  +  .j,  ■  (z  '1 
3  s'  s' l  -1/3  s'  1/3'  s'J 

-It  (v2x 

v  _  f  s\ 

/  ?T 

lTs(1  +  ;#)[J-2/S<%)-JV3(Vl 


exp|-ir(v'2x  -  V2x. ) 
^  l  s\  o  2/ 


s=o 


(ifi.  31) 


Burrows  and  Gray  then  presented  a  set  of  curves  which  showed  the  behavior  of  these 
series  when  a  «  1  swid  when  a  »  1. 


6  »  1 


FL^ 
6  «  1 


ou 

Yi 


exp(-  irs  L) 


0=0 


2  °o 

3  7  s 


[J-2/3(V  "  J2,/3(Z£ 


/2t° 

0 

K>[  J-l/3<2o> 

OO 

exp(~i| 

1  »  /  Ol  o,. 

T  /T  T  L) 

1  O  0 1  s  ’ 

'  1T“ 
3  o 

[  OO  v  '  OO 

|J-2/3^Zo;”  J2/3(zo  \ 

1  ZLK2r^2T«)[ji/g^)  +  Jl/3(z°)] 

(16.22) 


for  L  a  0.  If  we  translate  these  results  into  Fock's  notation  we  find  that 


|t°|  3/i7 


(16.  23) 
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The  difference  in  notntion  h;u;  no  thoroughly  concealed  the  relationship  between  these 
results  that,  we  now  find  Fock  receiving  credit  (including  the  lucrative  Stalin  prize)  for 
recognizing  the  value  of  introducing  a  ciass  01  universal  functions  wmen  naci  already 
been  introduced  by  Burrows  and  Gray.  It  is  true,  of  course,  that  Fock  recognized 
the  possibility  of  using  these  functions  for  both  positive  and  negative  values  of  £  , 
while  Burrows  and  Gray  computed  them  only  for  positive  values  of  However,  in 
Fock's  earlv  work  he  computed  only  g(£),  whereas  Burrows  and  Gray  considered 
both  f(£)  and  g(|). 

The  translation  of  notation  is  most  easily  carried  through  by  starting  from  Fock's 
formulas.  Since  Burrows  and  Gray  uoe  exp(i  ait)  time  dependence  and  Fock  uses 
exp(-iwt)  time  dependence,  we  must  consider  the  complex  conjugates  of  f{|)  and 
g{£).  The  properties 


- 2  h  ■  -a « "f-  ks  m  p  n\ 

»2'(|")  -  2  J) /.  |.I2/.,(§  !C|3/2)  -  -T_3/3(f  lt"!'l,  Z) 

arc  used  in  the  relatione 


(Hi.  24) 


f  “ppr1'11 


exp(-iU  } 


•— »  T11  u°\ 

,  1  w„(t  ) 
s  I  s  2  a 


m 


OO  90 

i.  f  * u  . ..  2rt ,  y  IFtllV 

"  1  W*w  tf  VO 


{!(>.  25) 


Ifi-10 
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to 


GKf  n|n 


the  translation  Is  readily  carried  out. 

The  Burrows  and  Gray  function  is  referred  to  in  a  footnote  (page  129) 
Propagation  of  Short  Radio  Waves  where  it  appears  in  the  form 

CO 

exp  i£^(x  -  'fZ\) 
m=T  ^2  ^ 

where  hg(£)  Is  the  modified  Ilankel  function  of  order  l/3, 

V>  -  (I /V*  "&(£<»'*) 


x,*  _  „2/3  nl/G 

1  T  “ 


16-11 


(16,  26) 


of 


(16.27) 


(16.28) 
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and 


.  i  /:; 


(|)  tcxp(-if) 


The  first  few  of  the  roots  £  defined  bv 

m 


,,(2)  (2  3/2\ 
1  1/3 \3  / 


*4 


2.33811  exp/i 

/  271  \ 

4. 08793  expn  -^  ) 
3.52053  exp/i  —  ) 


(>.78671  exp/i 


This  notation  is  easily  related  to  Fuck's  function  f(£)  since 


1/2 


"«  /  .  2ir\/7f  /7«U/2  „(2)  2/“«>\3/2  *  '  (  .  2vr\  .  /  V«\ 

w2{tfl)  -=  cxP(-lT)y|i  (vtJ  Hl/;1  ;v(-tj  - 


12 
1  /o 


«vc>  -  -f‘f)yi(-c)'^i§f*:n - 

J.  3 


and  hence 


oO 

/>  n  v 

"  00 

exp(-i£  ls) 

v  2/  2 

S=1 

(n)/>2/l2 1//()]  exp(i  ~  j 

(-t  ) 


s=l 


(16.30) 


where  £ 


-  t 
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Numerical  results  for  f(£)  for  £  <0  were  first  obtained  by  Pekeris  (Kef.  20)  at 
Columbia  University.  He  showed  that  the  field  in  the  vicinity  of  the  horizon,  when 
tile  transmitter  is  on  the  ground  nun  inc  reueivcx  lo  elevated  to  Ol  ciiu  uc:l^t*iiiD  abv/ve 
the  ground,  is  given  by 


* 


exp  i 


i  tot  -  (tt/3)  -  lcr  -  (2z.'^2/‘.\'j 


,  -\l/2  ,  ..1/2 

"'rr)  “  X) 


_71 1  (  3\\ 
\2ir  a  / 


1/3 


G  (p)  (16.31) 


where 


DU 

G(p)=  f 


expj 

/  .  2/3 

-ipx 

) 

x27^ 

T-1/3^X)  +  CXp(i 

‘1 

Wc  will  now  show  that 


dx  +  expli 


1 

exp  <| 

[(- 3l/2/2)  +  (i/2) 

2/3) 
px  | 

2/3 

X 

I  l/3(x)  +  cxp| 

f  j  JI' 

r 1 3 

)h/3^ 

i  /•> 


G(p)  (|)  7rexp(-i|)f(|^|  p) 


(16.32) 


(16.33) 


The  translation  can  be  most  easily  made  by  writing  hock’s  f(£)  in  the  form 
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and  hence 


w-A© 


2/3 


27?  exP 


(‘I) 


r 

3  V7’’1  2/3] 

exp  -  is! ; 

V  x  J 

Jex 


00 


-1/3<X)  ‘  CXp(‘  f )  !1  /3  (X) 
2/3 


dx 

'2/3 


+  exn/i-- 


f  tl3\  '  2/3  /  .7T\1 

/i?\  |  "xpL\2/  *  M, 

3  J  I_1/3(x)+ exp(-l|)ll/3(x)  x2/“ 


(id  .  ou; 


Therefore,  Fock'a  form  which  was  suitable  for  numerical  integration  was  almost 
simultaneously  obtained  by  Pekeris  (who,  In  addition  to  not  having  received  the 
monetary  reward  of  a  Stalin  prize,  has  received  no  credit  for  his  contribution  to  this 
field). 

In  Table  32  we  give  Pekeris'  table  for  G(p).  We  have  also  converted  it  to  f ( 4 )  by  . 
using  Eq.  (1(5.35). 


Tabic  32 

CONVERSION  OF  G(p)  TO  f(t) 


n 

h 

s 

ltd 

IG 

Rf 

If 

-2,0 

-1.53 

8.  38 

-1.63 

2.94 

-1.01 

-1.5 

-1.14 

5  ,  96 

2.89 

1.35 

-2.00 

-1.0 

-0.  76 

3.62 

3.24 

0.55 

-1,68 

-0.5 

-0,  38 

2.49 

2.22 

0.  38 

-1.16 

0 

0 

1.84 

1.16 

0.39 

-0.67 

0.5 

0. 38 

1. 24 

0.  23 

0.35 

-0.  30 

1.0 

0.76 

0.67 

0.16 

0.24 

-0.07 

1.  5 

i*  14 

0.27 

0.  23 

0.13 

0.02 

2.0 

1.53 

0.07 

0.16 

0.05 

0.04 
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By  1949  the  Soviets  (lief.  14)  had  completed  an  evaluation  of  (/. ,  q)  fur  r,  >  0  and 
for  certain  values  of  q  of  interest  in  the  transmission  of  radio  waves  over  the  sur- 


-  -O  1  4..  A  „  ..^,1  „Uoo, 

Iplivuuv  UI4VI 


fnr 


0.00(0.01)0.03  where 


i  n/n  9a r  n  nm-l 


and 


ln5/" 
s/\  +  cm 


(16.36) 


In  (n)  =  -0,9  (0.2)  2.  9 


It  is  of  interest  to  note  that  these  calculations  were  based  on  using  no  more  than  two 
terms  in  the  Watson  residue  series.  The  transition  region  (for  the  treatment  of  which 
Pock  received  the  Stalin  prize)  is  not  included  in  those  tables. 


The  integrals  f(|)  and  g(?)  wore  redefined  in  1934 by  Rice  (Hof.  34).  The  functions 
appear  in  three  forms,  namely 


.-2/3  .  .1/3  . 

i _  .  oxp(-i  u  y) 


Ai(u)  -  i  lii(u  » 


+  exp  (-i  u-y) 
Ai(u)  +  i  Bi(u) 


du 


«■  ..1/3 

•/  v-'  exp(i  ya,) 

-  expf-  i^)/  . - 

x  w  “7  Ai'(a  ) 

s=l  '  s' 


=  -  i  f(y) 


(16.37) 
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cxp(-  iu  y) 


Jv  exp(ix+  i^)  =  "/  |-  T^fTTBV^  +  Ai'(u)  +  x  Bi'(u) 

>(‘f) 


du 


exp 


-L f 

Zni  J 


exp 


H‘f) 


..1/3  da 

exp(i  y^XTTa) 


“  J  i1/3  A 

V^xpV  yils) 

fiJ,Ai(a' ) 

s=l 


=  K(y) 


(16.38) 


The  relationship  between  Rico's  functions  and  Pack's  functions  is  easily  obtained  since 


w 2 (t )  -  /tt  lii(t)  -  iAi(t)  , 


Wg(t)  =  'Tv  Bi'(t)  -  1  Ai ' (t) J 


We  observe  that 


C  '  K1  1  J) •  ‘-s  -  i»;i<*p(-«f 


)• 


The  constants  a  .  Ai'(n  )  ,  A'1,  ,  Ai(a’ )  can  lie  found  in  Miller's  table  of 

S  ;  »S  8  £  S 

The  Airy  Integral  .  •  ' 

Fock's  integral  was  written  in  the  form 


fRXi  1  /  -iiHitiXti 

K(X)  77  J  Wi 


r„ 


(t)  -  <iw1(t)  <H'  vi<x’c» 


(lo.  39) 


in  a  1958  paper  by  Wait  (Ref.  13).  Foek  would  have  written  this  in  the  form 


V,(z,q) 


exnf-  i  7,t.) 


w 


2^)  -  qw2(t) 


ClT. 


(16.  40) 
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since 


T 

Wait 


(16.  41) 


Fook 


Wait  gave  a  table  of  V-^.q)  for  z  = -3.  0  (0. 5)  3.  0  and  the  values  of  a  and  n 
(or  rather,  A  -  rfi!2  „5  ),  shown  in  Table  33,  We  remark  that 


-  -  in5 7,0  „l/6  „  /  .  rr\  f-  .  .  e  w  1  1//2 

q  =  =  2  Aexp(r *4)  l1  +  1tJ 


(16,42) 


A  =  (ka) 


1/3 


/€  LO  k 

~  1 

\  2(7  / 


1/2 


Table  33 

VALUES  OF  cv  AND  A  STUDIED  BY  WAIT 


N.  A 
a?  N. 

0 

0.  1 

0.  2 

0.3 

0.5 

0.7 

1.0 

1.2 

1.5 

2 

3 

5 

7 

10 

0 

✓ 

'■  / 

J 

/ 

/ 

/ 

/  .. 

/ 

J 

/ 

J 

J 

/ 

0.01 

l« 

J 

0.02 

. 

J 

0.03 

r  •  Vi 

. 

./ 

/ 

/ 

/ 

/ 

/ 

_ 

J 

j 

For  7  =  1.0(0.  5)3.0  those  tables  overlap  Belkina's  1949  tables. 

It  is  interesting  to  note  that  Wait  has  followed  Fock's  suggestion  and  has  numerically 
integrated  through  the  transition  region,  The  Soviets  have  not  published  any  results 
comparable  with  those  of  Wait  in  the  region  -3.  0  <  z  <  1. 0  . 

Itcanbe  expected,  as  a  result  of  the  work  of  Franz  (Ref.  23)  in  Germany  and  Keller  (Ref.  22) 
at  New  York  University,  that  an  even  different  form  of  Fock's  integrals  f(()  and  g(() 
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will  be  introduced.  h-et  us  now  show  how  thin  can  come  to  pass. 

In  the  work  of  Franz  and  Galle  in  1955  we  find  a  result  of  the  torm 


where 


(a,<6)  =  k 


exp(-  i 


.  ‘  3/  V 

TJY  Z 


V'l  V  2) 


1  -  exp(i  2n  v 


(16.43) 


D,  =  "  f  aWI  +  °(!k“l'2/3) 


3  A'(q  ) 

SL 


v  -  ka  + 
i! 


Cf)  cxp(l  I)  f<  +  o([ka]"l/S)  . 


Therefore,  if  ka  »  l  ,  we  take 


95  .  t  “p(-*s)  V  I  .  n1/s  v  [■ 

*s z,  (-a  vwu'n 


/  \  1  r  j  i 

\!  ■  3  / 

i  ka  U  -  >,  j|  cxp]i(j 

i)  -4 

a)'1,! 

(16,44) 


where  q  arc  the  roots  of  A(q  )  -  0  anil 
£  f. 

.  "q  =  3.372134 
q2  =  5.895843 
q3  -  7.962025 
q =  9.788127 


We  can  show  that 


.1/3 

q  =  -  3  a 
i  i 
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where  a  arc  the  roots  of 

r 


In  fact,  since 


we  have 


and  hence 


Al(ap  )  =  0 


^1/3  1/3 

Ai(l)  -  V-  A<"3  l> 


-  3 2/3 

At'fl)  -  A'(-3-'  t) 


=  "3273  ’Ai'(V 


Therefore,  we  have 


f’xpf  1  n).  f  /  ttyIV  017,3  ji,  o  ,  /ka\T/'Z  7f\ 

— -173  •  expl.kn(.ft--2)|i  ^— }  expmy.  «  =  (-2)  (-  ”  2/ 


1/3 


k(ka)  ^p[ika(^>-|)|  expfif)  2, 


v  '  fxp(U  t”) 


S“1 


Ai  f(n  ) 
\  n/ 


->(,“)  7  oxp[ika(</j  - 1)|  f(0 


(1(5.45) 


where 


/  \  v’  exp(i£  t°)  .  „ 

f(0  =  exp(-i*)  >  -M^rf  =oxpH)  Z 


exp(~2~as0 


Ai'(a 


s=l 


3=1 


is  Fock's  function. 
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The  approximations 


9u 

0n 


fn  th\ 

\—  »  -r  / 


u(n,<f>) 


,  JM 

\ka  / 


,1/3 


exp  i  ka/'i'i  - 


expIika(</>-|)  g(£) 


(16.49) 


are  valid  for  large  values  of  ka  for  $  greater  than  about  75° .  For  0  tending  to 
zero  we  use  Fock's  1946  results  to  write 


uU 

9n 


(a,<6) 


u  (a  </>) 


\ l/3  | ^ 

88  k(j^)  exp(-ika  cos  <t>)  exp(i  f^) 

~  oxp(-  ika  cos  <t>)  exp(i  g(^) 


(16.50) 


where 


These  results  are  useful  in  the  lighted  region  0  s  #  <  ^  and  can  be  used  up  to  95° 
or  100".  Frau*  has  shown  that 


8U 

2ik.  cob  <p  exp(- Ika  cos  0) 


i.  T 


i 


3 

Uka  cos  4> 


u  (a,  0)  2exf("  008  0) 


1  - 


2ka  cos  <t> 


(16.51) 
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Also,  we  know  that 


f(«  , ) 


ii|1  exP(- 1  t>  “  7T3 +  ■••) 


44: 


£ 

\  . _ _  o  „„„/  : _ 1\  /1  4.  1  ,  \ 

MS1,$1 —  00  3>V  ■  3  •••/ 

1 


(16.  52) 


Since 


at  o  -  a  A-  „ 

4^  2kacos’  <j> 

we  observe  that  the  choice  of  definition  of  is  precisely  what  is  required  to  make 
these  asymptotic  expansions  agree  in  their  first  two  terms. 

The  above  summary  of  instances  in  which  the  Fock  integrals  have  been  naturally  intro¬ 
duced  as  important  universal  functions  clearly  establishes  that  those  functions  deserve 
to  take  their  place  in  mathematical  physics  alongside  such  special  functions  as  the 
Fresnel  integrals.  The  above  study  also  indicates  the  need  for  a  more  uniform  notation 
not,  only  for  the  Fock  integral  but,  (and  even  more  important)  also  for  the  Airy  integral, 


16-22 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILES  and  SPACE  DIVISION 


T,MSO-2H80H7 


Section  17 

DERIVATION  OF  Vo(A,q)  AND  V,  (k ,q)  AS  SOLUTIONS 
OF  INTEGRAL  EQUATIONS 


The  integrals 


exp 


V  (i  q) 

o'  '  " 


H) 


u  r 


v/  tt"  /  f'xr’(K,)  w;aT 


w-,  (t) 


(i  wi  (t) 


r  cF 


oxP(-if)  a 


,.{1,  _ _  Di(t)  +  i  Al(t.) _ 

cxp('O)  |ni,(t)  -  c|Bi(t)J  +  i  [  Ai'(t)  -  q  Ai(t)| 


clt 


(IV. 5) 


(50 

V-q)  -  &  J  T^fhr^T) 


dt. 


no 

1  f  c> 

T  J 


cxp(iit)  ni.(t)  -  q Bi(l)  I  +  ii.Ai'(l)  -  q  Ai(l)| 


(It, 


(17.2) 


will  now  be  shown  to  bo  solutions  oi  the  integral  equations 

.  7T\  d 


V  .(£,q)  =  exp 


('1 12^) - J  V(x,q)  exp  [-!  —  (?  -  x)3j  |(4  -  x) 


2  i  q 


dx 

vxtr-x? 


(17.3) 


/  V1(x,q)exp[-i^(^x)3lj(|-x)-2iqj 


Vl«,q)=  2exp^iT5 


(17.4) 
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We  begin  by  defining  g(£,q)  and  h(£,q)  by  means  of 


Ktf.q)  •  v1<€ ,<| ) 

The  resulting  integral  cqua linns 


/  i  7r\ 

<JXP1  "  1  H  1 

h«.q)  =  — Vo(t,q)  (17.5) 


n(4.‘i) 


2exp(-i  ^3)-^-27r-1^  y  B(xIq))exp[-ij^(«-xy,]j({-x)-2iq|7^S- 

—  CO 

(17.fi) 

f  h(x,q)exp|~  ij^(£  -xf]|(£  -x)  -  2iqj 


/  1  3  ir\  /  w  \  P 

oxp^l  -i?)  t  exP^ "  i  4 )  ' 

h(l,q)  =  - ^fT~~ 


2  J 

o 


can  be  solved  by  assuming  that  g(£  ,f()  and  h(£,  q)  nan  be  expressed  in  the  forms  of 
Fourier  integrals 


g(£,q)  J  (! 


xp(i£l)  G(t  ,<()  dt 


f  exp(i£l)  II (t ,<|) dt 


<  £  <  «> 


!*(£,<!)  - 


£  >  () 
£  <  0 


(17.7) 


(IV.  8) 


We  also  need  to  define  the  function 

I 


k(£  “X,  c|) 


0 


{(£  -X)  -  2iq] 


exp  -  i  y2  ^  ~  x)' 


7£  -x 


x  >  £ 


<  £ 


(17.9) 


J  cxp[i(£  -7,)t]  K(t, 


q)dt 


(17. 10) 
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Wo  can  then  express  the  integral  equations  In  the  forms 

/i  tv  i  expf-  i-)  r 

'  a->  =  a PXP'r 1  P~)  •  t  ~i~l  J  R'(x.  q)  k(4  -  X,  q) dx 


h(«.q) 


/  .  1  .3  ,  J\ 
exp(-i~£  -1-) 

1 

expK) 

OO 

f 

'f¥~J 

2 

Vtt 

J 

(17.11) 

'  q)  k(£  -  x,  q)dx 


We  can  now  use  the  convolution  theorem  to  write 

op  OO 

J  'g(x,q)k(4  -  x,  q)  dx  =  2? r  1  cxp(ifit)  G(t,  q)  K(t,  q)dl 

-oo 

S?  <» 

J  k(x,q)  k(£  -  x,q)dx  =  2?r  f  cxp(Ut)  H(t,q)  IC(t,q)dt  (17.12) 


and 


g(S .  q) 


2  exp(-  i^rj-Vir  exp(  i  /  oxp(t£t)  0(1. ,  q)  K(t ,  q)dt 

CO 

/  exp(i^t)  G(t,q)dt  <*  <  l,  <  «> 


MS  >q)  - 


(  .  1  '  !  ,  ;r\ 

P("  12  -  "  ’  l) 


f - ~  "  ^  cxrj(-1f)  ./  exp(i«l)  Il(t.q)  K(t,q)dt 

'  7  -no 

on 

=  /  exp(i£t.)  H(1.,q)dt.  S  >  0  (17.13) 


If  vve  now  define 


A(t)  = 


—  f  exp(-i?T)  |2cxp(-i||3j)dS 

oo 

B(t)  =  ~  J  exp(-  i  £  t) 


/  .  1  j.3  .  7T\ 

exp(-i^g  -1?) 


di 


(17.  14) 
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wc  ucc  the  Fourier  inversion  tliooroni  to  ol)ttiin 

Gtr.cil  =  A(t )  -  '/tF  exp  (-  i  ^  G(r ,  q)  K(r,q 

\  i, 

H(r,q)  =  B(r)  -  Vir  exp(-i  |^H(r,q)  K(r,q 


or 


0(T,q)  - 


H(r ,  q)  = 


A(rL 


1  +  exp  (-  i  K(t  ,  q) 

_ _ B(rj _ 

x/ff  exp(-  i  K(t  ,  q) 


1  + 


Wc  must  now  evaluate  A (t),  B(t),  and  K(-r.q).  Wc  note  that 


CO 

A(T)  =  \  J  0Xp[-i($7  +  »  43)](U  -  If  COS^T  +  Vjf^cU 


where  Ai(r)  is  the  Airy  integral. 


The  integrals 


B(t) 


K(r,q)  = 


exp 
2  7l‘ 


I/24'  /  h  <:X|,(  UTi  12r,)(U 


f  jr  exp(-i^r  -  i  («  -  2iq)d« 


2V./  7|- 

o 


can  be  expressed  in  the  form 


B(T) 


{■‘J) 

y'i,  (t) 


K(r)  = 


ii72  Y 

f  -  I0(T)  -  — ^  I.  (T) 
ITT  2'  '  7T  1 


2  7T 

L 

27T 
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where 


OO 


r 

1  /  . 

.  1  .  .  „ 

VT>  =  j 

0 

vy  oxp(-i«  T 

■iiz?  n 

CO 

!2(t)  =  / 
o 

exp^-  i  £  t 

We  can  show  (by  integration  by  parts)  that  ^(t)  unci 
differential  equations 


Ig(T)  are  solutions 


1^ 1  "(t)  -  4  r  ' (t)  -  21  (t)  =  0 
I2'*'(r)  -  4 t  T 2-(t)  -  CI2(r)  =  0 

Solutions  of  these  equations  are  of  the  form 

1^  (T)  -  C1  Al2(r)  4  C2Ai(r)Ri(r)  4  C;J  Bi2(r) 

-  1  l£n  -  2  0^  Ai(T)  Ai:(i) -I- C2iAi'(r)  Bi(r)  Ai(r)  13i'(r)|  4  2Cy  Bi(r)  Bi'(r) 

where  ,  and  are  constants.  We  can  show  that 

C,  =  c^xp^i  ,  C2  “  2  7f"//2  exp^- i  “j  ,  C.^  0 

Therefor- 

Ij(T)  =  2 7TS//2  o,xp(  i  Ai(T)jl3i(T)  4  i. Ai(r) J 

I2(r)  =  27r3/2exp(i  J)|2Ai{T)[Bi'(T}  4iAi'(T)] 
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aild  m'-ncH- 


cxp/-iv\  ,  _v  , 

B(T>  =  —\/2  \(T)  =  exp(-i|jAi(r)jBi(T)+iAi(r)j 


K(r,q)  =  t2(t)  \  (r)  =  fit  exp(i  |)(2  Ai(T)[Ri'(T)  +  iAi'(T)]  - 

—  VtF  exp^i  At(T)jBi(T)  +  iAi(T)] 


and 


l  +  ■fit  exp^-i  ~  j K(r ,  q)  =  2  7r  Ai(r)  j  |Bi '  (r)  +  iAi'(T)J  -  q[Bi(r)  +  lAi(r)j 


Therefore,  v  t  find  Lluit 


G(r,q)  = 


H(r,q)  = 


i  +  Vtt  exp i  K( i  , q)  v  jm'(r)  +  iAi'(r)j  -  q[Bi{r)  :  iAi(rjj 


B  (T}_ 


1  I31Q)  +  iAi(T) _ 


(17.22) 


1  +  fii  exp^-i  ^K(t,!|)  2 7i  i  [ili'(r)  +  iAi'(T)J  -  qjBi(T)  +  iAi(r)] 


Sine# 


oc> 

v^l.q)  -  g(4 ,  q)  =  J  exp(iH)  G(l,q)dt 


}(t;,q)  ~  firt.  cxp^i^h(4,q)  =  /irl  c-xp^i  ^  J  exp(Ut)  H(t,  q)  dt 
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This  can  be  proven  readily  by  observing  that 


II" (t)  -  4t  I^(t) 


=  -  4 


4  /  ^  exp/-  i  i  t  -  i^3)|-i  t  -  i|-£2)d| 

o° 

/  V?  exp(-  Ur  -  i  ^  r3)  ^  (-  II  r  -  i.  ±  |3)d^ 


=  -  4 


00  0O 


V?  exp^-  i  £  t  -  i  ^  £3)j  +  2  y  ^  exp^-i£  r  - 

=  2I,(t) 


la  the  introduction  to  the  table  Th.e  Airy  Integral ,  Miller  has  r-.hown  that  the  complete 
solution  of 

z"'(x)  -  4  x  z'(x)  -  2z(x)  =  0 


is 


z(x)  =  C  Ai2(x)  +  C2  Ai(x)  Bi(x)  +  C3Bi2(x). 


Therefore,  we  express  l^(T'f  in  the  form 


I.  (t)  =  C,  A12(t)  +  C0  Ai(r)  BI(t)  +  C„  B12(t). 

11  Cj  O 


We  observe  that  since 


Ai"(r)  -  t  Ai(T)  Bi"(r)  =  t  Bi(r) 


Ai  (0)  =  ^Bi(O)  =  1 


2/3  t./2\  Ai'(O)  --  /jBi'(O)  'JJTjl 


3  Tv 


r[| 
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we  can  show  that 


T  .'8'.  —  P  A  1  >  <r’  o/niTii/mir'  n«^/n\ - _ .  1 _ _ |  p  4-J7)  p  +  <J  p  1 

1 '  1  ~l“*  A/ZU2\rlA\ -1  z  a} 


3  rlf/rlsJ 


I|(0)  =  2C1  Ai{0)  Al‘(0)  +  jAi(O)  B1'(0)  +  Ai'(0)  Bi(0)]  +  2 Cg  Bi(0)  Bi'(0) 


°1+3S 


i;'(0)  =  2C.,  Ai'(O)  Ai'(O)  +  2 C  Ai'(O) Bl'(O)  +  C„  Bi'(O)  Bi' (0) 


W«  also  have 


-  f  h;  exK“ 1 A  *  J)d  *  "  s  ^ 2  r©  CRp(" 1  n) 


IJ(O)  = 


ai 

|  ^,.xp(-ii£>5  ,  Jpnr(|)oxp(-i^) 


since 


“  -  (  rV-i  exp(-  i  ^^)dk  =  "  |  (12)b/6  r(!)exp(~i  y|) 


f  tX  mml-  i  r4ri3Vj^  -  ~  (1  2|A  +  l/3exp  i  (X  +  lj  J 
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If  we  use  the  properties 


n\ 

5/6  3/2 


(12)  » 

r 


3  4)  4) 


3  2/3  4)  4) 


>  l  ^  H 


_3/2 


(12)1/6t3/2 


to  write 


V°>  =  - TT/8  372  |C1  +^C2  +  3Cil  = 

(1 2)  '  7T 


-  -^%-2  |-Cj  *  3S|  -  |/n>  rf^expft^) 


Vl2  7T 


3>f 

xi (0)  „  /j7g 


57ilci  -  *«t  ♦  »°»l  ■  4«ii,>r’/°r(IM-itl) 


we  find  that 


(1  2)  7T 


C1  =  2ir3/2  cxp(if)  C2  =  27r3/2  oxp(-i|) 


Cg  -  0 


Therefore 


Ij (t)  =  2„3/2  exp(-i  j)Ai(T)[Bi(r)  +  iAi(r)] 
This  is  the  result  which  was  to  be  proven. 
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section  is 

SOME  APPLICATIONS  TO  ASYMPTOTIC  EXPANSION  OF 
INTEGRALS  DESCRIBING  RADIATION  PATTERNS  OF  SLOT  ANTENNAS 


The  Fourier  series 


<$.  (x,<b) 


/  2  V'  exp[!,1W>-f)] 

(X  e  (D)  ”  ~~  1  /  T  1  -  L'  , 

•  '  «  „0)(x) 

exp  [in  (0-^)] 


T1 

u  7TX  /  j 


H(1J'(x) 
n=-°°  n  w 


(infinitesimal  circumferential  slot) 


(axial  slot) 


(18.1) 


,  d)\  — 

O  '  71 X 


exp  [In  (0  -  y)]  coe 


H'1}(x) 
n=-«  n 


nir 

2x  ^ 

-r—  (half-wave  circumferential  slot) 


1 


play  important  roles  in  the  study  of  radiation  patterns  of  slots  mounted  on  circular 
cylinders.  Each  of  these  series  are  of  the  form  7 


An(x)exPBn(^"f)]  ' 

n=-°° 


-  7T  <  <j)<  7T 


(1.8.2) 


The  Foisson  summation  formula  permits  us  to  construct  the  periodic  function 
$(x,$)  =  <£(x,  <j>±  2n7r)  =  $(x,-<£)  from  the  aperiodic  Fourier  Integral 


00 

r 


=  J  An(x)exp[in(0--|)3dn  ,  -*>  <  <P<  °° 


(18.3) 
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according  to  the  rule 


'S'  vT</v-  O™  -tT  4-,W  +  ")  iWv  9.m  7 r—  (h\  .  0  S5<ft<f7r.  M8.44 


di  /v  /A\  —  \t/  / v  /A\  4- 

-  r/  -  V-»  V/  ^  *  V  » - -  r/ 

m=l  m=l 


For  x  >  2,  it  is  known  that  the  terms  with  rn  >  1  are  negligible.  The  terms  in  the 
series  can  be  interpreted,  for 

DIFFRACTED 


VF  ( 2  v- 


Fig.  20  Direct  and  Diffracted  Waves  in  Illuminated  Region 

_  tt/2  <  </>  <  tt/2  .  in  terms  of  a  direct  wave  <l'(4>)  and  diffracted  waves  tf(2m  ti~  <*>) 
and  \&(2m  n+  *)  which  have  encircled  the  cylinder  m  times.  The  terms  with  m  >  1 
are  exponentially  small,  in  comparison  with  the  terms  for  which  m  ~  1.  These  terms 
are  illustrated  as  rays  in  Fig.  20.  For  \<p  -  n\  <  tt/2  ,  it  is  generally  sufficient  to 
write 


<h(x,i p)  -  F(x.<i>)  +  ^(x,2?r  -  ip) 
18-2 


(18.5) 
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where  x,$ )  and  ^(x^jt-^)  are  the  diffracted  waves  depicted  in  Fig.  21. 


W) 


/  A  .  .  \\ 

Vw/i\\ 

H 


37T/2  -  9 


ANTENNA 


Fig.  21  Diffracted  Waves  in  the  shadow  region 


In  the  work  of.Fock,  Goriainov  and  Wait,  the  asymptotic  estimates 


hJ,1)(x)  ~ 


i(-)1/3  w JL)  , 

V?r\x  /  .  1 '  '  v  w 

/  2  \l,/3 

t={|)  0-x) 

(if  M) 


m*/S 

:(i)  w'(t}  (18.6) 
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I 


have  been  used  to  show  that 

oO 

C  exp  fi  n (</»  -  ,„d/3 


%  (x.0)  =  r^ 


7TX 


J 


a/3 


,  r 


t(i). 


(X) 


dn  i(x  j  cxp[ix(<A-f)]^  j  ^p-^t 


(18.7) 


* 2 (x'^) 


=  iff)  exp[ix(0-|)]f(£) 

oO  art 

=  ™  f  ~  ex.p[ix(0-f)]^-  /  •^p)-cit=exp[ix(^^|)]g(^) 


»/ 

— oO 


4/ 

— OO 


A  similar  result  can  be  obtained  for  (x,<p)  if  we  write 

O 


f  exp  [i  n(</>-  |)j  cos  g 

/  - 7TT - - - f  <hl  =  '(x,0)  +  '(x,^)  (18.8) 

3  ™  J  hJ>(x)  ,  r/  3  3 

-to  2 


where 


•4+)M  -  ™ 


ml  <H-h) 

\  X  / 


,1/3 


dn  ~  -  oxp[iX<*  2  *  ij'df)  expd^D-^dt 


=  T|  cxp Clx^v  S  f<"1)^*) "  (2)  (d>  "  I  ±  •  •  (18-9) 

We  will  now  show  how  to  obtain  asymptotic  expansions  which  have  the  above  results  as 
leading  terms.  We  let 


v  -  x 


!  ,xW3  /x-|1/3 

*(1)  tlHi)  <tt 


1H  4 
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and  use  the  asymptotic  expansion 

hJV)  =  -ii!T/w1{t)ii  + 

,m  x  i  l 


..i 


where 


1  [15  GO1  w  (t)  J 

.  _  ft  1  .5  _13_  2\  /_1_  3 

a2  [\7200  1200  /  U20  140/  w(t) 

/  283  6  403  3  1  \  / _ 1 

V9072000  226800  900/  \1290 


a3 


7 

1 290001) 1  ' 


Jsa-0  -J-- 

32400  6300  7  w(t) 


(18.10) 


to  arrive  at 


2/3 


*i <x-^  =  ! (!)  ^ 0 - ffl  j  nxp(U,)  H(ryr dt 


where 

*1  7 

hP) 

■41 

1  1  /3 
cV  1 


wx(t) 


1  + 


(!) 


2/3 


..!t  +  -Lt2  1® 

15 1  60 1  w1(t)J 


4/3 


m 


(-L..f  +  J?A-t  2) 

rv  u  "*  nnnA  L  ] 


*(t) 

iT) 


p_  t3  +  -  p-  t4)p! 

\6300  140/  wx(t)  \3600  >  p/ 

/  115  6  1091  ,3  1  \ 

(9072000  1  1134000''  900/ 


\7200  12000 

2 


,6/3 


'(259200 


t7+  43 


4  Jj3_  \  WP 

AHAA  w 


1134000  6300  /  w  (t) 


/  u;  (t )  \2  /w7t)\3 

_pi_p_i_t2)f  xl)  j--j—  +R\fx? 

\42000  4200  /\  w(t)/  \216000 


n/  ;;l_  ) 

%‘v  j 


(18.11) 
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We  recall  the  definition  of  the  functions 


Where  n  can  be  positive  or  negative,  positive  values  of  n  denote  differentiation 
with  respect  to  i  while  negative  values  denote  "integration". 

We  find  that 


.1/3 


I  2  X  ,  7T  -* 

(x,  <p)  -  j  exP  -  ^)J 


v2/3r 


<«>  '.t i)  i 


/2\1/3r^;  (5)  _„_74_  (2)  .  i_  (S)  J._  ,  ,£) _ !_  | 

\x/  [7200  12(100  6300  140  l'?'  3600  2 


/t.0)/3  r 


(?)  '  [— f<«>({)  +  +  -L-f/ij . __i_  fw(0 

\X  /  [9072000  1  1134000  .  900  259200  1 


11 


--- — f^4)(A)  _  — —  if^)/t)  + i —  f(5)({)  +  __ 1_  f(2)m 

34000  1  K,)  0300  1  u;  42000  2  4200  2  '  J 


21600  3 


(18.12) 
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we  find  that 


,1/3 


,2/3  r 


LOf  (C)'60f 


4/3 


£  f '  '  f£ )  -  — —  £ 
7200  5  1  6300  5 


“  *(x)  exP[ix(#  -  |>]|f<£)  +  (J)  I1  (-  1: 

f<3,<4>  +  dlof(2’<{>-iro4t<4>) 

•©■"■(-  5¥OT42r<2>l4)  +  5§o  4  f<1>(4>  +  did  f<4>) 

j/ - i {dd  i  - ..  +  , 

1 1,1 290000'  004000  ’  * 


■(*)'  L( 

,6/3 


397  |{(4)(5)  . flll_f(3) 


4530000 


1134000 


f' 


H 


(1,8.14) 


This  expansion  is  primarily  useful  for  <l>  >,  or  £  >  0.  For  £  —  -» 


i(£)— 2i  £  exp [-!(£'  /3)~j 


1 


4  £ 


- -Lf0)/n.  i  t6 


3  y„,l 


i0f  «)  '  G0f  /3>J 


(18,  15) 


and  hence  the  successive  terms  in  the  asymptotic  expansion  increase  in  a  manner  which 
prohibits  the  use  of  the  expansion  unless 


,2/3 


<r 4 


« i 


or 


^  -  4>  «  (2/x)1</,J 
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This  is  the  same  criterion  necessary  for 

-  x  cos  x  sin  (0  -  f)  =  x(0  -  f)  -  f  (*  -  f  j  +  1% 
to  be  represented  by  the  first  two  terms  of  the  Taylor  series. 


+  . . . 


The  mathematical  difficulty  is  related  io  the  fact  that  physically  we  know  that  for 
£  <  0  we  are  1"  the  Illuminated  region  and  'T<^(ka,  0)  should  have  the  property 

*1  (ka,  0)  2  coo  0  exp(-  i  ka  cos  0) 

101  <  | 


We  can  obtain  such  a  result  if  wo  define 

t  =  (krf^sin  /*-!)  =  -(l™) 
~  \  2  /  "  27  \  2  ' 

and  use  the  expansions 


,1/3 


con  (ft 


,  -1  1  3  3  5  5  7  , 

sin  x=X+gX  +n-gX  +  . 

J/3 


<  1) 


«T*  *  ni!)t3  * 


,7/3 


exppv(0  -  m/2)] 


H^fltn) 


.1/3 


iVx  cxp{l  [ka  sin(0  -  tt/2)  + 


’Af/a  U1  ,-3f  ,  ,  _Lf2  ^  ] 

,ka /  \6  ^  1  20 6  /  181  60l  w^t)  ] 

/J\4/3  f/Xa0 12  +  i_a  t  .  JLj-lO  .  _A_  +5  u.  74  .2  \ 

\ka/  [V72C  1  406  1  800&  7200  12600''  ' 

,/l  ,.3,2  17  5  5  7\  /  1  3  1  \  Wl(t) 

"  \90-  200C  1  56_£  /  \6300  1-10/  wJt) 


/i  as  i  a  9\  wW  /  i  d \/wiM 

1  \360  ^  400 £  /  wx(t)  \3600  Aw^t) 


1 

2  1 


(18.16) 


+ . , 


(18,17) 
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We  then  find  that 


/  9.  Y 


1/3 


i  - 


7T  1  3-d 


/  2  \2/3r/t3  ,m..  ,\ 


^a,0)  =  j  expji|Ra  sln(0  -  $  +  3  £  J|  +  p"1'  '*>) 

+  ,(^£r’t(£>-o5t<2>«£>-H,(1)«>)j 

-  (e)4/3[(8Io£,"'<£>- 5i>£0f(2,<£)-iro£5i<1,<£)+ ,loif(4><£>  *  <Mof<3)«> 

"  12600 f  1 V  40 £  f  56 £  f<£)  360 f 


360 


+  . .  . 
(18.18) 


This  result  is  useful  for  fiO,  If  we  use  the  asymptotic  expansions 


f(n)(0  =  (-U2)"'- 


(2l()iixp(-  i_{3/3)  (l  :iA{n)/«3  *■  A^n)/?6  -MA^-AfW2  +  . . . 


(18.19) 


alone:  with  the  values  of  contained  in  Table  28,  we  arrive  at 

*  rfj 

— , . , . . . . - . . !■—  - - - _  —  ,  .  t  ,  „Ml,  _ _ _ , _ _ 


1*1  <  I 


/2\l/3  . ~ 

2«E)^-|  exp(- ika  cos  <*) 


l  i  ^  1  .  .175  1  ,  \ 

(  4£3  2E6  64  t9 


,4/3 


£ 


(18.20) 
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If  we  now  observe  that 


9  Vn  pao  A 


_  i _  1  +  3{1  -  cos^  <j> ) 

O  /» 

5*'  n  fl .  ..  t  *  ”  i 

x  i*  /-Jiixii j  uua  v 


i  13  +  H4(1  - CO8^0) +  48(1- cos2  ip)2  _  175  J__  _  210_i  /  2  \Z/,i  +  481  /jV\' 
64  £S  t®~  64£7'k^  64£™ 


^2(i) 

„  ..fi 


2/3 


1  3/2  \2y/3  1_ 

2£6"S'\ka7  £4 


2/3 


,4/3 


(18,21) 


we  find  r.hnt. 


^(ka  ,  <£) 


ka  — ■« 

Ul<f 


*  2  oUs  <f>  exp(-  tka  cos  <£) 


1  4 _ 1 _ +  ljt_?_sJ!LjL 

1  3  2  6 

2(ka)cos  <f>  2(ka)  cos  <t> 

,  11  +  114  sin2  </>  +  48  ski4  0  , 

1  3  8 

8(ka)  cos  t> 


(18.22) 


This  result  shows  that  the  choice  of  £  as  a  parameter  leads  for  ka  -■*<*>,  i  </>  |  <  n/2 

to  the  optics  result  2cos  <t>  exp(-  ika  co'g‘<p),  Furthermore ,  instead  of  an  asymptotic 

-1  -2 

estimate,  we  now  have  an  asymptotic  expansion .  The  terms  In  (ka)  '  and  (ka)  haVe 
been  previously  found  by  Frans  and  Galle  (Ref.  23)  and  by  Keller,  Lewis,  and  Seckler 
(Ref.  38).  However,  this  expansion  Is  useless  for  |0[— ■  tt/2,  whereas  the  expan¬ 
sion  involving  f^(f)  is  valid  at  4>  ~  tt/2  ,  Furthermore,  at  <t>  ~  n/2  the 
expansion  £  is  identical  with  the  expansion  involving  |  .  Therefore,  the  two  expan¬ 
sions  complement  each  other. 
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1  /5 

In  a  similar  manner  wo  can  show  that,  for  <j>  >  tr/2  ~  (?,/ka) 


'i'gGm,  </>)  =  exp[ika(</)-|)] 


/o  \2/3ri  /  /  /  -1  \  \  ;  t  /9\  1  m  \1 

Lroiff  •*>-«*  ‘«rH**’rw-S,r,#»/J 
.  /x  f /3r/jl  <«),, .  _  y.  j»u  , + ja_  .  ii  , 

\ka/  [_\7200  g  (s'  1 575  ’  's'  12600 g  ls)  200  s  ls) 

+  JiJ-3)(0._LJ-4UA 
200  g  ls;  200 g  ^  7 

UoO”  40 ’  200 g  's7j 

+  /  2  f/3  L  /--l3-  JP >«  )  .  -239-  *  2  A  )+_503_4  71-  U }  — 

\kft  /  (_  1.72000 g  's'  504000s  g  'S'  84000s b 

+  175  g ^  ^  +  1000  g  ^  ”  400  "  '  ^  ^ 

i(:5cj+£:f:fc) 

0000  400  / 


+  i/_ -1-  ^  (0)  _ |2j£k)  +  UB_  {  ,(4) 

\l 290000  s  ••  60480  907200s  b  's; 


1  _  , 3  ,  ,  20L  1 2  (-)  ),, ,  _19_  ,  J - 2)., ... 

12000^  4  12000^  K  ^  innnn^R 


Ski'll* 

2000  17  •  •  1<2WJ  •  /1 


1 2000.  1 
(18.23) 


18-12 


LOCKHEED  AIRCRAFT  CORPORATION 


MISSILES  and  SPACE  DIVISION 


and  for  tfxn/2  +  {2/lcn}1^ 
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f2O<‘i,0)  =  exp  ji Qta  sin(0-7r/2)  +  |£3]j 
2/3 


*  '(In^’cE)  -f!0f  e<2)(£)) 

4  /3  2 

Fa) 

<asn£’,’"fei/  B<t)  'ioo£ZB<_2,«)  *  zfo6H)«>) 


*  ‘daA>  -55ol3s<2)«> -(Is  -!&>.#% 

-<W  +  lo>  ««)  -  <&»*  ♦  25o)r/'1,(t.)  +  Bot  V’\>) 


+  .  .  . 


(18.24) 


Thes4  t\Vo  expansions  nrp  identical  when  <j>^  w/2.  In  the  illuminated  region, 

V-  »  y  .  .  4*  ‘  ‘ 

and  we  can  show  that  * 


^^ka, <t>)  ^---^  exp(-  lkacos  <£) 

l^<f 


.11,1  469  1  5005  1_  \ 

A  n  r*  o  A  t\  s*  A  ,i  ft 


4  £3  £G  64  e9  64  £12 


‘A* 


■©  (H 


£4  64  C  ‘ 

,72\4/S/.144,  J_:f 
\ka/  \  64  ‘  5  •”/ 


(18.25) 
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or 


( 


%(ka,  </>)  2(-xp(-  ikit  cos  <j>)  |l  - - a~ 

,l  1  2ka  cos'  </>  (ka)~  cos”  A 


1  a,  r>  rf. 

_ iL- 

2  (5 


1*1  <n- 


+  i 


2  4 

3i  +  294  sin  <p  +  144  sin  <t> 

3  9 

8  (lea)  cos  4> 


135+  3537  sin2  0  +  5328  sin%  +  960  sin6  0 

4  I  9  +  .  .  . 

8  (ka)  eos1^ 

(18.2(5) 

-1  -2 

The  terms  in  (ka)  and  (ka)  agree  with  those  of  Fran/,. and  Gallo  (Ref.  23)  and 
Keller,  l  ewis,  and  Rockier  (Ref.  38).  We  remark  again  that  this  typo  expansion  is 
u.soii;:»s  i'or  <P  ~  vi/2,  as  was  also  the  case  with  ^ (ka .  tj>). 


In  the  case  of  T ^"'(x,^)  wo  find  that  for  the  shadow  region 


*3  ^(kn., c i> )  =  r  \  exp fi  ka  (<t>-  |)j 


+ 1  ( ;  4o ,('  ’<«  >  ♦  3  To  0(3,«)  -  4»!  2f(3,<*  >)] 

+  51  ,  2  (4)  .  1  ■■  1 3f (S )n  \ 

453300  *  f  ^  1296000 5  1  " 

J  ./  1  ,(-l),tl  _7J_  {rt ,  195998 

^loOO1  ^  25200  ^  ~  8228304000 1  l5;) 


(18.27) 
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whore  s  denotes  .  For  the  Illuminated  region,  we  obtain 


F^(ka,  <p)  =  t  ^  expji  [kn  s!n(tf>  -  ^)  +  ~  £ 3  ^}j 


*  (if"  [  (-  ii  M-'  V ) + 116 £  fH  ’« )  -TTo  •*'2v> -&»’**> 


5-TH.,  +4=St,lf<1)(t)  + jytjS  [(z)(f) 


y  4 

t  (1  \  £  f2\  \ 

V  «>) 

l("R?0!:t0f("1)(t)+20£,,f(?:)"^Ofl,,(fc)  ’  7200 


7^)0  tVM 


r . . . 


(18.28) 


where  £  denotes  I:  ]  where 


l/:t 


d)  *»b) 


If  wc  ubc  the  nsyniplotic  expansion^  for  £  .  we  obtain 

I <*P  [1  k;v  sin  (0  - 1  >  £j-;)]  +  exp  [i  lui  sin  (0  -  J  -  gf-)] 


^(ka,  0) 


■Mi"'!-1 

nxp  [l  ka 

915 
*  a 

64  £" 

j  i.  f/3r.  ii»  t-2 . 

\ka/  192  ^ 

2\2/3  n.,-1  17S1  ,-4 
2  1 £  768  C 


. .  +  . , 


(18.29) 
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or 


❖3{ka,</>)  = 


2exp(- Ikii  cos  </>) 


1  + 


.  2 

17 r  ,  . 

-r-  cos 


1  -i-  2  sin^  0 

3 

2k:icos  0 


+ 


(18.30) 


The  leading  term  is  precisely  the  result  obtained  from  geometrical  optics. 


These  examples  clearly  indicate  the  usefulness  of  the  functions  f^(£)  and  g^(£) 
in  the  problem  of  asymptotically  expanding  these  Fourier  integrals  which  describe  the 
radiation  properties  of  slo:  -  cot  cylindrical  surface.  The  loie  of  the  two  expansion 
parameters 


S 

£ 


&) 


!  /;» 


(!l) 


i  n 


p  -  S> 

sin  (0  -  -) 


COS  0 


is  very  important.  Some  erities  of  Pock's  work  who  have  seen  the  1  946  work  involving 
£  have  remarked  that  for  £  >  1  the  approximation  becomes  very  poor.  Others,  who 
have  recently  employed  i,  have  remarked  that  the  results  are  very  poor  for  (i  <  -1 . 
The  effect  has  been  to  leave  the  impression  that  Pock's  universal  functions  £(x),  g(x) 
are  only  useful  in  the  penumbra  region.  Our  results  above  show  that  with  a  suitable 
definition  of  the  argument,  the  functions  f(x),  g(x)  can  be  equally  useful  in  the  umbra 
region  and  in  the  line-of-sighl  region. 


The  confusion  attendant  to  the  use  of  these  two  arguments  has  led  to  such  statements 
as  (Ref.  29,  p.  94):  "Wetzel's  formulation  differs  from  Foek's  in  that  he  .introduces 
the  basic  parameter  £  as  a  function  of  the  are  length  along  the  convex  surface,  instead 
as  a  function  of  the  linear  distance  along  the  tangent  line,  at  the  shadow  boundary.  There 
seems  to  be  sdme  reason  to  believe  that  Wetzel's  definition  of  £  is  to  be  preferred.  " 
The  asymptotic  expansions  above  clearly  indicate  that  each  definition  is  important 
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since  one  is  useful  in  the  lighted  region,  She  other  is  good  in  the  umbra,  ami  both  are 
good- in  the  penumbra.  Both  di  finitions  had  been  used  by  lax  a  as  early  os  1945,  but  It 
was  not.  until  the  puhlie.at.ion  of  fJoriainov’s  paper  (Hof.  14)  in  195(1  that,  the  advantages 
of  the  two  different  arguments  were  demonstrated  bv  numerical  examples. 

The  use  of  different,  arguments  for  the  lighted  region  and  the  umbra  is  not  new  since 
an  example  can  readily  be  found  by  expressing  results  of  Nicholson  (Ref.  1)  and 
Macdonald  (Ref.  2)  in  the  notation  of  our  function  v(£;).  Thus,  we  find  that  Nicholson 
gives  the  magnetic  field  in  the  penumbra  and  on  the  surface  in  the  form  ,  / 


I J  -v  -IK  v[(ka/2) 

,l  J  (0/2)  sin  (0/2) 


,..1/3 


whereas  Macdonald  gives  the  field  for  small  heights  h  r  -  a  in  the  form 


i  k  008  2  /  .  „  .  <?'  - 

—  ——  exp(-i2ka  sin  -  v 

sin  2 


cxp^-i2ka  sin  ~J  v |2(ka/2)^3  sin  (0/2)] 


+  i20m/2)4/3(lv/a)2  v(i;L2(l<a/2)l/n  sin(0/'2)] 

Macdonald  presented  a  physical  argument  lo  substantiate  his  results  by  observing  that 
according  to  geometrical  optics  he  would  expect  that 


H0  »  -  i  2k  exp(-  i  kR),  R 


r  2  2 

—  \I  a  +  (a  +  h)  -  2a(a.  +  h)  cos  0 


or  for  6—0  h  «  a, 


-  L  ~  exp(-i  2ka  sin  jj  j~l  -  i 


|  4a  sin  7 
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Macdonald  showed  that,  the  functions 


v(/.).  v(1)(/.) 


had  the  property  that 


V  (/.  )  - !-  1  , 

/,  — o 


V1  //„> 
V  \f.) 


7,  -- -O 


1 

2.7, 


and  therefore  his  result  was  identical  with  that  obtained  from  geometrical  optics. 
This  agreement  with  the  optics  result  in  a  strong  argument  in  favor  of  the  use  of 
|2  (ka/2)  sui(9/2)^  as  the  variable  in  the  function  v(z)  when  the  receiver  is  in 

the  lighted  region. 


In  the  penumbra,  on  the  other  hand,  Nicholaoa  s  fotm  reduces  to  (cf.  Eq.  6  31) 


II 


~  -  *w,/*  ' 

r=a  \sm  0/ 

«  -  0.  h!»i  h  +  i4~  ) 

;i  V  -i  t  / 


~  exp  i  ka  0  -  .(ka) 1  ^  /31 9  +  i  j 


This  form  is  also  consistent  with  physical  concepts  since  the  t actor  (l/v  sin  Q) 

shows  that  the  waves  follow  closely  the  sphere’s  curvature,  with  a  divergence  in 

:•  ..  rdanco  with  the  area  of  the  sphere  over  which  they  spread  (the  radius  of 

parallel  circles  being  proportional  to  sn  9).  but  while  traveling,  they,  continually 

1  /3  -* 

give  off  energy  at  a  rate  given  by  the  factor  oxp._-0.690  (ka)  0]  . 


The  results  given  above  have  all  been  obtained  by  expanding  asymptotically  an  exact 
solution.  The  results  can  also  be  obtained  by  a  perturbation  procedure  which  can 
be  extended  to  non-circular  geometries.  For  example,  if  we  let 


'k(p ,  <f>)  -  cxp(i  ka  f,6)<l>(p,  4>)  exp(ikaflt>)  fcd.J;) 


+ 


& 
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where 


a 


we  can  show  that  if  'I '(p,  (p)  ia  n  solution  of 


*(p,<b)  =0 


that 


92  <T>  8  <T> 

- 9~  +  1  TT  +  t  &  =  0 

st2  H  0 


9  <J>  9<1> 

7^  +l-8T  +  ‘VLl*o 

92  q>  8  $  „ 

+  £  *n+  2  =  Ll*n+1  +  L2,I’n  ’  n"0,  1’  2 


where  and  Lg  denote  the1  operators 


Ll- 


L2  " 


-  t 


“  +  tZ  +  if 
9£ 


0* 


1  £_ 
4  ac2 


y3  2  8  1  82 

£  -  1  £  g  t  ■*  4  £  2 

4  9t~ 


If  we  represent  the  ,  £)  in  the  form  of  Fourier  integrals 

CO 

*  (€.£)  =  /  exp(U  t)  Fn(t , t-  £ ) dt , 

-oO 
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we  find  that  the  (t ,  u )  are  solutions  of  the  inhomogeneous  Airy  differential 

equation 


d  F 


du 


uF  =  H(u,  t) 
n 


subject  to  the  boundary  condition 


Fn(t,t)  -  -  G(t,o). 


The  solution  to  this  equation  can  be  shown  to  bo 


1  i  W2^ 

F(t.t  -  6)  =  21  1  w2(t  -  fc>  -  — (T)  w^t-c; 


t-E 


j  w1(x)H(x,t)dx 


1  }:  w  (l)  1  w  (t 

+  2]  *i(t  -  £)  j  ^v2(x)  -  w1(x)  1I(X.  t)dx  -  G(t,  o) 

t-t  L  1  1 


wn(t  -  t) 
MO” 


where  w  (/,)  denote  the  Airy  integrals. 

1  ,  z 

>-  '  •  . 

This  approach  can  be  readily  applied  in  the  ease  of  the  elliptic,  and  parabolic 
cylinders,  and  in  the  cape  of  ellipsoids  ot  revolution.  Results ,  obtained  by  using 
this  approach, will  be  presented  in  a  Volume  IV  of  this  series  of  reports. 

In  Volume  III,  wo  will  present  a  collection  of  asymptotic  expansions  which  are  obtained 
in  a  manner  similar  to  that  used  above  in  the  case  of  the  radiation  patterns  for  slots 
on  a  circular  cylinder. 
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